
Chapter 3  Formalism in Hilbert Space 
 
3.1 Linear algebra 
 
¾ Vectors  
 
      vectors :  .....,|,|,| 〉〉〉 γβα
 
       commutative of addition : |  〉+〉=〉+〉 αββα |||
 
       associative of addition  : |  〉+〉+〉=〉+〉+〉 γβαγβα |)||()||(
 
       scalar multiplication  : is scalar aa ,|| 〉=〉 γα
 
       distributive : a  〉+〉=〉+〉 βαβα ||)||( aa
                   〉+〉=〉+ ααα |||)( baba
 
       associative of multiplication :  〉=〉 αα |)()|( abba
 
 
¾ Inner product 
 
       the inner product of two vectors |  is  , and 〉〉 βα |, 〉〈 βα |
 
               *|| 〉=〈 αα
               *|| 〉〈=〉〈 αββα
              and  ,0| ≥〉〈 αα 〉=〉⇔=〉〈 0||0| ααα
               , b , c : constant 〉〈+〉〈=〉+〉〈 γαβαγβα ||)||(| cbcb
                ,   〉〈=〉〈 βαβα || cc 〉〈=〉〈 βαβα || *cc
 
       norm of the vector : 
                         〉〈= ααα |  
 
       orthonormal : 

                          




=
≠

==〉〈
ji
ji

ijii ,1
,0

| δαα

 
       Schwarz inequality : 
                         〉〈〉〈≤〉〈 ββααβα ||| 2  
 

             and angle between  is :  〉〉 βα |,|
〉〈〉〈
〉〈〉〈

=
ββαα
αββα

θ
||
||cos  

 
       vector space with an inner product is called inner product space 
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¾ Linear transformations 
 
                     〉=〉→〉 ααα ||| ' T
 

T ()||( aba =〉+〉 βα T | () b+〉α T | )〉β  
                           for any vectors  , any scalars a,b 〉〉 βα |,|
 
               is linear transformation T
 
 

     the matrix form  T =  
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     the transpose    T   =
~
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   a square matrix T is symmetric  if   TT =
~

             and is antisymmetric  if  TT −=
~

                   
~~~

)( STST =
 
 
     complex conjugate of a matrix T is  
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  Hermitian conjugate of a matrix T is 
 

                =≡+
~
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     a square matrix T is Hermitian ( or self-adjoint)  if      TT =+

     a square matrix T is skew Hermitian            if  T    T−=+

     a square matrix T is unitary  if  T  1−+ = T
 
      in general , ST≠TS 

 
      define   commutator [S,T] = ST-TS 
 

        +++ = STST)(
 
 
¾ Eigenvalues and eigenvectors 

 
         for satisfy     T | 〉=〉 αλα |

λ is eigenvalue corresponding to eigenvector  〉α|
 

01T =− αλ )(     is zero matrix 0
 

          1   =
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          det (  =− )1T λ 0
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=

−
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            is characteristic equation 0..... 01

1
1 =++++ −
− CCCC n

n
n

n λλλ
 
 
¾ Hermitian transformations 

 
           T is Hermitian  ,   TT =+

 
          and  〈  is Hermitian transformations 〉〈=〉〈=〉+ βαβαβα TTT |||
      
     three properties : 
 

(i) eigenvalues of a Hermitian transformation are real 
 

let λ is an eigenvalue of  :   ,  |  T 〉=〉 αλα ||T 0≠〉α
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



〉〈=〉〈=〉〈
〉〈=〉〈=〉〈=〉〈

ααλλαααα
ααλαλααααα

|||
|||| *

T
TT

 
          0|,0)|)(( * ≠〉〈=〉〈− ααααλλ and
 
                           so    ,  λ is real *λλ =

 
 

(ii) eigenvectors of a Hermitian transformation belonging to distinct  
eigenvalues are orthogonal 

 
      ,    ,   〉=〉 111 || αλαT 〉=〉 222 || αλαT 21 λλ ≠

 

      




〉〈=〉〈=〉〈=〉〈=〉〈

〉〈=〉〈=〉〈

21121
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12112121

21222121

|||||
|||
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TT
T

 
       ,  0)|)(( 2121 =〉〈− ααλλ
 
        ,  so    ,  |  are orthogonal 21 λλ ≠ 0| 21 =〉〈 αα 〉〉 21 |, αα
 
 

(iii) a set orthonormal eigenvectors of a Hermitian transformation span the space 
 
             ∑ 〉=〉 iia αβ ||  

 
 
 

 
3.2 Function space 
 
          the inner product of functions f(x) , g(x) is defined by Dirac notation 
 
 

                            ∫=〉〈
b

a
dxxgxfgf )()(| *

 
 
                    and  〈  *|| 〉〈=〉 fggf
                          ,    0| ≥〉〈 ff 0|0| =〉⇔=〉〈 fff
                            〉〈=〉〈 gfaagf ||
                           ,  a is scalar 〉〈=〉〈 gfagaf || *

                         〉〈+〉〈=〉+〉〈 hfbgfahbgaf ||)||(|  
 
        above the inner product must converge , every admissible function f must be 
        square integrable 
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                           ∫ ∞<dxxf 2)(  
 
 
¾ Hermitian operators 
 

                 T  : operator )()( xfxfT λ=
∧ ∧

                              λ : eigenvalue 
                             f (x) : eigenfunction of operator  
 

)|()|()( 〉+〉=+
∧∧∧

βαβα TbTabaT     

                           for any vectors 〉βα |,  , any scalars a,b 
∧

T  is  linear transformation  
 
Hermitian operator is a linear transformation operator  
 

     and  〈   or  〉〈=〉
∧∧

gfTgTf || ∫ ∫
∧∧

= dxgfTgdxTf ** )(  
 

example 

1. momentum operator p  is Hermitian 
∧
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2. Hamiltonian operator H  is Hermitian 
∧
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Hermitian operator character : 
 
(i) An hermitian operator is respect to a set of functions ,  

but not respect to another set  
 

(ii) An hermitian operator is respect to a set of functions over a range of variable,  
but not respect to the same set over a different range  

 
(iii) Product of two hermitian operators may or may not be hermitian 

        is hermitian  commute 
∧∧

BA
∧∧

⇔ BA ,
 
(iv) The eigenfunctions of a hermitian operator are complete 
 
(v) The eigenvalues of a hermitian operator are real 

 
 
¾ Eigenfunction expansions 
 
     (i) a set of orthonormal eigenfunctions Ψ  of a hermitian operator i

 
                      ……..(3.1) ∑ Ψ= iiaf
 
        the summation in equation (3.1) converges to f  if the set of  

eigenfunction is complete 
 

         complete : no other function g exists such that  0| =〉Ψ〈 ig
 
         determine  :                         ia
                    jijiiijj aaaf =〉ΨΨ〈=〉ΨΨ〈=〉Ψ〈 ∑∑ |||  
 

                 so  〉Ψ〈= fa ii |  
 
     (ii) suppose  are simultaneously eigenfunctions of two hermitian operator 

 with eigenvalues 

iΨ
∧∧

BA , ii βα ,  
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                                   0,0],[)( ≠Ψ=Ψ=Ψ−
∧∧∧∧∧∧
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                                  [  0], =
∧∧
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   so operators  have the same complete set of eigenfunctions  
∧∧
BA ,

then  commute 
∧∧

BA ,
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3.3  Hilbert space 
 
  a complete linear vector space of infinite dimensionality is Hilbert space 
 

(i) ket vectors (or kets)  
 

the basis vectors in Hilbert space and determine a ket space 
 
   Dirac notation symbol : |  〉〉Ψ iori |

           〉Ψ=〉Ψ
∧∧

ii AA ||  

         if  〉Ψ=〉Ψ=〉Ψ
∧∧

iiii AA ||| α

             are eigenkets of operator       〉Ψi|
∧

A
 
(ii) bra vectors (or bras) 
 

vectors determine a bra space 
 

     Dirac notation symbol :  || iori 〈Ψ〈

              
+∧∧

Ψ〈=Ψ〈 AA ii ||  
 

(iii) every ket in ket space corresponding a bra in bra space 
 

                         〉Ψi| |iΨ〈
                        〉Ψic| |icΨ〈
 

the relation is :    ,   || ii Ψ〈=〉Ψ + 〉Ψ=Ψ〈 +
ii ||  

 
    so   |)|()|()|(| **

iiiii ccccc Ψ〈=〉Ψ=〉Ψ=〉Ψ=Ψ〈 +++

 
(iv)  

the inner product of  in Dirac notation is 〉ΨΨ〈
∧

ii Aand ||

                 〉ΨΨ〈=〉ΨΨ〈
∧∧

ijij AA |||  

                  *|||| 〉ΨΨ〈=〉ΨΨ〈=〉ΨΨ〈
+∧+∧∧

jiijij AAA

                           *| 〉ΨΨ〈=
∧

ji A
 
      the outer product of 〈 s  |  〉ΨΨ ij |,|   i |ji Ψ〈〉Ψ

                 and  (  ||)|| ijji Ψ〈〉Ψ=Ψ〈〉Ψ +
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The quantum mechanics formalism in Hilbert space 
 

 (1) The state of quantum system is represented by a normalized vector  )|( 〉iψ
    in the Hilbert space L2 
 
 (2) Any observable quantities Q(x , p , t) are represented by Hermitian operator 

    ),,( t
x

ixQ
∂
∂

−
∧

h , the expectation value of Q in the state s  〉ψ|  i 〉〈
∧
ψψ Q|

 
 (3) If you measure an observable Q of a quantum system , you are certain to get one of 

    the eigenvalue of Q  , Q  , 
∧

〉=〉
∧

nnn ee || λ nmmn ee δ=〉〈 |  

                  |  , |  〉〈==〉 ∑ ψψ |, nnnn ecec 22 |||| 〉〈= ψnn ec
 
 
 
 

3.4 Uncertainty principle 
 
¾ Generalized uncertainty principle 
 

      for any observable  , 

 

∧
A

〉
∧
A 〉Ψ〉〈−Ψ〉〈−〈=〉Ψ〉〈−Ψ〈=〉〈−〈=

∧∧∧∧∧∧∧
)(|)()(|)( 222 AAAAAAAAσ

 

             let  ,   〉Ψ〉〈−≡〉
∧∧

|)(| AAf |)(| Ψ〉〈−〈≡〈
∧∧
AAf

                                   〉〈= ffA |2σ
 

     for any another observable B ,     ,  |  〉〈= ggB |2σ 〉Ψ〉〈−≡〉
∧∧

|)( BBg
 
     By Schwarz inequality : 
                         222 ||| 〉〈≥〉〈〉〈= gfggffBAσσ  
 

     let complex 〉〈= gfz |  , 2*2222 )](
2
1[))(Im())(Im())(Re( zz
i

zzzz −=≥+=  

                        
2

22 ]||[
2
1







 〉〈−〉〈≥ fggf

iBAσσ  

 

     and  〈  〉Ψ〉〈−〉〈−Ψ〈=〉Ψ〉〈−Ψ〉〈−〈=〉
∧∧∧∧∧∧∧∧

))((|)(|)(| BBAABBAAgf
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〉〈〉〈−〉〈=

〉〈〉〈+〉〈〉〈−〉〈〉〈−〉〈=
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∧∧∧∧∧∧∧∧
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)(|

      similarly  〉〈〉〈−〉〈=〉〈
∧∧∧∧
BAABfg |  

 

                〉〈=〉〈−〉〈=〉〈−〉〈
∧∧∧∧∧∧
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                             〉−〈=
∧∧∧∧
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               so   
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    example 

Heisenberg uncertainty principle :  

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
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dx
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      then )()()()(], xf
dx
di

dx
dfixxfpx hh −−−=

∧∧
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so  [  hipx =
∧∧
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22
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





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




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h
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2
h

≥pxσσ  

 
 
       any pair of observables whose corresponding operators do not commute 
       represents that they are incompatible observables 
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¾ Energy-time uncertainty principle 
 

for the expectation value of an observable Q(x, p, t) 
 

         〉
∂
Ψ∂

Ψ〈+〉Ψ
∂
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∂
Ψ∂
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∧∧∧
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         by Schrödinger equation  Ψ=
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∂
〈+〉ΨΨ〈−〉ΨΨ〈=

〉ΨΨ〈−〉
∂
∂
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∂
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typical case 

operator  is independent of t 
∧
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          define 
dtQd

tE Q
H

/
,
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≡∆≡∆

∧

σ
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          then  
2
h

≥∆∆ tE  …….. is energy-time uncertainty principle 
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