
Chapter 4  Quantum Mechanics in Three Dimensions 
            - the four quantum numbers 
 
4.1 Time-independent Schrödinger equation in spherical coordinates 
 
¾ Laplacian  
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(iii) Laplacian for spherical coordinates 
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¾ Time-independent Schrödinger equation 
 
     Let potential V is independent of time 
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     from equation (4.1),(4.2) 
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separation of variables : 
 

                          ),()(),,( φθφθψ YrRr =  
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¾ The angular equation 
 
       equation (4.5) is called angular equation 
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   (ii)  then equation (4.7) 
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let  u(r) = rR(r) 
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equation (4.11) is radial equation 
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            normalize : 

                       1)/sin()(
0

2

0

2 ==∫ ∫
∞

dranAdrru
a

π  

                                 
a

A 2
=  

           stationary state   
π

πφθψψ
4
1sin12),()( 0

000 





=== r

a
n

ra
YrRnnlm  

 

                                  





= r

a
n

ra
π

π
sin1

2
1  

 
        summary 
 

(a)  energy depends only on n , l  
 

                  there are (2l+1) different wave function have same energy level 
 

        (b)  normalize 
 
           ∫ d2ψ r = 1sinsin 22222 == ∫ ∫∫∫∫ φθθφθθψ ddYdrrRdddrr  
 
           normalize R , Y  
 

12

0

2 =∫
∞

drrR   ,  ∫ ∫ =
π π

φθθ
2

0 0

2 1sin ddY  

 
           normalized  Y  function is spherical harmonics 
 

               and is  )(cos
)!(
)!(

4
)12()1(),( θ

π
φθ φ m

l
immm

l Pe
ml
mllY

+

−+
−=  

 
        (c)  stationary states are labled by three quantum numbers (n , l , m) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Quantum mechanics lecture                                                                 29 



4.2 Hydrogen atom 
 

     the Coulomb potential  
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       (ii)  see  , it approximate 0→ρ
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¾ Spectrum of hydrogen 
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            R is Rydberg constant   
 
            Equation (4.15) is Rydberg formula for spectrum of hydrogen 
 
 
     the spectrum of hydrogen : 
 
       nf  = 1  →  ultraviolet  region  ,  the Lyman series 
 
       nf  = 2  →  visible     region  ,  the Balmer series 
 

nf  = 3  →  infrared    region  ,  the Paschen series 
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¾ Commutation relation 
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      so  have same eigenstates f ffLffL z µλ ==2

 

      define    thus   yx iLLL ±=±








=

−=−−=

=+=

±

−−

++

0],[

)(],[
)(],[

2 LL

LiLLLL
LiLLLL

yxz

yxz

hh

hh
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

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−−=−++=
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zzxyyxyx

zzxyyxyx

LLLLLLLiLLLL
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h
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
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−+=
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)16.4........(
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¾ Eigenvalues for algebraic theory 
 
    from  have same eigenstates f ffLffL z µλ ==2

 
  then  (i)  )()()()( 22 fLfLfLLfLL ±±±± === λλ

 

             
))((

)()(
fL

fLfLfLLfLLLLfLL zzzz

±

±±±±±±

±=
+±=+−=

h

h

µ
µ

 
         (ii)  fLLLLfLLLLfLL zzz )()()( 2

±±±±±±± ±=±= hh

                     fLLfLLLL zz )2()2( 2 hh ±=±= ±±±±

                     ))(2( 2 fL±±= hµ
 
 

 

fL2
−

fL2
+

fL+

fL−

f

h2+µ
h+µ

h2−µ
h−µ
µ

tf

bfh
−

l

hl

the ladder of angular momentum states and
corresponding eigenvalue  in z-direction

−L

+L

 
 
      0=+ tfL
 

from   ,    and equation (4.16) ttz flfL h= tt ffL λ=2

 

           
t

ttzzt

fll
fllfLLLLfL

)1(

)0()(
2

22222

+=

++=++= +−

h

hhh

 
             )1(2 += llhλ
 

     similarly  ,    ,   0=− bfL bbz flfL h
−

=
 

from equation (4.17) 

bbbzzb ffllfLLLLfL λ=−=−+=
−−

−+ )1()( 222 hh  
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)1(2 −=
−−

llhλ  
 

               )1()1( 22 −=+
−−

llll hh ll −=
−

 
     from –l to l must integer steps , so l must be integer or half-integer 
 
     l = 0 , 1/2 , 1 , 3/2 , ……   m( or ml ) = -l , -l + 1 , ….. , l - 1 , l 
 
    compare the angular equation at former section , we find l is 0 , 1 , 2, …… 
 
 
 

The angular equation is used the analytic method , in this section we use  
algebraic method for the angular momentum. 
 
But it is not contradictious . For general angular momentum , in quantum  
mechanics we need to consider not only orbital angular momentum  but 
spin angular momentum . 
 
The angular momentum is the sum of orbital and spin angular momentum . 

 
    The effect of half-integer is the behavior of spin evidently, and it will intro- 

duce in the later section (4.4) 
 
 
 
 
¾ Eigenfunctions of angular momentum 
 

(i)   angular momentum represent in spherical coordinates 
 

         
φθ

φ
θ

θ
∂
∂

+
∂
∂

+
∂
∂

=∇
∧∧∧

sin
11

rrr
r    ,    r =  

∧

rr

 

          =prL ×= 







∂
∂

×+
∂
∂

×+
∂
∂

×−
∧∧∧∧∧∧

φ
φ

θθ
θ )(

sin
1)()( rr

r
rrrih  

 

                 







∂
∂

−
∂
∂

−=
∧∧

φθ
θ

θ
φ

sin
1

hi  

 

     where   
∧∧∧∧

−+= kji θφθφθθ sinsincoscoscos

             
∧∧∧

+−= ji φφφ cossin
 

      L 







∂
∂

−+−
∂
∂

+−−=
∧∧∧∧∧

φθ
θφθφθ

θ
φφ

sin
1)sinsincoscos(cos)cossin( kjijiih  
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           







∂
∂

−
∂
∂

−−=
φ

θφ
θ

φ cotcossinhiLx  

           







∂
∂

−
∂
∂

−=
φ

θφ
θ

φ cotsincoshiLy  

 

           
φ∂
∂

−= hiLz  

 

           







∂
∂

+
∂
∂

=+ φ
θ

θ
φ cotieL ih    ,   








∂
∂

−
∂
∂

−= −
− φ

θ
θ

φ cotieL ih  

 
    (ii)  for eigenfunction     ),( φθm

lf  

                        fmfifLz hh =
∂
∂

−=
φ

         φθ imegf )(=

 
      f is also eigenfunction of  L2  ,  and from equation (4.16) 
 
     then   fLLLLfL zz )( 22 h−+= −+

              

fll

fiffifeie ii

)1(

cot)(cot

2

2
2

2
2

+=

∂
∂

+
∂
∂

−







∂
∂

−
∂
∂

−







∂
∂

+
∂
∂

= −

h

hhhh
φφφ

θ
θφ

θ
θ

φφ

 

 

            0]sin)1([sinsin 22 =−++





 gmll

d
dg

d
d θ

θ
θ

θ
θ  ……..(4.17) 

 
      compare equation (4.17) and (4.9) 
 
              ,  so   )()( θθ Θ≡g ),()(),( φθθφθ φ m

l
imm

l Yegf ≡=
 
            the spherical harmonics are the eigenfunctions of  L2 and  Lz 
 
 
 
 

4.4 Spin of algebraic theory 
 
    spin angular momentum operator S 
 
    [  yxzxzyzyx SiSSSiSSSiSS hhh === ],[,],[,],
 
    [  0],[],[], 222 === zyx SSSSSS
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       )( yx iSSS ±=±








=

−=−−=

=+=

±

−−

++

0],[

)(],[
)(],[

2 SS

SiSSSS
SiSSSS

yxz

yxz

hh

hh

 
     ……..(4.18) 〉=〉〉+=〉 ssszss smmsmSsmsssmS ||,|)1(| 22 hh

 

     
〉+=

〉+〉=〉+〉=〉

+

+++++

ss

ssssszsz

smSm
smSsmSmsmSsmSSsmSS

|)1(
|||||

h

hhh

 
    and  〉++=〉+ )1(|)1()1(| sssz msmmsS h

 
             ,  c〉+=〉 ++ )1(|| ss mscsmS +  is constant 
 
           〉+〈=〉+〈=〉〈 ++−++− )1(|)1(|||| ssssss mssmScmsSsmcsmSSsm
 
    where  〈  |)1(])1(|[)|()|(| **** +〈=〉+=〉=〉= +++++ sssss mscmscsmSsmSsmS
 
       so   〉++〈=〉〈 +++− )1(|)1(|| *

ssss msmsccsmSSsm
 
            2222 ])1([|||| hh ssszzs mmsssmSSSsmc −−+=〉−−〈=+

 
          22 ])1([ hss mmssc −−+=+  
 
          〉+−−+=〉+ )1(|])1(| 2

ssss msmmsssmS h  ……..(4.19) 
 
    similarly 〉−+−+=〉− )1(|])1(| 2

ssss msmmsssmS h  ……..(4.20) 
 

          ........,
2
3,1,

2
1,0=s  ,  ms : -s , -s+1 ,….., s-1 , s 

 
    summary 
 
          (a) l is orbital angular momentum quantum number; 
             s is the spin of particular species in particles. 
 
          (b) l can take on any integer value ; when system is perturbed , 
             l will change from a value to another. 

s is fixed.; for any given particles , it has specific of s (table 4.1) 
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                                 table(4.1) 

                          

π mesons

electrons

photons

deltas

gravitons

particles

0

1/2

1

3/2

2

spin s

 
 
 
 
¾ The operator of the spin 1/2 state 
 

     〉
2
1

2
1|  is spin up  〉

−
2
1

2
1|  is spin down 

 
     spinor ( spin state )    
 

−+ +=







= χχχ ba

b
a

 

 
where spin eigenstate   
 









=








=+ 0

1
0
1

αχ or   for spin up , corresponding to eigenvalue 
2
h  

 









=








=− 1

0
1
0

βχ or   for spin down , corresponding to eigenvalue 
2
h

−  

      represent the probability of spin up 2|| a
      represent the probability of spin down 2|| b
 
              1|||| 22 =+ ba
 
 
The matrix form of : zyx SSS ,,  
 
     from equation (4.18) , we can find 
 

     −−++−−++
−

==== χχχχχχχχ hhhh
2
1,

2
1,

4
3,

4
3 2222

zz SSSS  

 
     and equation (4.19) , (4.20) now become to 

 
0,, ==== −−++−+−+−+ χχχχχχ SSSS hh  
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         )(
2
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2
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−+−+ −=+= SS
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SSSS yx  
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2 +−−++−−+ =−=== χχχχχχχχ

i
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i
SSS yyxx

hhhh  

 

      let          







=

db
ca

S x

















=

























=

















0
1
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0

1
0

20
1

h

h
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
          








==

==

0,
2

2
,0
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h

h


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      so  







=

01
10

2
h

xS  

 

      similarly 







−

=






 −
=

10
01

2
,

0
0

2
hh

zy S
i

i
S  

 
 
Pauli spin matrices: 
 

S = )(
22

)( zyxzyx SSS σσσσ ++==++
hh  

 

       







−

=






 −
=








=

10
01

,
0

0
,

01
10

zyx i
i

σσσ

 
 

We call σ the Pauli operator 
 

            







−+
−

=
11

11
i

i
σ

 
 
 
¾ Addition of spin angular momenta 
 

Suppose two spin 1/2 particles 
The spin angular momentum corresponding to these two particles are  )2()1( , SS
 
The total angular momentum of the composite state 
( such as two electron of helium atom ) is : 
 

      ,   )2()1( SSS += 2222
zyx SSSS ++=

 
each particle can have spin up or spin down 
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so  spin eigenstate of  :  )1(
zS )1(,)1( βα

           spin eigenstate of  :  )2(
zS )2(,)2( βα

 
there are four possibilities of the composite state : 
 
     )1()2(,)2()1(,)2()1(,)2()1( βαβαββαα
 
 
(i) 

        

2121

221211

2
)2(

121
)1(

21

)(
)()(

)()(

χχ
χχχχ

χχχχχχ

h

hh

ss

ss

zzz

mm
mm

SSS

+=
+=

+=

 
    it represent that composite state  have eigenvalues ( ) 21χχ 21 ss mm +
    in z-component 
 
 

   spin eigenstates of     eigenvalue mzS s 
 

                      1 )2()1( αα
 

                      0 )2()1( βα
 

                      0 )1()2( βα
 

                     -1 )2()1( ββ
 
 

so for [ ;  ] ;11,1 =→−= sms )2()1( αα )
)

2()2( βα
100 orsms =→=  [ ;  ] )2()1( βα 1()2( βα

 
     ,  have the same eigenvalue  )2()1( βα )1()2( βα 0=sm
 
    Now rearrange the eigenstate  by selecting a suitable value of  χ 21 ,cc

in the superposition form 
 

                      (1)(2))2()1( 21 βαβαχ cc +=
 
 
(ii) 

zSS ,2  have the same eigenstates 
    ,  and  must also be eigenstates of  )2()1( αα )2()1( ββ χ 2S
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   proof 
 
   from   ]2[][ )2()1(2)2(2)1(2)2()1(2 SSSSSSS ++=+=
 
   where  )2()1()2()1()2()1()2()1(

zzyyxx SSSSSSSS ++=
 
   1. 

   

)2()1(2

)2()1(
2

)2()1(
2

)2()1(
2

2

)2()1(
2
3

)]2()1()2()1()2()1([2
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3
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2
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2
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hhh
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

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
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=
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++=
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   from equation (4.18) 
 
       is the eigenstates of  )2()1( αα 2S
      and the corresponding eigenvalue is  22 )1(2 hh += ss
 
               s = 1 
 
   2. 

similarly , we also can get    )2()1(2)2()1( 22 ββββ h=S
 
          s = 1 
 

3. 
     )]2()1()2()1(][2[ 21

)2()1(2)2(2)1(2 αββαχ ccSSSSS +++=
 

       

]2()1()2()1([)1(

)]2()1()2()1([)(
)2()1()2()1([)]2()1()2()1([

)2()1(
2

)2()1()2()1(
2
3
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2
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2
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2

2
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2
2

2
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2

2
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1
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αββααβ
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)]2()1()2()1([)1(

)]2()1()2()1([)(

21
2

2
21

αββα

αββα

ccss
cc

++=

++

h

h

 

                






−+=

−+=

2
2

1

1
2

2

)1(
)1(

cssc
cssc

 
      have non-trivial solution 21 , cc
 

          0
11

11
2

2

=
−+−

−−+
ss

ss
         0)2)(( 22 =−++ ssss

 
                                       s = 0 , 1 
 
 

s = 0,  c1 = -c2  normalize eigenstate : )]2()1()2()1([
2

1 αββα −  

 

s = 1 ,  c1 = c2  normalize eigenstate : )]2()1()2()1([
2

1 αββα +  

 
 
          spin eigenstate of  S2 ,      s      mzS s 
 
                             1      1 )2()1( αα
 

          )]2()1()2()1([
2

1 αββα +       1      0        triplet state 

 
                             1     -1 )2()1( ββ
 

          )]2()1()2()1([
2

1 αββα −       0      0        singlet state 

 
 

    summary 
 
      If we combine spin s1 with spin s2 ; the total spin :  

 
 

s = (s1 + s2) , (s1 + s2 - 1) , (s1 + s2 –2) , …….  , |s1 - s2| 
 
 
      the highest s occurs when they are aligned parallel 
 
      the lowest s occurs when they are antiparallel 
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      example 
 
        1. 

combine a particle of spin 3/2 with another of spin 2 
 

          total spin could get 7/2 , 5/2 , 3/2 , 1/2 ; 
 
        2. 
          A hydrogen atom , the angular momentum of electron is l + 1/2 
          or l - 1/2 ( orbital + spin ) . 
 
          if the electron combine with the proton , 
          the atom’s total angular momentum quantum number is  
 
             l + 1 , l , l - 1 
 

      Conclusion 
 
         the four quantum number determine a state of a particle 
 
         (i)  principal quantum number n 
 
             n = 1 , 2 , 3 , ……..; 
         (ii)  azimuthal quantum number l 
 
             l = 0 , 1 , ……n –1   ; l determine the shape of orbit 
 
                 l         0   1   2   3   4   5   6 
 
               orbit sign    s   p   d   f    g   h   i 
 

(iii)  magnetic quantum number  lm
 
               = -l , -l + 1 , ……l – 1 , l  ;  determine the orientation of orbit lm lm
 
         (iv)  spin quantum number  sm
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