
Chapter 6  Perturbation theory 
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¾ First-order theory 
 
(i) first-order correction to the energy 

 
From equation (6.5) 
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      If the perturbation extends halfway across the well 
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(ii) first-order correction to the wave function 1(
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Nondegeneratation condition : 
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6.2 Time-independent degenerate perturbation theory 
 
    If some distinct states share the same energy , equation (6.10) fails 
 
¾ Twofold degeneracy 
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three-dimensional infinite cubical well 
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(i) the ground state is nondegenerate 
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(ii) the first excited state is triply degenerate 
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The eigenvalues  are the correction to energies 321 ,, ωωω
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¾ The fine structure of hydrogen 
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(i) the relativistic correction 
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Now the Schrödinger equation to the unperturbed state is 
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 the relativistic correction is smaller than En  
 
 
(ii) Spin-orbit coupling correction 
 

(a) Electron in a magnetic field 
 
    A spinning charged particle constitutes a magnetic dipole. 
 
    magnetic dipole moment : μ= γS  γ is gyromagnetic ratio 
 
    when a magnetic dipole placed in a magnetic field B  
 
    the energy H = -μ˙B = - γB˙S 
 
    magnetic dipole moment of the electron 
 
    from classical electrodynamics 
 
    the magnetic dipole moment of the ring is
 

     
T

rq 2πµ =  , T is the period 

 
    the angular momentum is 
 

    
T
mrL

22π
=  

 

          μ = 
m
q

2
L 

 
    for a spinning charged particle 
 

    the electron’s magnetic dipole moment isμ

 
    where g is a factor ( g = 2 ) 
 

    so  
e

e m
e

−=µ S  for the electron 

 
(b) orbit positive charge sets up a magnetic f

     on the electron , tending to align its mag
     direction of B 
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

m
qg
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ield B , which exerts a torque 
netic moment along the  
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     from the Biot-Savart law , 
     the magnetic field of the proton is 
 

T
e

rr
I

B
22

00 µµ
==   T is the period of the orbit 

    and 
T
mrrmvL

22π
==  

          B = 2
00

222 mr
e

rT
e

r π
µµ

= L 

 

           = 3
0

4 mr
e

π
µ

L  

           = 32
04 rmc
e

∈π
L  ,   

 

          where 
00

1
µ∈

=c  

 
(c) The spin-orbit interaction 

 
from (a) , (b) 

 

       ˙BeH µ−= )(
em

e
−−= S˙ 32

04 rcm
e

e∈π

322
0

2

4 rcm
e

e∈
=

π
S˙L  …..for an iner

 
     for the electron orbits around the nucleus , 
 

     322
0

2
' 1

8 rcm
eH

e
SO 








∈

=
π

S˙L  …..is the spi

 
(d) find the S˙L 

 
     for the spin-orbit coupling , the Hamiltonian n
     L and S 
 
      commute with  '

SOH 22 , SL
 
      total angular momentum J = L + S  are con
 
     = (L + S)˙(L + S) = L˙S 2J 222 ++ SL
 

          L˙S = )(
2
1 222 SLJ −−  
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(L˙S)ψ  = ψψ )]1()1()1([
2

)(
2
1 2
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(e) 322
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')1( 1

8
 

rcm
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SOSO 




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






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e
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2

2
* h r 

                  = )]1()1()1([
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       where 2

2
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a
e
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Energy levels for the fine structure of hydrogen 
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6.3 The variatonal principle 
 
  Theorem 
 

  The ground-state energy Eg for a system described by the Hamiltonian  
∧
H

 

         〉〈≡〉〈≤
∧∧
HHEg ψψ ||

 
        for any normalized wave function ψ  
 
  proof : 

        the unknown eigenfunctions of  form a complete set , 
∧
H

        express ψ  as a linear combination of them 
 

         , with  ∑=
n

nnc ψψ nnn EH ψψ =
∧

 
         ∑∑∑∑ ∑ =〉〈=〉〈==〉〈

n
nnm

m n
nm

m n
nnmm ccccc 2* ||||1| ψψψψψψ

 

         ∑ ∑ 〉〈=〉〈=〉〈
∧∧∧

m n
nnmm cHcHH ψψψψ ||

 
 
             ∑∑∑ =〉〈=

n
nnnm

m n
nnm EcEcc 2* |||ψψ

 
        the ground-state energy Eg is the smallest eigenvalue, 
 
         ng EE ≤
 

        ∑ 〉〈=≤
∧
HEcE nng

2||  

 
 
example 
 
  for the one-dimensional harmonic oscillator : 
 

        22
2

22

2
1

2
xm

dx
d

m
H ω+−=
∧ h  

 
  use a “ trial “ wave function :  

2

)( bxAex −=ψ
 
  normalize )(xψ : 
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b

m
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b
82

22 ω
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  minimize 〈  with respect to b 〉
∧
H

 

     0
82 2

22
=−=〉〈

∧

b
m

m
H

db
d ωh         

h2
ωmb =  

 

  so ωh
2
1

min =〉〈
∧
H  

  In this case it is the precise form of the actual ground state   min〉〈=
∧
HEg

 
 
 
 

6.4 The WKB approximation 
 
 WKB method is a technique for obtaining approximate solutions to the 
 time-independent Schrödinger equation in one dimension 
 
 It is particularly useful in calculating bound-state energies and tunneling rates through 
 potential barriers. 
 
 The process of WKB method : 
 

 From  ψψψ ExV
dx
d

m
=+− )(

2 2

22h         ψψ ))((2
22

2
xVEm

dx
d

−−=
h

 

 

        ψψ
2

2

2

2 )(
h

xp
dx
d

−=  ……..(6.15)  , where  )]([2)( xVEmxp −≡  
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 (i) Assume that E > V(x) 
 
   In general ψ  is some complex function 
 
   express  )()( xiexA φψ =
 

   find )(xie
dx
diA

dx
dA

dx
d φφψ







 +=  

 

   and )(
2

2

2
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2
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   substitute into equation (6.16) 
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   from equation (6.17) 
 

   22 C
dx
dA =
φ   and  

dxd
CA
φ

=  

   in equation (6.16) , we assume A varies slowly so that 2

2

dx
Ad  is negligible 

 

   
Adx
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   example 
 
   For the potential well with two vertical walls 
 

   V



∞

<<
=

otherwise
axfunctionspecifiedsome

x
,

0,
)(  

 
   boundary condition 0)()0( == aψψ  
 
   Outside the well , 0)( =xψ  
 
   Inside the well , assuming E > V(x) 
 

   [ ])()(

)(
1)( xixi eCeC

xp
x φφψ −

−+ +≅  

V(x)

 

       [ ])(cos)(sin
)(

1
21 xCxC

xp
φφ +≅  
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0

== ∫ φφ
x

dxxpx
h

 

 

   [ ] 0)0(cos)0(sin
)0(

1)0( 21 =+≅ φφψ CC
p

      

 

   0)(sin
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1)( 1 =≅ aC
ap

a φψ         )( = na πφ

 

   so  , this quantization condition ishπndxxp
a

=∫0 )(

                      approximate allowed energi
 
 (ii) Assume that E < V(x) 
 
    the same as previous process 
 

    ∫≅
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e
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