Chapter 3 Formalism in Hilbert Space

3.1 Linear algebra

14

> Vectors

vectors i | @), | B),|¥) s

commutative of addition : |a)+| ) =| B+ | &)
associative of addition : |e)+ (| )+ =(a)+|5))+|7)
scalar multiplication : a|a)=|y) ,a isscalar

distributive : a(|a)+| B))=ala)+a| p)
(a+b)|a)=a|a)y+b|a)

associative of multiplication : a(b|a)) =(ab)|a)

» Inner product

the inner product of two vectors |«),| ) 1s (x| f) ,and

(@|=|a)

(a|B)y=(Blay
(a|la)y=20, and (a|a)=0 < |a)=|0)
(|| By+c|y))=bla|p)+cal|y) ,b, c:constant

(a|cepy=cla|p) , (ca|py=c{a|p)

norm of the vector :

Jer] = lacTa)

orthonormal :
0 ,i#j

. N=05., =

Schwarz inequality :

| B <l @) (BB

and angle between |a),| ) is: cosf = %

vector space with an inner product is called inner product space
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> Linear transformations
la)y > |a)=T|a)

T (ala)+b|f))=a(T[a))+b(T|p))

for any vectors |a),| ) ,any scalars a,b

T is linear transformation

T11 le s Tln
T, T .. T
the matrix foom T= | > 2 2
r, 1, - T,
Tll Tzl nl
- T, T.
the transpose T=| 2 % n2
7-vln Tzn Tnn

a square matrix T is symmetric if T=T

and is antisymmetric if T=-T

(ST)=TS

complex conjugate of a matrix T is

% * %

Tnu T o T
* * *

. Txu T2 cee T ooy
T = ) . ) .
* * %

T nl T n2 T nn

Hermitian conjugate of a matrix T is

T'vn T'a - T'm
T+E'f*: T Tn - T'm
T*ln T*Zn T*nn
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a square matrix T is Hermitian ( or self-adjoint) if T =T
a square matrix T is skew Hermitian if T"=-T
a square matrix T is unitary if T" =T

in general , ST#TS

define  commutator [S,T]=ST-TS

(ST)" =T*S*

» [Eigenvalues and eigenvectors

forsatisty T |a)=1|a)
A is eigenvalue corresponding to eigenvector |a)

= (T- /11)|a> =0 0 is zero matrix

0O .- 0
1= ..
0 O 1
Tll_/1 le In
T T,—-A - T
ey det(T-21)= | 2 7% , T =0
71nl TnZ T'nn_/1

wp C A +C, A" +..+CA+C,=0 is characteristic equation

» Hermitian transformations
Tis Hermitian , T =T
and (T'a|p)=(Ta|pf)={(a|Tp) is Hermitian transformations

three properties :
(1) eigenvalues of a Hermitian transformation are real

let A isaneigenvalueof T : T|a)=A4|a) , |a)#0
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(@|Tay=(Ta|a)=(la|a) =1 a|a)
(| Ta)=(a|la) = Ka|a)

e A-A)({a|a))=0 , and (a|a)#0

so A=A, A isreal

(1) eigenvectors of a Hermitian transformation belonging to distinct
eigenvalues are orthogonal

Tla)=4le) , Tla)=41a) , 4L#4

(a, | Tay) ={a, | La,) = 1, {a, | a,)
— (al|Ta2>:<Ta1|a2>:(llal|a2>:/1=f(al|a2>:/11(al|a2>
= (A=) ) =0,

m— L #A , so {(a|a,)=0 , |a),|a,) areorthogonal

(iii) a set orthonormal eigenvectors of a Hermitian transformation span the space

|ﬁ>zzai |ai>

3.2 Function space

the inner product of functions f{x) , g(x) is defined by Dirac notation

12 =] 1 (g

and (f|g)=(g|f)
S1H=z0, (fI1NH=0 < [/)=0
(flag)=al{f|g)
(af |g)=a"(f|g) , aisscalar
(falgy+blIm)=al{f|g)+b{f|h)

above the inner product must converge , every admissible function f must be
square integrable
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I|f(x)|2dx <o

> Hermitian operators

A

YA“ f(x)=21f(x) T : operator
A :eigenvalue
f(x) : eigenfunction of operator

T(aa)+b ) =a(T'|a))+b(T| B))
for any vectors |a> ,| B) ,any scalars a,b

A

T is linear transformation

Hermitian operator is a linear transformation operator

and (f|Tg)=(Tf|g) or [f Tgdc=[(Tf) gdr

example

A
1. momentum operator p is Hermitian

V| pW) = v zh—)‘de——zh[(‘P y)° j\P N dx}
o d o "
=ij(—zh—\P) dx=(p¥|¥)
dx

2. Hamiltonian operator Ifl i1s Hermitian

nd’ nd’
(V| HW¥) = <‘P|(———+V)‘P> <‘P|(———)‘P> VYY)

2m dx* 2m d

———mJ“I’*E‘de+V'ﬂ‘P|2dx
n’ :
:_%K j j dx}rfﬂlﬂ dx

EEIN

_ j(_ﬁd_z+ Vj‘l’ Wiy = .[IA{‘P*‘de

dx} + Vj|‘{’| dx

2m dx?

= [(H¥) Wdx = (H ¥ |'¥)
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Hermitian operator character :

(1) An hermitian operator is respect to a set of functions ,
but not respect to another set

(i1) An hermitian operator is respect to a set of functions over a range of variable,
but not respect to the same set over a different range

(111) Product of two hermitian operators may or may not be hermitian

AB ishermitian < A, B commute

(iv) The eigenfunctions of a hermitian operator are complete

(v) The eigenvalues of a hermitian operator are real

> Eigenfunction expansions

(1) a set of orthonormal eigenfunctions ‘¥, of a hermitian operator

the summation in equation (3.1) converges to f if the set of
eigenfunction is complete

complete : no other function g exists such that (g|¥,)=0

determine a, :

W= 1D a¥)=)a(¥,|¥)=aq,
S0 aq, :<\Pi | /)

(i1) suppose ¥, are simultaneously eigenfunctions of two hermitian operator

A A
A, B with eigenvalues «; , f,

1A4\Pl_ =ailIli EQ\PI =al'éllji =aiﬂi\Pi

. o) A R

BY, =pY¥ ABY, =AY =a,pY,
I VANVAN VANIVAN N

(AB-BA)VY, =[4,B]¥;=0,¥,#0
ey [A,B]=0
so operators A, B have the same complete set of eigenfunctions

then 4, B commute
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3.3 Hilbert space

a complete linear vector space of infinite dimensionality is Hilbert space
(1) ket vectors (or kets)
the basis vectors in Hilbert space and determine a ket space
Dirac notation symbol : |'¥,) or |i)
4| lPi> =] 4 LPi>
if 4| lPi> =| AlPi> =q; | lPi>
| \V.) are eigenkets of operator A
(i1) bra vectors (or bras)
vectors determine a bra space
Dirac notation symbol : (¥, | or (i|
A A +
(A, |=(¥, | 4
(i11) every ket in ket space corresponding a bra in bra space
W) < (¥,
V) (Y]
the relationis: |W,)" =(¥,| , (¥ ['=|¥,)

so (¥ [=([e¥)) = (c|¥)) =c (1)) =c' (¥, |

(iv)
the inner product of (¥, | and |;1‘Pi> in Dirac notation is
(W, [4]F) =Y, [4Y)
<A\PJ ’le> =<\P/ ’A |\P1> =(4 \Pl |1P‘]>*
=(¥, | 4¥;)’
the outer product of (¥, | , |¥)) is [¥)(Y,]
and (|lP,> <\P] |)+ :|\Ilj> <\Ilz |

Quantum mechanics lecture



The quantum mechanics formalism in Hilbert space

(1) The state of quantum system is represented by a normalized vector (|y;) )
in the Hilbert space L,

(2) Any observable quantities Q(x , p , ) are represented by Hermitian operator

Q(x,—ihai,t), the expectation value of Q in the state |w) is (v |Qw)
X

3) If you measure an observable O of a quantum system , you are certain to get one of
(3) Ify q y y g
the eigenvalue of O , Qle,)=4,1e,) , (e, le,)=0,,
lwy=>rce,, c,=Ce, ), lc,I>=|(e, lw)I

3.4 Uncertainty principle

» Generalized uncertainty principle

for any observable A4

02 = (A= (A)*) = (¥ | (A= (A W) = (A— (AW | (A ()W)

let | £)=(A—(A) [P} . (f]={(A-(A)¥|
-y 0-,24 =11

for any another observable B, o, =(g|g) , |g)=(B—(B))|Y¥)

By Schwarz inequality :
aios =10 (gle 2 g)f

let complex z=(f|g) , |z|2 = (Re(2))” + (Im(2))* = (Im(z))* = [211_ (z—z)]

— 552> [2il.[<f 18— (g| f>]j

and  (f | g) = (A= (AN | (B—(BY)W) = (¥ | (A-(A))(B- (B)P)
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= (¥ | (4 B= A(B) - B{A) +(4) (B)¥)
= (¥ | ABW)—~(B) (¥ | A) = () (¥ | BY) +(4) (B) (¥ | ¥)
= (AB)—(B) ()= (4) (B +(4) (B)
— (AB)—(4) (B)
similarly (g | /)= (B 4)~(4) (B)
= (fl1g)~(g|f)=(AB)~(BA)=([4,B])

ASRAN ANRAN

—(AB-B A)

2
so | clop > [%([A,B])j
i

example
A=x
Heisenberg uncertainty principle : XA d
B=p=-ih—
dx
ACA . d . d
then [x, p1(x) = x(=in) L — (i) L (x)
dx dx
= —ihxﬂ + ihxi +ihf
dx dx
=ihf

any pair of observables whose corresponding operators do not commute
represents that they are incompatible observables
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Energy-time uncertainty principle

for the expectation value of an observable Q(x, p, ?)

—<Q>——<‘P|Q‘P> <—|Q‘P> <‘P|—Q‘P> <‘P|éa—q]>

by Schrédinger equation ihaa—\f =HY

i A B _i/\ A ﬁ _i A A
— O = H YOV + C2y (¥ (- DOH )
=—<H‘P|Q‘P>+<6Q>—;<‘P\QH‘I’>

:—<‘P|HQ‘P>——<‘P|QH‘P>+< Q>

0

=4<[H Q]>+<a )

0

= ([H,00) =——<Q>——<a )

typical case

operator Q 1is independent of ¢

2
50 0052 (2 (A, Q]>]

20 dt dt

— h|d{Q)
HOQ 2SI
2| dt
%0
define AE=0y , Ar=—
‘d (O)/ dt
then AFEAtr > 5 1s energy-time uncertainty principle
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