Chapter 4 Quantum Mechanics in Three Dimensions
- the four quantum numbers

4.1 Time-independent Schrodinger equation in spherical coordinates

» Laplacian

(1) One-dimension : ;9 = —1'7’1i
ox

A

Three-dimensions : p=p_ i+p, j+p.k , p,,p,,p. iscomponentofp

AN

0
D, —)—ihi P, —>—ihi , P, = —ih—

ox oy oz
p— —ihV , E£Q+i}+ifc

ox oy oz

N 2 A2

(1) from H:—h—a—2+V
2m Ox
A hz
m— H=p'2m+V =——V>+V
2m
, 0° 0 o . . . .
Vi=—+—+—- is Laplacian for Cartesian coordinates
ox~ oy° Oz
(iii) Laplacian for spherical coordinates
2
Vz :in(l"z ij“r‘ 2 1 i(smﬁij—i-% 0 o3l ERRRRREE (41)
r-or or) r-sin@ 06 00) r-sin“ @\ 0¢
2
iha—lP ELGRVANRY V=Vir,t) ¥Y=¥(r,?
ot 2m
2
normilization : I |‘P| dr=1

spherical coordinate
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» Time-independent Schrodinger equation

Let potential V' is independent of time

-—Vy+Vy=Ey ....... (4.2)
¥, (r.0= y,me ", Yr,n= Yew, Me !

from equation (4.1),(4.2)

2 2
_h in(rza—w]+ - 1 i(siné'ﬁ—‘//j+ - _12 61,/2/ +Vy=Ey
2m| r° or or ) r-sin@ 00 00 ) r-sin” @\ 0¢

e (43)

separation of variables :

w(r,0,9) = R(r)Y(0,9)
Y(6,¢) is the spherically symmetric potentials , V=V{(r)
potential only affects the R(r)

then equation (4.3)

2 2
) _ %i(ﬁd—R} 21? i(smea—y}%af +VRY = ERY
2m| r- dr dr) r-sin@ 06 00) rsin” 0 0¢

— {li(rzd—Rj—zzjz[V(r)—E]}+l{1 a(sin@a—yj—i- ! GZY}:O

Rdr\ ar Y| sin6 80 00 ) sin® 6 94>
1 d{( ,dR\ 2mr’

L e V() =E]=1(+1) oo, 4.4

Rdr(r drj . V(r)-E]=1(+1) (4.4)

1| 1 0 oY 1 0°Y

— —(sin@—)+ — R i () (4.5)

Y|sin@ 060 00 ) sin” 0 0¢
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» The angular equation

equation (4.5) is called angular equation

2
1{1 6(smeay)+ 1 aY}=—Z(Z+1)

Y| sing 80 00) sin” 6 04>
2
— sinei(sinﬁa—yj+ 0 }27 =—/(I+1)Ysin’ 6 ....... (4.6)
00 00) o4

try separation of variables again :

Y(0,9) = ©(0)D(9)
@O(¢p) :azimuthal function

equation (4.6)

2
—> @sinﬁi[sined—G]+®d ® i+ 1)0msin’
do d

=

do
1 d do 1 d°®
wmp | —SiN0—|sinfd— [+I([+1 sin” @ |+ — =0
{@ dé?[ dej (+1) } D d¢’
ésinﬁj—e(sinﬁz—?j+l(l+l)sin26’:mz .......... (4.7)
2
1d cf =—m> . (4.8)
D do

2
(1) from equation (4.8) : é‘;;) —_p? D) = ™
and  D(¢) = D(p+27) w— g _ im($+27)

cos(m@)[cos(2mm) — 1] —sin(m @) sin(27zm) +
i{sin(m¢)[cos(27m) — 1]+ cos(me)sin(2zm)} = 0

cos(m@)[cos(2m) —1]—sin(m¢)sin(2zm) =0
sin(m¢)[cos(27zm) — 1]+ cos(m¢@)sin(2zm) =0

cos(2mm) =1 , sin(2zm) =0

P

m=0,%x1,+2,........
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(i1) then equation (4.7)

lsiné?i sin@ﬁ +1(I+1)sin* @ = m®
] do do

— sinei[sined—(aj+[l(l+l)sin2O—mz]®=0 ........ 4.9)
0 do
wmp O(0) = AP" (cosb)
|m] |m|
where P (cos®) = (1—cos’ ) ? d P, (cos®)
d(cosB)
1 a4 Y\, .
and  F(cosl)=—— (cos"@-1) ....... (4.10)
21"\ d(cos®)

P" is associated Legendre function
P islth Legendre polynomial

discussion:
(@ p"=p", Y"=C=D"Y"

(b) from equation (4.10), / must be a positive integer
(c) if m>I , P"=0
so given [, m has (2/+1) possible value

m=-l,-[+1,..... ,-1,0,1,...... ,1-1,1

(d) spherical harmonics are orthonormal

2r e ® ' .
[ [y 1sinododg =50,

» The radial equation

From equation (4.4)

1d( ,dR\ 2mr’
——|r— |- V(iry—-E]=1(l+1
Rdr(r drj h* ) J=1d+D

d dR\ 2mr’
e G [ V(r)—EIR =1(l+1)R
dr(r drj e V(r)-EIR=I(1+1)
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let u(r)=rR(r)

h* d’u h* I +1)
- +|V+— =Fu | ........ 4.11
S { e Y (4.11)

equation (4.11) is radial equation
discussion :
(a) normalize
r|u|2 dr=1
0
(b) given a specific potential V', and solve (4.11)

example

s . 0, ifr<a
the infinite spherical well  V(r) =

o, ifrza

boundary conditions : u(0)=u(a)=0

2
so inside the well : z‘ _ {l(l "2‘ D 2mZE} .
dr v h
2
the easy situation [=0 ) Z’ z‘ -y k= Z;nE
r

wemp  U(r) = Asin(kr)+ Bcos(kr)

)  R(r)= Alsin(kr) + Blcos(kr)
r r

cos(kr) —>ow so B=0
’

whenr — 0

ey R(r) = Asin(ir)
r

for boundary condition u(a)=0

w—p  sin(ka)=0 == k="" =123,
a

_k’n® n’n’h’
- 2

,n=123,....

energy E,=FE,

n

2m 2ma
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normalize :
[ e[ dr=['|4 sin(nz/a)| dr =1

o A:\/E
a

stationary state  w,, =W, = R(")Y, (0,9) = glsin(ﬂrj L
ar

a 47
1 1. (nir j
= —sin| —r
2arx r a

umm
(a) energy depends onlyonn ,/

there are (2/+1) different wave function have same energy level
(b) normalize
[l dr= [[[lv] r*sin0 draodg = [|R] r*ar[|¥| sinododgp=1
normalize R , Y
[[IRFrdr=1 . ["['¥]’sinododg =1

normalized Y function is spherical harmonics

Q1 +1) (I =|m)!

az (+|m])! e" B (00s0)

andis Y,"(6,¢) = (—1)'”\/

(c) stationary states are labled by three quantum numbers (n, [/, m)

Quantum mechanics lecture
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4.2 Hydrogen atom

Ze’
dre, r

the Coulomb potential V' (r)=— , Z =1 for hydrogen atom

electron

hydrogen atom

» The radial wave function

2 2 2 2
radial equation : _hdu +{ ¢ +h— aGs 1)} u=Eu

2mdr® | Ar e r 2m r’
for bound state E<0, let k= # 1s real

2 2
1 du{l me +z(z+1)}u

drt | 2me, nkr (k)
let p=kr Yo, —m—ez
»e 21 e, W'k
2
- dz{l_&ﬂatl)}u ........ (4.12)
dp p P

solve equation (4.12) as below

(i) see p — o ,itapproximate
d’u

wmp u(p)=Ae” + Be”

for large p , B=0 , u(p)=Ade™”
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(ii)) see p — 0 , it approximate

du I(1+1)

2 2

dp p

u

w—p  U(p)=Cp"' +Dp”

1+1

for small p ,D=0 , u(p)=Cp
(iii) nowlet wu(p)=p e v(p)
then equation (4.12) is :

2
P j+2(1+1—p)ﬂ+[p0 21+ =0
dp dp

use power series

v(p) = zajpj
=0

— D S =Da,p"t 4D 21+ jap’ " =2) ja;p’0
=0 j=0

j=0 J=

+3lpy ~ 20+ Da,p’ =0

Jj=0
m—p > j(j+Da,,p’ + D 20+ 1) +Da,p’ =2 ja,p’0
Jj=0 Jj=0 J=0

+[po =20+ D] a,p’ =0
=0

_ 2(j+l+1)—p0

) = (7 2P 4.13
GG 2A+2) (3.19)
for large o corresponding to large j
27 2
then a,, = J a, = a,
JG+D 7 j+l]
J 2]
) aanoz—": —' ,j:0,1,2,.....
J! J!

Quantum mechanics lecture 31



32

— u(p)=Ap"'e” , but when p—>ow ,u(p) is infinity

so mustbea j,., suchthat a i = 0
then equation (4.13)  2(j,.. +/+1)—p, =0
define n=ju,+tI+1 ... (4.14)

Cmmp ,OO=2n

result

v( 0) is a polynomial of degree  jux

hik? B me*

2m 87 e hp;

and E=-

=== Bohr formula :

2 2
E =4 < || Log Ll a-123..
2n°\4rn e, ) |n n

) 2
ground state : E| —[ ” [ © j ] —13.6 eV is binding energy

217 4r €
2
hen k:Lzl:L . =l
dr e, h” n  an an
4 e, i’ .
a= @ =0.529x10""m is Bohr radius
me

from equation (4.14) cansee j , =0 then [ =n-1
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n I Jmar v(p) Ru(r)
1 0 0 ao R,=-Le
a
a, N
2 0 1 a,(1-p) Ry=—(1-—)e*
2a 2a
a _r
2 1 0 a R, =—2re2
0 21 4a2
2, a, 2r 2. -
3 0 2 a,(1-2p+— R,=—(1l-—"—+——)e 3
o(1=2p+327) ¥ 3a 3a 27a2)
1 a r. ——
3 1 1 a,(1-— R, =—2r(l—-—)e ¥
of 2,0) T g, ( 6a)
32 0 a R, =02
° 2 274
(iv) another representation of v( o)
v(p) =L 2p)
d 21+1
where L' 2p)=(-D)*""———| L (2
w1 (2p)=(=D d2p) w1 (2P)

normalization of y is

-

2
na

f (n—1-1)!

2n[(n+ D7

» Spectrum of hydrogen

From Bohr formula

Quantum mechanics lecture

E

4

E -E,

,
o | 2
na

_m
2h?

d ] [ (20)"]
Yo,

!
j LA, @r/na)Y"(0,9)

Ey =hv =2xhv =27zh£
A
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2 2
— Loom [ P L L pt L L (4.15)
A dahc\dme, ) \(n, n, n

2 2
- £ | =1.09677.581 cm™
4rh’c\ 4r €,

R is Rydberg constant

Equation (4.15) is Rydberg formula for spectrum of hydrogen

the spectrum of hydrogen :

ny =1 — ultraviolet region , the Lyman series
ng =2 — visible region , the Balmer series
ng =3 — infrared region , the Paschen series
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AR 4 3

Paschen series

.....

Y V Y A 2

A

A

A

Balmer series

energy(eV)

Lyman series

transitions in the spectrum of hydrogen

4.3 Angular momentum

classical mechanics operator :

quantum mechanics operator : L =rxp=(xi+y j+ zk)x(-ihV)

Quantum mechanics lecture

L=rxp
i J k
=—ih| x y

Z
0 0 0
Vox Vo U
= (WP, - zP,) i+ (2P, — xP.) j+ (xP, - yP.)k

=L i+L, j+L. k
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» Commutation relation

see  [L,,L,]f =(VP. —zP,)(zP, = xP.) f = (2P, —=xP.)(yP. - zP ) f

2_ i(zgj—yxézf z? azf +zx azf}

= —h y 2 —_
AN oz 0yox 0y0z

2 2 2
zya f—zz of —xya ]:+xi z@
| Oxoz ox0y oz oz\ oy
=h’ xg—y%

oy Ox
=ihl_f

[}

+h

) [Lx,Ly]ZihLz
similarly [L ,L.]=inl, , [L.,L . ]=ihL,

L.,L,,L. donotcommute

Generalized uncertainty principle :
1 Lo h
2 __2 . 2
o.o. > —(ihL =—/(L oo, >—|(L
x9y (2i< Z>j 4<Z> ) 9y 2|< z>|
square of total angular momentum : L* = L’ + Li +L

can find [L’,L,]=0 ,[L*,L]]=0 ,[L*,L.]=0

or [L,L]=0(L =L +L +L, ) wesp L’andL commute
so L’'f=Af L.f=uf havesame eigenstates f

[L.,L ]=n(L, +iL,)="hL,
define L, =L +iL thus [L.,L ]=-h(L,—iL,)=~hL_
[L*,L,]=0

2 2 . 2 2
LL =L+L —i(L,L,—L,L)=L—L+nL,
LL =L+L +i(LL,-LL)=L—-L>-hL,

f_/h\

LI'=LL +L~-hL, ... (4.16)

o 5 )
L =L L +L +hL, ... (4.17)
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> Eigenvalues for algebraic theory
from L’f=Af L.f=puf havesame eigenstates f
then (i) L*(L,f)=L.(L’f)=L.(Af)=AL.Sf)

L, (Lif) = (LzLi —-L,L, )+ Lisz = ihl‘if + Li:uf
=(uxn)(L.f)

(i) L, (inf) =(L, L. £nL )L, f =L (L.L . £hL,)f
CL(LLL 420L)f = I2(L, +20)f

= (u*2n)(LLf)

Ih /.

L+
u+2h ﬁ Lf
H+h L. f
u S
u—n L f
u=2h {} L'f

L
Ih f

the ladder of angular momentum states and
corresponding eigenvalue in z-direction

L. f,=0
from L_f, =Inf, , L°f, =Af andequation (4.16)

wemp L' f, =(LL +L +hL)f, =0+h +Ih*)f,
=n’I(l+1)f,

) A =h1(+]1)

similarly , L f,=0 , L.f, =Ihf,

from equation (4.17)
Lf,=(LL +L=BL)f, =0 I(=1)f, =2 f,
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— A =R I(-1)

RAT+1) =h2I(1-1) b [=—]
from —/ to / must integer steps , so / must be integer or half-integer
[1=0,1/2,1,3/2,...... m(ormy)y=-1,-I+1,.....,1-1,]

compare the angular equation at former section , we find /is 0, 1,2, ......

The angular equation is used the analytic method , in this section we use
algebraic method for the angular momentum.

But it is not contradictious . For general angular momentum , in quantum
mechanics we need to consider not only orbital angular momentum but
spin angular momentum .

The angular momentum is the sum of orbital and spin angular momentum .

The effect of half-integer is the behavior of spin evidently, and it will intro-
duce in the later section (4.4)

» Eigenfunctions of angular momentum
(i)  angular momentum represent in spherical coordinates

~o ~10 ~» 1 0 A
V=r—+0—+ — r=rr
or r o6 rsiné@ o0¢

i AA a AA a 1 AA a
L=rxp=-ih xr)—4+(rx@)—+ X @P)—
- p=—ih rrx ) 4 (<O g ¢)a¢}

g o1 2
00 sind O0¢

N

where € =cos@cos¢gi+cosfdsing j—sinfk

@ =-singi+cose j

—p L = —ih{(—sin¢?+ COS¢})%—(COSHC°S¢;+ cossing j-sin0 k) siiﬁ %}
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0 0
[ =—if| —sind— — to—
)y L =i ( sin ¢ cos¢ co ]

L =-—ih cos¢i—sin¢ coté’i
g 00 o¢p

L =-in
o¢

L, =he" 9 icotol , L =-he™ 2 _icoto2
00 o4 00 o4

(ii) for eigenfunction f," (6,¢)
L=t =mif > [ =50

f1is also eigenfunction of L* , and from equation (4.16)

then L'f=(L,L +L>-hL)f

= he" (i+ icot@ij(—hem )(1 —~ icot@i] -’ az—{+ in’ A
00 o 06 06" ¢ o

=h I+ f
m—) sinei[sined—g}r[l(hrl)sinz0—m2]g:0 ........ (4.17)
do do
compare equation (4.17) and (4.9)

gO)=06©) , so f"(0.9)=g@e" =Y"(0.¢)

the spherical harmonics are the eigenfunctions of L”and L.

4.4 Spin of algebraic theory
spin angular momentum operator S

[S..S,1=inS. , [S,,S.1=ihS, , [S.,S,1=ihS,

[$*,8,1=[5",8,1=[5",5.1=0
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[S..8, 1=n(S, +iS,) =S,
S.=(S,%iS,) 1 I[S..5_1=-h(S, —iS,)=—hS_
[§,5.1=0

S*|sm)y=n’s(s+1)|sm,y , S.|sm)=hm_ |sm) ....... (4.18)

S.S,|sm)=S8,S,|sm)+haS, |sm)=mnhS, |sm_)+hS, |sm,)
=(m, +DAaS, |sm)

and S |s(m, +1)) =(m, + )i |s(m, +1))
mmp S, |sm)=c,|s(m +1)) , c+ isconstant
(sm_ |S_ S, |sm)=c (sm_|S_|s(m, +1))=c, (S, sm,|s(m, +1))
where (S sm_ |=(|S,sm)) =(S, |sm ) =[c, |s(m, +1))]" =c.(s(m, +1)|
so (sm, |S_S, |sm)=c.c (s(m, +1)]s(m, +1))

- |C, |2=(sms |S2 -S,—hS. |sm,) =[S(s+1)—mf —ms]h2

¢, = \[s(s + 1) —m? —m, i’

m— S [sm)=hys(s+D)—m>—m]|s(m +1) ...... (4.19)
similarly S_|sm, )= 751\/S(S+1)—ms2 +m.]|s(m,=1)) ........ (4.20)
s=0,l,1,§, ........ , mg:-s,-stl,.....s-1,s
2 2

(a) [ is orbital angular momentum quantum number;
s is the spin of particular species in particles.

(b) ! can take on any integer value ; when system is perturbed ,

[ will change from a value to another.
s is fixed.; for any given particles , it has specific of s (table 4.1)
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table(4.1)

particles spin s
7T mesons 0
electrons 1/2
photons 1
deltas 3/2
gravitons 2

» The operator of the spin 1/2 state

1, . I -1 .

— —) 1is spin u — —) 1s spin down
757 isspinup |2 —) issp
spinor ( spin state )

“ +b
= =a
Z b Z-F Z*

where spin eigenstate

1
X, = 0 or a= {0} for spin up , corresponding to eigenvalue g
0] 0 . . . h
Y. = . or p= ) for spin down , corresponding to eigenvalue — 5

|a |’ represent the probability of spin up
|b|* represent the probability of spin down

la]’ +|b =1

The matrix formof §_,S§ .S, :

from equation (4.18) , we can find

1 ~1
S°x. =%hzz+ . S'x =%hzz . Sze=ghxes Syo=—hy

and equation (4.19) , (4.20) now become to

S x.=hy,, Sy,=ny., S x.=Sx =0
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1 1
S =—(S,+8) , S =—(S, -5
. 2( L TS0) ) 2l,( )

h h h h
hS == _9Sx - == +9S + =T _:S N T
fya 2)( X 2)( 14 2il 14 21.)(

o - e
s

Pauli spin matrices:

S= (S, +S, +SZ)=§G=§(GX +to,+0.)

0 1 0 —i I 0
Gx: ,G = . ,GZ:
1 0 Yli 0 0 -1

We call ¢ the Pauli operator

» Addition of spin angular momenta

Suppose two spin 1/2 particles
The spin angular momentum corresponding to these two particles are S , §

The total angular momentum of the composite state
( such as two electron of helium atom ) is :

S=8V+8? | §=81+8+8S:

each particle can have spin up or spin down
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so spin eigenstate of S : a(l), B(1)
spin eigenstate of S'” : a(2), B(2)

there are four possibilities of the composite state :

a(a(2) LDHEQ2),a)(2), a(2)B(1)

(1)
S. 01, = (SZ(I)ZI)Z2 + 7 (Siz)}(z)
=hmyx )y, + x,(hmg, x,)
= (msl +ms2)hZ112

it represent that composite state y, y, have eigenvalues (m , +m,,)
in z-component

spin eigenstates of S, | eigenvalue m;
a(Da(2) 1
a()p(2) 0
a(2)p(1) 0
BMB(2) -1

sofor m, =1,-1—> s=1 ;[ aa2);a(2)p(2) ]
m, =0 — s=00rl [ a()B2);a(2)p(1) ]

a)B2) , a(2)p(l) have the same eigenvalue m, =0

Now rearrange the eigenstate y by selecting a suitable value of ¢, ,c,
in the superposition form

2 =aa()B(2)+c,a(2) (1)
(i)

S?,S. have the same eigenstates
aDa(2) , BA)B(2) and y must also be eigenstates of S°

Quantum mechanics lecture 43



44

roof
from 82 =[SV +SPP =[SV’ + 5P 425V
where SPWS® = gWg®@ L gHg@ 4 ¢ g2
X x v ¥ z z

15;205(1)05(2) =[SV + 5P 4+ 2505 Ja(ha(2)
= SV%’a(Ma2) +a()S?’a2) + 25V SV a()a(2)
+ %hza(l)a@) + %hza(l)a@)
+2[SPa()SPa2)+ S a)SPa(2) + SPa()S P a(2)]

= %hza(l)a(Z)

" 2[@ pMQR) +[— Zﬁj BNHAQ) +(ﬁj a(l)a@}
i 2
=2r*a(l)a(2)
from equation (4.18)

a()a(2) is the eigenstates of S°

and the corresponding eigenvalue is 2A° = s(s + )i’

) s=1

2.
similarly , we also can get  S>B(1)B(2) = 21> B(1) B(2)

) =]

3.
$2x =[5V + 57+ 2808 e (D A(2) + ¢, ADe(2)]
3, ) h’
=2 Wea)p2)+ e fha(2) - —-ca)Q2)

+ %hzczﬂ(l)a@) +1c,a()B(2) - %c‘zﬁ(l)a@)

=i’ [a(DB(2) + fDa()]+c,h* [aDB(2) + e (2)
= (¢, + ) [a()A2) + fDa(2)]
=s(s + D’ [c,a(DB(2) + ¢, fDa(2]
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(¢ )N @A)+ fD(2)]
= s(s + DR [e,a(DB2) + ¢, ADa(2)]

c,=(s*+s5-1)
¢ =(s*+s-1x,

¢, , ¢, have non-trivial solution

— |$ ts—1 -1

-1 sP+s—1

) =

0,1

=0 == (574+5)(s’+5-2)=0

s=0, c¢1=-c; normalize eigenstate : L[05(1) P2)- pa(2)]

N

) ) 1
s=1, c¢;=c¢; normalize eigenstate : —

spin eigenstate of §*, S

7 [a(D)B(2) + p(Da(2)]

> triplet state

singlet state

. s mg
a(Ha(2) 1 1)
% [a()B(2) + fDa(2)] 1 0
AMHSQ2) 1 -1
WD) | 0 0
umm
If we combine spin s; with spin s, ; the total spin :
s=(s1+s2),(s1+s2-1),(s1+52-2), ... ) st - 82

the highest s occurs when they are aligned parallel

the lowest s occurs when they are antiparallel

Quantum mechanics lecture
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xample

1.
combine a particle of spin 3/2 with another of spin 2

total spin could get 7/2,5/2,3/2,1/2;
A hydrogen atom , the angular momentum of electron is / + 1/2
or /- 1/2 (orbital + spin ) .

if the electron combine with the proton ,
the atom’s total angular momentum quantum number is

I+1,1,1-1
Conclusion
the four quantum number determine a state of a particle

(1) principal quantum number n

n=1,2,3,........ ;
(1) azimuthal quantum number [

[=0,1,...... n—1 ;[ determine the shape of orbit

m, =-1,-[+1,..... -1, ; m, determine the orientation of orbit

(iv) spin quantum number m
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