Chapter 6 Perturbation theory

6.1 Time-independent nondegenerate perturbation theory

A (0 A (0)

AN AN

(1) no perturbation system , H ,is given ( to find solutionsof H=H +AH")

A (0) NG
H y? =%  H :Hamiltonian of basic state

A ()
E”: cigenvalues of H

A (0

©- orthonormal eigenfunctions of H

l//n

s w ey =6

(11) Rayleigh-Schrodinger perturbation theory

A A A R
H=H +1H ... (6.1) ; H :ageneral Hamiltonian
H': perturbation
A :asmall number
general solution y, , E, of ﬁ v, =Ewv, ... (6.2) are expand by
w, =y + AP+ PP e (6.3)
E =EP+AEV + PE® +--. ... (6.4)

E,ﬂ’) ’,/,’(1’)_ ith-order corrections to E, .y, ;

substitute equation (6.1) , (6.3), (6.4) into (6.2)

A (0)
— (H + A +ap® + 2@ 1)
—(E(0)+1E(1)+12E(2)+ )(l//(o)+ll/l(1) +/12‘//(2)+,,,)
NO) (0) (0)
- oyO A H O Hy ) 2y @+ Hy D)
=B+ MEDy) + ELDy )+ 2 (E P + EDy) + EDy )+
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 (0)
H y O =EOO  (EM  wl are known firstly)

A (0) A

w—p  JH yP+HYyO =EOy O+ EDy L (6.5)
0! .
By s iry® = EOp@ + BV s EDO (66)

» First-order theory
(1) first-order correction to the energy
From equation (6.5)

p O M, 7y, 0) _ (0), (1), (), (0)
H y, +Hy,” =E y, +E vy,

n

take inner product with "

1 (0 A
= WY H w,ﬁ‘>>+<w,5°>rH'w,5°>>=E,§°><w%,§”>+E,ﬁ”<w,5°>rwi‘”>

A (0) ‘

1
H  is Hermitian :

A (0) A (0)
WO =y ) = B0y ) = B 1)

—) Er(,l) = (1//,50) | H 'l//,(lo)) = (l//,(lo) | H'| t//,(,o) » | the first-order correction
to the energy

example 1
for the infinite square well
(x)
v (x) = 2 sin(ﬂ x] T
a a
perturb the system by a constant perturbation
7
AN 0 — X
Hv — VO 0 ‘ a

== £V =" [ Hy,")=w,” Vo lv,") =Vow,” lw,") =V,
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example 2

If the perturbation extends halfway across the well

V(x)
) E(l) — <l//(0) \H'l//(o)> T
= nlwl
2V, a2
:—Ojo sz[ﬂ” xjdx v
a a
0 _|
"o
=0 0 a2
2
(1) first-order correction to the wave function w,gl)
A (0
from H yO +H'y/(°) = EOy O 4 E0y,©
A (0)
(H —-EOO =Y _-H ')y/“)) ........ (6.7)

The orthonormal eigenfunctions " are assumed to form a complete set .

D

Thus w'" can be expanded in terms of the set ‘"

(1) (), (0) _ (n), (0) (m),, (0)
=2l =a v s e,

m#n

where (0) ’ l//n1)> zc(n)<l//(0) (0)>

) C,(,qn) = <l//(0) ‘l//r(ll)>

(0)

v, are free solutions of equation (6.7) and can be droped from l//,(ll)

o) C’(l") =() ) W(l) zc(n)l//’;(]) (6.8)

m#n

substitute equation (6.8) into equation (6.7)

A (0)
) H Zc(n) ZE(O) (n) (0) — (E(l) V)V/r(lo)
m#n m#n
— S EOy O 3 EO 0,0 (g0 H)y©
m#n m#n
> S(ED —EO) Dy = (EO —HYy O
m#n
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take inner product with (*

wp D (E —EM)c"S, =EVS, —wi” 1H [y”) .......(69)

m#n

If I=n, 8,=0 E"=Ww" H|y")
If I#n ,only when /= m ,the left side of equation (6.9)

remains only one term : (E\” — E{?) ¢! and 5, =0

— (ED ~ED) el = | )

A
0 ' 0
(n)_<‘//y(n)|H|l//,(1)>
— T T 20
En _Em

(6.10) the first-order correction

N
0 ' 0
. (1)_Z<‘//;51)\H \'//;5)> (0)
v, = £0 _£0 mo | e
n m

m#n

to the wave function

Nondegeneratation condition :

The above perturbation method apply only to non-degenerate eigenvalue E'”
of the unperturbed system .

Namely different unperturbed states corresponding to different energies .
E® —E© %0 in general

» Second-order solution of E,,
A O A
from equation (6.6) H P +H'y" = EQy® + EOy D 4 E2)y O

n

take inner product with (*
W Ty = e lw)) =0
n+m
o 5% o 0 | fyry,, (0 0) ;, A0 2 1 g 1
W' IH )+ | Hy ") =EL W [y + ED vy lwi)

+EQ (' |y
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A (0) A (0
Wi [H ) =y )y =P v?)

w—p ED =y | H'yD)

=3O T H )
nm

w1 H | pl”y
£EO _ o)

W 1 H' [y,))

n#m

ED _ Z|<l//;(no) \H'|‘//r(,0)> ’2
no E(O) _E(O)

n+m

6.2 Time-independent degenerate perturbation theory

If some distinct states share the same energy , equation (6.10) fails

» Twofold degeneracy

Suppose w'” , (" share the same energy

A © 0 0). (0) ~© (0) 0), (0) 0,0
H yO =% "0 y"=E% , (v y")=0

A (0)
Is is noted that w'” =ay'” + pw'” is also an eigenstate of H

NO)
H y©® =0y

While the perturbation will break the degeneracy : as increase A, the common
unperturbed energy E splits into two.

AN /\(0) AN
H=H +AH" and E=E9 +AED + PE® 4+......

w=u® + A" + Py e
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substitute into Hy = Ey

)
A (0) NO)
H ‘//(0) +/1(H'l//(0) +H l//(l))+ —E(O)l//(o) +2,(E(1)l//(0) +E(0)‘//(1))+"'

A A (0)
atorder 4 H'w O +H O =EVy® 4 gO,O0

(i) take inner product with '”

A 7. (0)
v | H'y™) +<W w )y =E Wy |y @) +E(°)}V§‘(| v

A (0
and (" |H y®)=EO |y

= O Yy = O [y ™)
= W H @y + By = BV (@l + pyi®)
= a1+ By | H ) = a BV

let Wy =(y” |H'|y{")
— oW, +pW,=aE" ... (6.11)
(ii) similarly take inner product with "

aW,, +pw,, =BEV ... (6.12)

from equation (6.11) , (6.12)
Wea Wi LB B

EV = [ W, N, —W,,) + 4| W, |

is the fundamental result of degenerate perturbation theory

Quantum mechanics lecture



if Wab = Wba =0 then E-g-l) = Waa = <[r//z(10) |Hy |l/jz(10)>

EQ =Wy, =" |H |y,")

the same as we obtained using the Nondegenerate perturbation theory

Theorem

A
Let 4 be a Hermitian operator that commutes with H'

If ', w'!” are eigenfunctions of A4 with distinct eigenvalues

(0) (0) (0)

Ay =y Ap)” =vy” s u#v

then W, =0 and w'”, w” aregood states to use in perturbation theory

proof :
[AHT=0 ey (™ |4, HT ) =0
— (O | AH Yy~ | H Ay )
— Ay O | Hy®) =0 | vy ™)
(@ [ Hy®) O | v

=(u-v)y® | H'y")

= (lu _V)Wab = O

For n-fold degeneracy (High order degeneracy):

we look for the eigenvalue of the nxn W-matrix

W, =(w” |H' |y}

Quantum mechanics lecture
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xample

N

three-dimensional infinite cubical well

a Cl/ 2
a2/~ |

0,0<x<a,0<y<a,0<z<a

"x,y,z2) ={

oo , otherwise

The perturbation :

. V,,0<x<al2,0<y<al2 a
H =
0 , otherwise

2
from —;—V2w+ Vix,y,z2)y = Ey
m

/s S L
- + + +V(x,y,z2)w=FE
oo o2 aZz)l// (x,y,2)y = Ey

=(E,+E,+E)y
let w(x,y,2)=y ()Y, V. (2)

2 d2
see —h— l/;x +V(x,y,2)y, =E vy,
2m dx

2

2
inside the well _md l/:" =Ey, = 0= \/zsin LTy
2m dx * a a

similarly w'” = |Z Sln( y y) w = |2 Sm(n/z ZJ
a a ’ a a
© (2jm : (nm j : (nyﬂ- J : (nzﬂ' ]
l//n an, | Sin X |SIn y |sin z
| . » ;

the corresponding allowed energies :

242
0 0 Th 2 2 2
EY =Er(”2n =——(ny+n, +n;)

: 2ma
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(1) the ground state is nondegenerate

) 3/2
h 2 ) ) )
E® =E© = 37 — p) = (—j (sin = x)(sin Z y)(sin ~ z)
2ma a a a a

thus the first-order correction to the ground state energy is

A
1 0 0
E(()) :<‘//1(1% |H'|'//1(1%>

3
- (%) Vo Ioa ? sin’ (% x} de‘:/2 sin’ (% yj dy _[Oasin 2 (% z} dz

1
=—V,
40

(11) the first excited state is triply degenerate

o) _,,,(0) o) _,, 0 o) _,,, 0
let w,” =y, ¥, =W, V¥, =¥

372h?
2

ma

have the same energy El(o) = (Eé?; = ES)]’ = El(?z) )

thus the first-order correction to the first excited state must find W-matrix

the matrix elements :

3
(2 al2 , (71w al2 . H( 71 a . o 27 1
W.. _(Zj VOIO sin (;xjdxjo sin (; yjdyjosm (—a zde—ZVO

similarly W,, =W = iVO

1
and Wab = Wba = Wac = Wca = 0 s Wbc' = VVcb = 26
OV,
_V _
2 0 0
4 2
V. vV 8
- W=|0 -+ k| where k=|—
4 4 [37[)
o Lop N
L 4 4 |

let eigenvalues of Wis @

then the characteristic equation is :

Quantum mechanics lecture
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(%—wf—(% J (L-0)=0

V. V. v,
= o=l 0= 14k L o=tk

The eigenvalues o, , w, , w, are the correction to energies

Thus the first-order correction for the excited state to energy is

v
E” +dw, = E + 270

y
E =E"” +JE" =<E” + Ao, =E” + /170(1 +k)

v,
E +doy = E" + 22 (1= )

The fine structure of hydrogen

relativistic correction
fine structure due to . . . .
spin — orbit coupling correction

2
e

fine structure constant ¢ = ——
4r €, he

(1) the relativistic correction

relativistic formula for kinetic energy :

2
mc

2
T =——=-mc

J1I-(v/c)’

relativistic formula for momentum :

) 24 M Vet +mie [l—(v/c)z]_ m*c*

1-(v/c)? C1-(v/c)?

= (T +mc?)?

N N
Instead of velocity , the relativistic 77 and p is
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2 4
_p P .
2m  8m’c?
pA4
lowest order relativistic H, = -
8m’c

EO gy WLt ly) P vlpy)
' ’ 8m’c’ 8m’c’

Now the Schrédinger equation to the unperturbed state is

Py =2m(E-V)y

o _ (E-V)) _ [E*=2EQ)+(V*)]

2 2

_E

2mc 2mc

2
e

for hydrogen: V(r)=-
dre, r

1 e’ e’ ’
w—p EV=———|E +2F 1/r)+ 1/r?
' 2m02[ ! "[47r EO]< ) (47[ EOJ < ﬂ

. 1
Wr) = [y, P, dr= ——
na

1

1/r*y =y, (1/r? dr= ——
< r > J.l//nlm( r )l//nlm (l+1/2)n3a2

_ 2 Y (n=1-D! _i 2r 2041 m
where Y im —\/(%j W e (%j Ln_1_1(2r/na)Yl (9,¢) 5

a is the Bohr radius

2

P 2
m— g0 L g € L) ¢ L
2me dre, Jna \4re,) (I+1/2)na

4z e, b

2
me

substitute into a =
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2
——p Ei”:_i{ an 3:| , E, ~2x107°

2mc | 1+1/2 )

the relativistic correction is smaller than E,,

(i1) Spin-orbit coupling correction

(a) Electron in a magnetic field
A spinning charged particle constitutes a magnetic dipole.
magnetic dipole moment: g= 7S 7 is gyromagnetic ratio
when a magnetic dipole placed in a magnetic field B
the energy H=-y *B=- yYBeS
magnetic dipole moment of the electron
from classical electrodynamics

the magnetic dipole moment of the ring is

2

U= q7;r , T'is the period

the angular momentum is ring
2mmr?
L= T

o IU,ZLL
2m

for a spinning charged particle

the electron’s magnetic dipole moment is ¢z = g(ij S=-g—S

2m

where g is a factor (g=2)

e
so u,=———S for the electron
m

e

(b) orbit positive charge sets up a magnetic field B , which exerts a torque
on the electron , tending to align its magnetic moment along the
direction of B

Quantum mechanics lecture



from the Biot-Savart law ,
the magnetic field of the proton is

1 : . .
=t o Tisthe period of the orbit
2r  2r T
2
and L=rmv= 2mmr
B,L
mmp B = Hoe _Ho_ €
2r T 2r 2zmr?
mr
e -/
= —“L ) +e
4 e, mc’r
1
where ¢ =

VEo Ho

(c) The spin-orbit interaction
from (a) , (b)

eB=—(—)se — ¢ |,
m

H=-p 2 3
dr e, m,cr

e
e

2
e

=—————SeL .. foran inertial system
dr e, mcr

for the electron orbits around the nucleus ,

2
: e 1 . . . .
H :( ] S e L .....is the spin-orbit interaction
SO 2.2.3
&1 €,

m,c’r

(d) find the S » L

for the spin-orbit coupling , the Hamiltonian no longer commutes with
Land S

Hg, commute with L*, S’
total angular momentum J =L +S are conserved

J=(L+S)s(L+8)= L>+S*+2L S

mmp LeS= %(J2 S

Quantum mechanics lecture

81



(LeS)y = S =1 =S = [+ D=1 +D=s(s + Dy

2

, |
e) EV =(H. y=(|-£ SelL
( ) SO < SO> <(87Z' EO m502r3 >

=[ ¢ J%éxs-m
r

8r e, )m,c

e

where (S e L>=Iw*%[j(j+1)—l(l+1)—s(s+1)]l//dr

=§[j(j+1)—l(l+l)—s(S+l)]
()= 1
P +1/2) + )’

W e’ 1 B2/ +D) -1 +1)—s(s+1)]
Eso = m2c?

SO 33
87 g, [(I+1/2)+Dn"a
Ar e, h?
where a =——"5—
m,e
@O _r® O]
Efs =E +E
j=72
A= P %::::::3{-' j=5/2
::::::“ j=32
j=1/2
i e L T Y — =52
‘% """ : j=32
j=1/2
n=2 B R map

I=0 =1 I=2 i=3
(8) (P) (2] (F)

Energy levels for the fine structure of hydrogen
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6.3 The variatonal principle

The ground-state energy E, for a system described by the Hamiltonian H

E, < (y|H|y)=(H)
for any normalized wave function

proof:
N
the unknown eigenfunctions of H form a complete set,

express  as a linear combination of them

v=Ycw, .with Hy, =E,y,
W) =1=(> W, | D e,y =D > cn el lw,) =D,

HY =y | Hyy =( S eoprn |HY cyp)

m n

=3 ene Ewn v, = lc, I” E,

the ground-state energy E, is the smallest eigenvalue,

== E <>, I’ E, = (H)

example

for the one-dimensional harmonic oscillator :

A 2 52
H= —h—d—Jrlmcozx2
2m dx? 2

. . -_ 2
use a “ trial “ wave function : y(x) = de ™™

normalize w(x):
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2 [* —2bx? 2 | ) 2b v
(AP [ de =4 |2 =1 A==
a0 2b

T

(l//|PAI|¢//> = 4 Iw et _ﬁ ﬁe_b"zdx+lma)2.|.wx2e‘2bxzdx
- 2m ) dx? 2 o

2
=| A _h j (4b*x* —2b)e ™™ dx+lmw2j x2le 2" dx}
2m o 2 —0

i 2
LR SO DYy EECEN VY ) N e E
2m 32h° 26 ) 2 2b

bh* mw?
=—+
2m 8b

N
minimize (H) with respectto b

d » h mo? mo
ZUHY=— =0 h=—"
db< ) 2m  8b? — 2k
SO (]f1> —lha)
min 2

In this case it is the precise form of the actual ground state  E, =(H)

min

6.4 The WKB approximation

WKB method is a technique for obtaining approximate solutions to the
time-independent Schrédinger equation in one dimension

It is particularly useful in calculating bound-state energies and tunneling rates through
potential barriers.

The process of WKB method :

n* d*y d*v  2m
From - — +V(xX)w =E — =" (E-V(x
o d (X)y =Ey e Py ( (x))y

2 2
fl lé/ =— phgx) Vo (6.15) ,where p(x)=.2m[E-V(x)]
X
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(1) Assume that £ > V(x)

In general y is some complex function

express y = A(x)e"™

find 4V - (d—A +id ﬁj e
dx dx dx

d’y | d*4
dx? dx?

substitute into equation (6.16)

and

dx dx

—) d2A+ i%d—¢+i —d2¢—
dx* dx dx dx*
2 2 2
d"4 _A[ﬁj __r 4
[-» dx2 dx h2
2
,dddg ,d7¢_
dx dx dx?
from equation (6.17)
C

Az@=c2 and A=

dx Jd¢/dx

in equation (6.16) , we assume A varies slowly so that

d*41

dx? A
dx

hZ

o P(x)= i%j p(x)dx

(@jzzp_z R

dx?

{2
dx

—)

iéj p(x)dx

~

Wz
O

and
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2 2
X id_AﬁﬂAu_A(ﬁj }W

dx

2 2
D

) }h—A
d*4

_(deY _p*
dxz_/{(dx] hz} ........ (6.16)

df 2d¢)_
(A dxj 0.ern(6.17)

2

is negligible

2
— is much less than (ﬁ) , p’/h?
dx

&5



exampl

For the potential well with two vertical walls

some specified function, 0<x<a V(x)
Vi(x)= A

o, otherwise
boundary condition y(0)=w(a)=0

Outside the well , w(x)=0

Inside the well , assuming £ > V(x) 0 a

v : (€. 1+ ]
X

V()

1
p(x)

~

[ C, sing(x) + C, cos p(x)]

where ¢(x):% joxp(x')dx' ,$(0)=0

1

w(0) = Q)

[C, sing(0) + C, cosp(0)]=0 ™= C,=0

Cising(a)=0 ™™ ga)=nr ,n=123,

1
w(a)= —
Y= p@

SO J: p(x)dx =nxh ,this quantization condition is main result , it determine the

approximate allowed energies
(i1) Assume that £ < V(x)

the same as previous process

1
C eigﬂp(x)\dx

VO ]
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