
Chapter 5  Identical Particle 
 
5.1 Two particle systems 
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ange operator  P : 

              Pf ( r1, r2 ) = f ( r2, r1 ) 
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H 2, r1 )ψ ( r2, r1 ) = ( r
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      [ P , ( r
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   for   Pg ( r1, r2 ) = λg ( r1, r2 )  

   g( r2P 1, r2 ) = P [Pg ( r1, r2 )] =P [λg ( r1, r2 )] = λ2
 g( r1, r2 ) 

particle 2
in state b

: state b

             = Pg ( r2, r1 ) = g ( r1, r2 ) 

1
2r

particle 1
in state a

: state a

              λ = 1 , -1 

 distinguishable particles : 

ψ ( r1, r2 ) = aψ (r1) bψ (r2) 
ψ ( r2, r1 ) = aψ (r2) bψ (r1) 

two states of two distinguishable particles 
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For two indistinguishable particles : 
 

λ = 1 →  
2

1
=+ψ [ψ ( r1, r2 ) +ψ ( r2, r1 )] = aψ[

2
1 (r1) bψ (r2) + aψ (r2) bψ (r1)] 

 

λ = -1 →  
2

1
=−ψ [ψ ( r1, r2 ) -ψ ( r2, r1 )] = aψ[

2
1 (r1) bψ (r2) - aψ (r2) bψ (r1)] 

 
       +ψ , −ψ  are orthonormal and satisfy Schrödinger equation 
 
 

identical bosons  : +ψ ( r1, r2 ) = +ψ ( r2, r1 )    symmetric    
identical fermions : −ψ ( r1, r2 ) = ( r−−ψ 2, r1 )  antisymmetric 

 
 
 
 
    Pauli Exclusion Principle : 
 
    if any two identical fermion particles have the same state , a = b 

 
                    then −ψ = 0 
 

identical fermion can not occupy the same quantum state(wave function) 
 
 
 
 
¾ Exchange forces 
 

for one-dimensional : 
 
     particle 1 is in state )( 1xaψ  ; particle 2 is in state )( 2xbψ  
     )( 1xaψ  , )( 1xbψ  are orthonormal 
 
    distinguishable particles : )()(),( 2121 xxxx ba ψψψ =  

    identical bosons   : )]()()()([
2
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    calculate expectation of distance between two particles 
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    (i) distinguishable particles 
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    (ii) identical particles 
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        2
abba xxx 〉〈±〉〈〉〈=  

       identical bosons : 

2222 22)( abbaba xxxxxx 〉〈−〉〈〉〈−〉〈+〉〈=〉∆〈 ±  

                   = 22 2)( abdis xx 〉〈−〉∆〈  ……..(5.1) 

       identical fermions : 

                    22 2)( abdis xx 〉〈+〉∆〈   ……..(5.2) 

ange force 

 from equation (5.1) , (5.2) 

 (i) identical bosons tend to be closer together , look like a “ force of attraction “ 
   between bosons to pull them closer . 

 (ii) identical fermions tend to be farther apart , look like a “ force of repulsion “ 
    between fermions to push them apart . 

 example 
          a hydrogen molecule H2 

e-

e-
+ +F F

Symmetric configuration
 produces attractive

e-

nucleus 1

+

nucleus 2

+F F
e-

Antisymmetric configuration
 produces repulsive force
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    We call it an exchange force , although it’s not really a force at all ; 
    rather , it is a purely geometrical consequence of the symmetrization 
    requirement . 
 
 
 
 

5.2 Atoms 
 
         A neutral atom 
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potential with mutual 
repulsion of electrons 

kinetic and potential 
energy in electric field  
of nucleu 

 
 
 
 
              Z : atomic number   ;  m : mass  ;  e : charge 
 
 
                    ;  ψψ EH = ψ ( r1 ,r2 ,….., rZ) 
 
                   complete state ( position and spin) : 
 

ψ ( r1 ,r2 ,…..rZ)χ( s1 ,s2 ,….., sZ)  ……..(5.4) 
 
                spatial wave function   spin state 
 
             equation (5.3) must solve by approximation methods (later chapter) 
 
 
 
¾ Helium and electron spin  
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      helium have two electrons , for chapter 4  
       there are three symmetric spin states : 
 
              )2()1( αα
              )2()1( ββ

)]2()1()2()1([
2

1 αββα +  

Quantum mechanics lecture                                                                 51 



      and one antisymmetric spin state : )]2()1()2()1([
2

1 αββα −  

 
     from equation (5.4) ,when spatial wave function and spin states combined 
 
     (i)  s = 0  ,  there is a antisymmetric singlet state 
 

2
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(ii)  s = 1  ,  antisymmetric triplet state 
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the triplet states are called orthohelium 
the singlet states are called parahelium 
 
 
 

¾ The periodic table 
 

Electrons configuration : 
 
(i) According to Pauli exclusion principle , electrons cannot all settle down to 

( n = 1 ) ground state . Each spatial state only contains two electrons . 
 
(ii) m = -l , ……l  ; has (2l +1) values 
 

     ∑
−

=

=+
1

0

22)12(2
n

l

nl

So the nth shell can accommodate  electrons . 22n
 
(iii) The horizontal row on the Periodic Table corresponding to filling out  

each shell . 
 
(iv) For single-electron atom , the energy related only to n . 

[ Bohr energies (section 4.2) ] 
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(v) For multi-electrons atom , effect of the repulsion force between electrons  
must be considered . The energy depends on n and l now . 

 
(vi) For the same n , the state of lower l have lower energy , energy increasing 

with increasing l . In general electrons would fill the lower energy state first . 
 
(vii) configuration : 
 

222 )2()2()1( pss

n l
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that occupy the state
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energy order of the orbits  
 
 
 

5.3  Solids 
 
¾ Free electron gas of Sommerfeld 
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boundary conditions : X(0) = Y(0) = Z(0) = 0 ; X(lx) = Y(ly) = Z(lz) = 0 
 

          Bx = By = Bz = 0 ; kxlx = nxπ, kyly = nyπ, kzlz = nzπ 
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where  wave vector k = (kx , ky , kz)  ;  k  2222

zyx kkk ++=
 
 
If electrons were bosons , they would all settle down to the ground state . 

 
But electrons are in fact identical fermions subject to the Pauli Exclusion 
Principle , so only two of them can occupy any given spatial state. 
 
Each given states can regard as each block in k – space [ Fig (5.1) ] , 
three-dimensional k-space : kx , ky , kz 
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Fig (5.2) k-space shading , indicates one block,
one spatial state for every block
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the volume of one block : 

                     
Vlll zyx

33 ππ
=  

 
These electrons will contains a pair of electrons fill up one octant of a sphere 
in k – space [ Fig(5.2) ], whose radius kF is determined by 
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Fig(5.2)  one octant of spherical

in k-space

Fk

 
 

  so  
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NqkF

3
3

23
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1 ππ =






    ;  q : each atom have q free electrons 

N : total number of atoms ; N is enormous 
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3/12 )3( ρπ=Fk   with 
V
Nq

=ρ  :  free electron density 

 
 
Fermi surface : the boundary separating occupied and unoccupied states 
 

  

occupied
state

unoccupied
state

inside Fermi surface , quantum states been
occupied by electrons(such as the shade)

 

Fermi surface

shell

 
Fermi Energy (EF) : the maximum occupied energy 
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each of states carries energy 
m
k

2

22h  , so the energy of the shell : 
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This quantum mechanical energy , Etotal , plays a role rather analogous to the  
internal thermal energy (U) of an ordinary gas . 
 
If the box expands by an amount dV , Etotal decreases and this show up as work 
done on the outside 
 
from thermodynamics first law 
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adiabatic process dQ = 0  
 

        PdVdE −=
 

)(
3
2

10
)3(

3
2 3/5

2

3/522

PdVdW
V
dVEdVV

m
NqdE totaltotal −=≡−=−= −

π
πh  

 
3/5

23/22

5
)3(

3
2 ρπ

mV
E

P total h
==  ; 

 
P : degeneracy pressure ( quantum exclusion pressure) 

 
The reason why cold solid doesn’t collapse 

 
 
 
 

¾ Band structure 
 

Bloch’s theorem : 

to  ψψψ ExV
dx
d

m
=+− )(

2 2

22h  

 
Consider a periodic potential in one dimension  V( x+a ) = V (x) ……..(5.6) 
 

then  )()( xeax iKaψψ =+
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    proof 
 
          let D be the displacement operator 
 
             )()( axfxDf +=
 

from equation (5.6) , D commutes with Hamiltonian 
 
[D,H] = 0 , D and H have the same eigenfunctions 
 

         λψψ =D )()( xax λψψ =+  
 
          like any nonzero complex number , it can be expressed as an exponential 
 
               iKae=λ
 
           so  )()( xeax iKaψψ =+
 
               |  22 |)(||)( xax ψψ =+
 
               )()( xNax ψψ =+  ;  N : large number atoms 
 

               )()( xxeiNKa ψψ =
Na

nK π2
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one-dimension Dirac comb
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solve wave function within a single cell  0 < x < a , and V = 0 
 
see former section 2.4 
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from  )()( axex iKa += − ψψ
 

   0,)](cos)(sin[)( <<−+++= − xaaxkBaxkAex iKaψ
 

from boundary conditions : 
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pull equation (5.7) into (5.8) 

so  )sin(2)(sin)]cos(1)][cos( 2
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)sin()cos()cos( 2 ka
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let  z = ka ,  2h

amα
β =            )sin()cos()cos( z

z
zKa β
−=  

and let 
z

zzzf )sin()cos()( β−=   ……..(5.9) 

for  , equation (5.9) plotted in Fig (5.3) 1=β
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 Fig(5.3)  for  , the graph of f(z) 1=β
 

       
z

zzKa )sin()cos()cos( −=  

 
Because of  , see Fig(5.3) within the region of f(z)∈(-1 , +1) 1|)cos(| ≤Ka
we can find various solutions “k” . 
 
Then we can find various allowed energy . 
 
example 

2
1)cos( =Ka   , can find  L,, 2211 akzakz ==

                 and find 
m
kE

2

2
1

2

1
h

=  for the first energy band 

                        
m
kE

2

2
2

2

2
h

=  for the second energy band 

                           M  
 
now 

(i) 
N
nKa π2cos)cos( =  from 1(n = 0) to –1(n =N/2) 

there are N/2 solutions 
 

(ii) 
N
nπ2cos from –1(n =N/2) to 1(n = N – 1) have N/2 solutions 

there are N/2 solutions 
 
so within the region of f(z)∈(-1 , +1) ;there are ( N/2 + N/2 ) = N solutions 

                  (a) in first band , there are N/2 positive-energy states ,  
                     and joined by negative-energy states 
 
                  (b) in higher band , there are N energy states From Fig(5.3) 

(spatial states ) and 2N completely states 
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E

band (N-
energy states)

1st gap
1st band

(N/2-energy
states)

2st-band
(N-energy

states)

 
 

(iii) Assume there are N atoms with q “free” electrons for each atom . 
 
   then if q =1 , the electron in each atom fill the negative-energy of the 

first band 
 
       if q =2 , the two electrons in each atom fill up the first band 

( namely all energy states be filled completely ) 
 

       if q =3 , the first band be filled up and the second band be filled half 
( namely there are N/2 energy states be filled in the second band ) 

 
(iv) illustration of energy band in three materials 

       
insulator conductor

energy

occupied
states

gap

energy
band

free
electron

 
 
     exert very small energy to insulator and conductor 
     insulator : no electrons still can leap to the higher band energy 
     conductor : partial electrons leap to the unoccupied state where  
     are in the same energy band . 
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dope
N-type

dope
P-type

energy

occupied
states

gap
unoccupied states

(hole)

semiconductor

lower
energy band

higher
energy band

"extra" electron
(carries)

 
 
     If we dope atoms ( example phosphorous or aluminum) into an insulator 
     ( example silicon ) , this puts some “ extra “ electrons into the next higher 
     energy band , or create holes in the previously filled energy band . 
 
 
 
 

5.4  Quantum statistical mechanics 
 

For large number particles we could not keep track each one separately. 
 
The fundamental assumption is that in thermal equilibrium every distinct state 
with the same total energy is equally probable. 

 
     The total energy is fixed by conservation of energy in thermal equilibrium. 
 
     The temperature T is a measure of the total energy 
 
 
¾ General case 
 
    (a) there are dn distinct one-particle states with the same energy En  
 
    (b) In thermal equilibrium , there are N total particles which 
       there are N1 particles with energy E1 , N2 particles with energy E2 , …… 
       Nn particles with energy En 
        or say configuration   ,........),( 21 NN
 
       example : ( 1 , 0 , 3,……)  
 
                for energy 1 has one particle 
                for energy 3 has three particles ………. 
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      the number of different ways to the configuration  is ,........),( 21 NN
 
         Q  ,........),( 21 NN
 

annotation 
 
pick out M quantities from N quantities , the number of selection is 
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  (i) particles are distinguishable 
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     then the number of ways to put these N1 particles into d1 distinct states is 
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     for second “bin” ( N- N1 choose N2 ) 
 

     similarly the number of ways is 
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  (ii) particles are identical fermions 
 
     There is only one ways to pick out N1 particles from N particles . 
 
     Only one particle can occupy any given state , there are d1 states for first “bin” 
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     then the number of ways is 
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ii) particles are identical bosons 

   there is no restriction on the number of particles that can share the same 
   one-particle state 
  for example the nth bin 

  dn = 3 ( three states ) , Nn = 4 ( four particles    ) , 
   represent partitions ( separated from states ) ×

× ×

× ×

state 1 state 2 state 3partition partition

  Configuration 1 

  Configuration 2 

  Then the configuration may be configuration1 or configuration 2 or others 

  We image “   “ and “×” as positions ; 

    : the position been occupied by particle ( Nn ) 
   : no particle occupy ( d× n-1 ) 

  total positions are = 6 )1( −+ nn dN

  Also there is only one ways to pick out Nn particles from N particles . 

  thus the number of permutations, which select Nn positions among Nn+dn-1 
positions is 
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¾ The most probable configuration 
( find maximum Q with respect to change Nn ) 
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n
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n == ∑∑
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= 11
,  

 
Lagrange multipliers : 

 
      the method to find the problem of maximizing a function F of several 

variables , subject to f1 = 0 , f2 = 0 , ……, fn = 0 , 
 

     LLLLLL +++= 22112121 ),,,,( ffFxxG λλλλ
 

      and 0;0 =
∂
∂

=
∂
∂

nn

G
x
G

λ
 ;  

 
 
It is noted that the maxima of Q and lnQ occur at the same point 
 

So we can let  
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(i) particles are distinguishable 

 

       







−+








−+−+= ∑∑∑

∞

=

∞

=

∞

= 111

)]!ln()ln([)!ln(
n

nn
n

n
n

nnn ENENNNdNNG βα

 
      Stirling’s approximation :  
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(ii)  particles are identical fermions 
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(iii)  particles are identical bosons 
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¾ Physical significance of α and β 
 

As the case of a three-dimensional infinite square well ( section 5.3 ) 
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            so  
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        for the classical formula 
 

        average kinetic energy of an atom at  T : Tk
N
E

B2
3

=   ,   

 
kB  is Boltzmann constant 

 

        
TkB

1
=β   , β is related to temperature 

 
        with replacing α by the so-called chemical potential 
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        rewrite equation (5.10) , (5.11) , (5.12) for the most probable number of particles 
        in a particular state with energy ∈  
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¾ The blackbody spectrum 
 

Photons are identical bosons with spin 1 and massless particles . 
 
(i) energy of a photon is  ων h== hE
 

(ii) wave number 
c

k ω
λ
π
==

2  
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(iii) only two spin states occur ( m = -1,1 ) 
 
(iv) when temperature rises, the number of photons of per unit volume increases 
 
from equation (5.12) the most probable occupation number for photons is 
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N ωω h
 

 
example for photons in a box of volume V, 
 
from equation (5.5) 
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Planck’s blackbody spectrum : 
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Planck’s formula for the blackbody spectrum for three different temperatures 
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