Chapter 2 Time-independent Schrodinger equation

2.1 Stationary state

2 2
From iha—\P =_h_8 ki

T VY (2.1)

Assume V' is independent of ¢ , use separation of variables

Y(x,0) =w(x)f (1)

ov df Y d'y
have —=y(x)— , =
py w( )dz o f o
Deduce from equation (2.1) , then
L df R L dw L ldf  n*1d%y
ihy —=—— +V —) ih——=—— +V
Vot 2m / dx’ v/ f dt 2my dx?
T —
f dt f)=e
m [—} ) )
1 dy hdy
L Y V=E ————+Vy=Ey ... (2.2)
2my dx? 2m dx
_iEt
— V(1) =y(x)e
n* d*y e . v e .
~m 2 +Vy =Ey 1s time-independent Schrodinger equation
m dx

properties of ¥

(1) Stationary state

ikt ikt

|‘I’(x,t) P = 1,//*e71//e_7 = |l//|2

for every expectation value (Q(x, p)) = IW*Q(x, p)wdx 1is constant in time
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(i1) Definite total energy

Classical mechanics : total energy is Hamiltonian
2

Hmm=%¢mm

Quantum mechanics : corresponding Hamiltonian operator

A h? 52
H=—"—"_41V(x
o (x)

thus equation (2.2) HY =EY oy (ﬁ) = Iw* Iflwdx =E

2

H y=HHy)=HEy)=EHy)=E"y

/\2 A
T (H>=Iw*szdx=E2

2

so o, =(H Y—(H)* =0
(ii1) Linear combination of separable solution

iE,t

¥ (x,0) =y, (x)e "

iE,t

¥(x,0) = Ye,p, (e
n=l1

2.2 Infinite square well( one dimensional box)

0, 0<x<a V)
Vi(x)= . i
o, otherwise

and boundary conditions: ¥(0,7) =0
Y(a,t)=0

\/
=

deduce:

outside the potential well y(x)=0 , probability is zero for finding the particle
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inside the well V=10

2 2 2
2mE
_gl_mi[l;/:El// — Y _2ME 2y,
X

E>0 w(x)=4A4sinkx+ Bcoskx and w(0)=w(a)=0

v,(x)=Asink,x where £k, 6 = e ,n=123....

2,2
_ h'k, B n’rin?
- - 2

thus E

" 2m 2ma

normalize w(x) , .Eo|l//(x)|2dx :J‘: |A|2 sin” (kx)dx = |A|2 % =1 ,4

Q|

v, () == sin’Z x)
a a

n*m’h
. 2» T
general solutions : Y(x,t)=,—2c, sm(M xX)e 2ma
a n=1 a
Z v, I
0 a 0 a
v, v, I
¢ x
0 \/ x
0 a
Vs 1z |2

0 a * X
N ) :

first three states and probability density
of infinite square well
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2.3 Harmonic oscillator

Classical treatment :
d*x d*x  k
F=—kx= mdt_z —)

solution x(¢) = Asin(wt)+ Bcos(wt) , = \/E
m

potential energy Visrelatedto F':  F = —Ccli—V
x
V= lloc2 = lma)zx2
2 2
Quantum treatment :
Vi(x)= lma)zx2
2
4 - n’ dzl// 2.2
H(x, =—— +—mo'xw=F
(% ply ==~ PRI y=Ey

2m

—) Ll:[—zhij +(ma)x)2:|t//=El// ......... (2.3)
dx

solve equation (2.3) by use ladder operator (a, ,a )

a, = ;(—ihi +imm x) a, :israising operator
+ /2m dx 4 + ° g p
1 L d . . .
a =—(-ih——-imowx) , a_ :islowering operator

- N2m dx

equation (2.3) rewrite by ladder operator :

(a_a ) f(x) :L —ihi—ima)xj(—ihdi+ima)xjf(x)
X

2m dx
1] d*f d df

=— |-~ +hmo— —h ——+ ?
. 102 ma)dx(xf) ma)xdx (maw x) f}

X

:L (—ihdij +hma)+(ma)x)2:lf(X)
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compare equation(2.3)

> (a_a, —%hw)l/szw

similarly (a,a_+ %ha))z// =FLy

aa,—a,a =hw

discussion
(i) :

(0. +ho)a.p) = (a,a.a, + hoa )y
=a,(aa, + %ha))l// =a.[(a_a —%ha))w +hoy]
= a,(Ey +hoy)=(E+ho)(a,y)

and
1 1

(a.a. ~Sho)ay)=a (a.a - ho)y
=a [(a,a + %ha))l// —hoyl=a_(Ey —hoy)
=(E-ho)a_y)

(i)
1 ) 1

(a.a + ho)a.) 'y =(a,aa, + hoa)ay)
=a,(aa, + %ha))(agp) =a,(a,a +ho+ %ha))(ag//)
= a [(E+ho)a,)y +ho(a, )y]
= (E +2ho)a,) y

and

(0.0, ho)a)'y =(a.aa - hoa Yap)

a (a,a — %hw)(aw) =a (a.a, —ho- %hw)(aw)

a_[(E-ho)a_ )y —ho(a_)y]
=(E -2ho)(a_)’y

(ii1) there must exist a min state with a_y, =0

L cin®™o impxp,)=0

\2m dx

— ()= e
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and from (a,a_ +%ha)) v, =Ew,

) FE, =%ha)

so the ladder of states can illustrate :

IE

s
E +3h aly
E+2ho aly
E+ho ay
E 4
E-ho ay
Sl ai
E, ¥

the ladder of stationary states

mo

v, (x)=A4,(a, e , E =n+ %)ha) , n=01L2,...

2.4 Delta-function potential
Energy E

E <V (-w)and V(+0) = bound state
E >V(—w)or V(+xo) = scattering state

Consider potential V(x)=-ad(x) a >0 T

0, x#0

w, x=0

5(x):{
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2 2
then _hd lé/—acS(x)t//:Et//
m dx

(i) bound state : E <0

2 —
x<0.M0=0  CE Ry gy k=Yt
X

w(x) = Ae ™ + Bl w——(- () = Bet

must A=0
x— —oo.w=0

similarly, x>0 w(x)=Ce™
use boundary condition : y is continuous in (0)
== y(0)=B=C

2 2

find k : from — ;1— Y oy (w(x) = Ep(x)

m dx’
0
B e d’y
— o[ v [ V= E%dx
. A(dl//) _2m llmj V(x)w(x)dx
dx'|x=0 #’ i
=i [ S (o (s ==y (0) =B .2
dy/dx=—-Bke™ x>0
and
dy/dx = Bke™ | x<0
dy dy dy
ay _4v = 2Bk = A(&2
= A lx=0" dr|x=0 (
2,2 2
s k:m_a , and E:—hk =_ma
52 2m 2h*
normalize B=Ak :%a
(x) = 7 eim:'jx‘ __me
l// h 4 2h2
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(i1) scattering state : E >0

d*y _2mE

w(x)=Ae™ +Be™ | x<0
v(x)= Ce™ +De™ | x>0

w(0)=A+B=C+D ... (2.5)
and
ALY =202y (0) =2 (44 B) = I(C=D= A+ B) 020
X

for wave coming in from left ( D =0), equation (2.5),(2.6) rewrite
A+B=C

C=A(1+2ip)-B(1-2ip), ﬁ=mTa
n2k

— -y , C= A
1-if 1-ip

Ae™ is incident wave , Be ™™ is reflected wave, Ce™ is transmitted wave

Y N < N R

- 2 2 2 > - 2 2 2

|A| 1+ p 1+ZhE |A| 1+ p L
ma’* 2h*E

R is reflection coefficient , T is transmission coefficient

2.5 Free particle

d*y 2mE
V(x) =0 everywhere =—
dx’ n’
) y(x)=Ade™ +Be™ | k= ZZE
k(") k(e R
mmp VY(x,7) = Ae 2m -+ Be 2m

(e ” k>0 = traveling to right
wi
k<0 = traveling to left
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1 © i(/mh—t)
Y(x,t)=——| ¢k)e >m dk is wave packet
\N2r L”
1 ® i(kx—wt) th
=——| ¢(k)e" dk , o=
\N2r J.’“’ 2m
P (x,0) = Lj‘” d(k)e™ dk
’ N2 T
1 :
Fourier transform  ¢(k) = — | W(x,0)e “dx
N2 L’"
. do
wave packet moves along at group velocity v, = T
and phase velocity v, = n
SO vgroup = 2Vphase
Yy
N U N > X
v

wave packet
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