£ Fhair
i L

)

Chi-Chuan Hwang and Shang-Hwei Chang
Department of Mechanical Engineering, Chung
Republic of China

h<

uan University, Chung Li, Taiwan 32023,

(Received 24 November 1992; accepted for publication 30 April 1993)

The nonlinear rupture problem of a thin power-law liquid film on a horizontal plane is studied.
A nonlinear evolution equation is first derived for 4(x,t), the film thickness, and then it is solved
by numerical methods. The results reveal that the rupture time of the film decreases with
decreasing the magnitude of the power-law exponent, ».

Research of the rupture of thin liquid films has been
motivated by industrial applications in disperse and colloid
system on the one hand, and the understanding of diverse
biological phenomena on the other.” Ruckenstein and
Jain® studied the spontaneous rupture of a liquid film on a
solid plane. They modeled the liquid as a Navier—Stokes
continuum having an extra body force due to van der
‘Waals attractions and used a lubrication approximation to
obtain linear dynamic instability results. From these re-
sults we can obtain a rough estimate of the required time
for the film to attain zero thickness at some point. Williams
and Davis’ extended the analysis into the nonlinear re-

gions. They formulated a long-wave theory to derive a non-

linear evolution equation for the film thickness and solved
the nonlinear evolution equation numerically by treating it
as an initial-value problem with periodic boundary condi-
tions. Their results indicate that the nonlinearities will ac-
celerate the rupture process. Furthermore, Reisfeld and
Bankoff® and Hwang et al.® have extended the analysis by
including a temperature-dependent viscosity model. They
rescale the time variable by a suitable factor and show that
the nonlinear evolution equation can be converted into a
constant-viscosity equation. They found that with a cool-
ing (heating) from the wall the rupture time will increase
(reduce).

Apparently, most of the above sturdiesl‘7 were ad-
dressed based on the Newtonian fluid model. However, the
rhelogical behavior of the fluid during the manufacturing
process or the glue in biological chemistry cannot be com-
pletely described by the Newtonian fluid. The non-
Newtonian fluid dynamics are important in connection
with plastics manufacturing, performance of lubricants,
application of paints, and movement of biological
fluids.!%!! The power-law model is the well-known consti-
tutive equation for non-Newtonian fluid and is widely used
in engineering work. When the power-law exponent, #, is
equal to 1, the fluid becomes Newtonian. If n < 1, the fluid
is said to be “‘pseudoplastic” or “shear thinning,” and if
n>1, the fluid is called “dilatant” or “shear thickening.”
Dimitrov'? has reviewed the literature on the thinning and
stability of some non-Newtonian liquid films, and
Sathyagal'® used a linear theory to predict the critical
thickness of rupture for a power-law liquid film. In the
present investigation, we illustrate the application of the
power-law model in a thin liquid-film system and study its
nonlinear rupture mechanism.
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Considering a thin viscous liquid film on a horizontal
plane as shown in Fig. 1. The local film thickness, #, is thin
enough to neglect the gravity effect, but is affected by the
van der Waals attraction. Assuming that the liquid is a
power-law model, the fluid is defined as

Ty=m{y|"" L. “Vijs (1)

where 7;; is the stress tensor, 7; is the rate-of-strain tensor,
n is the power-law exponent, and m is the preexponential
constant. By using the following scales—time
[ ho(phl/m)~Y (=21 length  (~hy),  velocity

/ph”/m)l/ (n=2)], pressure, and stress [~ p(phy/
m)2 "=2)]_and with the quasisteady lubrication assump-
tion, we can formulate the following leading order equa-
tions:

U +w,=0, . - (2)
Patba=rti (3)
p=0, | | 4)
with the following boundary conditions:
at z=0,
u=w=0; ‘ (5)
at z=h,
u,=0, | (6)
p=—3h s, ™

and the kinematic condition at the free surface is given by
h,+uh,=w at z=h, (8)

where u, w, and p are the dimensionless x-component ve-
locity, the z-component velocity, and pressure, respec-
tively. p=Ah 3 is the van der Waals potential. The dimen-
sionless parameters in the system (2)—(8) are

A=A"/6wh3D and S=0/3h,D, (9)

where D=p( ph{,’/m)m"‘z), A’ is the dimensional
Hamker constant, and o is the surface tension.

We solve Eqgs. (2)—(4), subject to boundary conditions
(5)—-(7), to find the solutions of velocity in the x and z
component:

u_____ ¢1/n[

| (h—z)(”"‘l)/”-p-h(”‘*'l)/”],
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FIG. 1. The diagram of a thin liquid-film system.
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where
O=3Sh ..+ 34R “4}1,,;.

We then substitute solutions (10) into Eq. (8) to obtain

the following evolution equation:
n ' '
Tl [ (3Sh'm+ 3Ah—-4h,x) 1/nh(2n+ 1)/n],x=0.

(11)

When n=1, this equation reduces to that derived by
Williams and Davis.”

We solve nonlinear partial differential equation (13)
numerically by using the finite-difference methods. Cen-
tered differences are employed in space while the midpoint
rule is used for time and the Newton—-Raphson method is

h,t+

£/t 14 =0.688
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FIG. 2. The film profile at an initial time and at a later time for different
values of n.
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FIG. 3. The relative rupture time, £¥/t¥; vs the wave number of distur-
bance, g, for different values of .

introduced to solve the difference equations. The conver-
gentﬁtolerance of the Newton~Raphson iteration method is
107"

Since the dimensionless time is defined in terms of the
power-law exponent, z, the numerical results for the rup-
ture with different values of » are difficult to compare di-
rectly. Therefore, we display the numerical results in the
real time scale, ¥, to remove the mentioned difficulty. Fig-
ure 2 exhibits the film profile at an initial time and at later
time for different values of #. We take the shortest rupture
time for Newtonian fluid #f, as the new reference time.
This figure shows that when #/7%=0.688 the liquid film of
n=0.95 is broken but the one for an » value of 1 is not. It
is because the smaller n value results in a smaller viscosity.
This causes an increasingly unstable factor and makes the
liquid film rupture more quickly. Figure 3 displays the
relative rupture time, 1*/7¥, versus the wave number of
disturbance, ¢, for different values of n. It shows that the
mode of the shortest rupture time will not change obvi-
ously when changing the value of n. The wave numbers of
these most unstable modes are always near 1/v2. From the
above analysis and discussion we can finally conclude that
reducing the power-law exponent, #, will strongly reduce
the rupture time. However, the mode of the most unstable
disturbance will not change.
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