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Abstract. Diffusicn-induced stresses in a long bar with a square cross section
under an electric field are calculated. We obtain in advance analytical solutions
of the concentration, then with these results, the diffusion-induced stresses are
also calculated analytically by introducing the displacement potential and Airy
stress function. The results show that the electric field can depress the stresses
and deviate the positions of local maximum stresses, and these effects are more

apparent at short times than at long times.

1. Introduction

Duffusion-induced stresses in semiconductor materials
during diffusion processes have been studied extensively
over recent decades, because they can cause dislocation
generation which affects solute distribution and subse-
quent electronic properties [1]. The diffusion-induced
stresses are built up by composition inhomogeneity dur-
ing mass transfer, i.c. they are caused by concentration
gradients, similar to those caused by temperature gradi-
ents in an otherwise unstressed body. Prussin [2] was the
first to analyse the transverse stresses developed in a thin
plate during the diffusion process. The diffusion-induced
stresses related to the dislocation density were studied in
detail by Tuck [3]. Li [4] solved the diffusion-induced
stresses in a single-phase clastic medium of various ge-
ometries and corrected an error made by Prussin [2].
Further, Lee and Li [5] proposed that the most rapid dif-
fusion processes occur without generation of dislocation.
Chu and Lee [6] investigated diffusion-induced stresses
in two-phase elastic media. However, the above calcu
lations of diffusion-induced stresses only treated one-
dimensional systems because of geometric symmetry.
Chu and Lee [7] further carried out a study of ditfusion-
induced stresses in a long bar of square cross section. In
their work, the concentration distribution was obtained
in an analytic form, while the displacement and the stress
fields were obtained numerically using a Jacobi iterative
method.

Besides natural diffusion. the forced diffusion of

charged 1mpurities can also occur if an electric field
is applied during the diffusion process. In this work
we take such a problem into consideration. A long
bar of square cross section is considered. We use a
two-step diffusion process as follows. In the short first
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Figure 1. Physical configuration of a long bar under an
electric field.

step (the prediffusion) the desired amount of solute is
absorbed at the surface. Under proper conditions we can
maintain a constant solute concentration at the surface.
In the second step (the redistribution) the solute near the
surface diffuses into the long bar.

We will obtain the analytic solution of concentration
in advance.  Then, by introducing a displacement
potential and an Airy stress function, we can derive the
analytic forms of the diffusion-induced stresses. This
kind of method has been successfully implemented in
solving the thermal stresses during Czochralski growth
process [8.9]. The results are compared with those
obtained by Chu and Lee [7], and effects of the applied
clectric field are discussed.

2. Concentration distribution

Consider a long bar with squarc cross section in the
region —a € X.Y < a, as shown in figure 1. Initially
there 1s no charged impurity inside the bar. and as the
process begins, the concentration at the outer surface 18
maintained constant at C, during diffusion. An electric
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field causing charged impurity drift in the ¥ direction
1s applied simultancously. Hence the concentration
C(X. Y. 1) must obey the modified Fick’s law [3]:

o P "
ax2 Tav2)  Vay|T T ar (

where D 1s a constant representing the isotropic
diffusivity and v is the mean drift velocity of the
particles. Under the influence of the field, v = Be,
where B is the mobility and & the applied field. The
mobility B is related to a diffusion coefficient by
Einstein’s relation [3]:

D kT
—=— )
B qz
where k 1s Boltzmann’s constant, g the electronic charge,
gz the ionic charge, and T the absolute temperature.
The corresponding initial and boundary conditions just
mentioned are
F(X. Y, L) = 0
C(_'}:a,Y.f}:Cn (1}
C(X. xa,t) = Cy.

Equations (1) and (3) can be transformed into
dimensionless forms by using the following scalings:
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civ.xl, 1y=1.

Solving the above equations and omitting the detals of

calculation. one finds
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3. The diffusion-induced stresses

As the concentration distribution is obtained one can
proceed to find the diffusion-induced stress distributions.
A plane strain problem is considered. We first introduce
the dimensionless displacement potential ¢b, and the Airy
stress function ¢, which respectively have 1o satisfy

Agy = c(x, y. 1) (9)
Abpy =0 (10)

where A = 9%/0x? + 8%/3y? and c(x.y. 1) is shown
by equation (7). Then the diffusion-induced stresses are
given by

a;; = Opij + Oaij (1)
where
3%,
Opxx = — LLW
P
oy = TR (12)
Ooz; = —21 Ay
3o
Ty —
oy = <M oxay
and
3%
OUII = . -
ay-?
9%,
sk = ot (13)
g2y = ”A(br\
aqu).‘\
Ty = — .
dxdv

Here jo1s the Lamé constant and v 1 Porsson ~ ratio. It
should be noted that the dimensionicss tormis of @y, @A
and a;, are given by

b Do

Sy
= = - ; = el 14
P A Da A ay, A (14)

where ®. ¢, . X, arc the dimensional displacement po-
tential, the Airy stress function and stresses respectively,
and A = 0.01(1 + vV)VCo/(1 — v). Here V is the lat-
tice contraciion coefficient. The traction-tree boundary
conditions are adopted. ic.

Tuld. 2l ti=oxlx. £l.7) =0

(I,

Fialtt b T2 Gl o7l == U

Since the dimensionless concentraton ¢ has been
found in the preceding section. we have a particular
soluton ol equation (9):
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Diffusion-induced stresses in a long bar
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Figure 2. oy, contours for p = 0, (a) r = 0.005, (b) 0.01, (c) 0.05.
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Figure 3. o, contours for p = 0.05, (a) r = 0.005, (b} 0 01, (c) 0.05.

The Airv stress functuon is constructed 1in the form Consequently. one has
Ga = @) + ¢ {18 = pie” ¢ "ysinha, - a, cosha,)
thus "\‘ﬂ : 3 i
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where the stresses oy, and a5, are derived from ¢, and .
sereciivie by s 1y . > oy ks .. HE ., - A T
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Figure 4. oy, contours for p = 0.1, (a) = 0.005, (b) 0.01, (¢) 0.05.

Figure 5. oy, distribution along the y axis.
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In determining ¢», the subsequent boundary condi-
tions from the above calculation require

o, Hl )y =0y (. £l 1) =0 (24)
and
n.‘_.\l(-i- I y. ) = (’Uu[.-_é_i‘ V. T} — (}]il{—*—]' ¥. T)
Gr(EL, ¥, T) = 0oyt 3. T) — oo (1 ¥ 7).
(25)
Assuming ¢, 1s 1n the form
¢r = cos yx ([ coshyy + Jyysinhyy) (26)

which automatically satisfics equation (10), then by
condition (24), one finds that ¥ must be the root of the
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Figure 7. 0., contours for p = 0, (a) r = 0.005, (b) 0.01, (c) 0.05.
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Figure 8. a,; contours for p = 0.05, (a) t = 0.005, (b) 0.01, {c) 0.05.

transcendental relation

sinh2y 4+ 2y =0 (27)
with ioh
s
=2V (28)
cosh y

Equation(27) has infinitely many complex roots. Let Vn
be the nth root and thus ¢, now can be expressed as the
following serics

o
$r= ) Ky fulx.y) (29)
n—f{)
where
fa(x,y) = cos y,x(—sinh y, cosh y, y

+ ycosh y, sinh y, v) (30)

and values of K, arc unknown complex coefficients.
The remaining work of solving ¢, is to determine K,
values by using equation (25). By using cquation (29)
with (30), for the left-hand side of (25) and by using
the known functions ¢y and ¢, for the right-hand side of
(25), the exact solution is expected. However, due to the
constraint of the form of power series. these coefficients
can only be approximately determined by numerical
methods.  In this work they are determined by the
method of least squares, so the boundary conditions of
equation (25) may be satisfied at a number of midpoints

(Vo = 1,2...., M) across the surfaces at v = £1.
Thus, we can establish the simultaneous cquations
[SharsanlUlanvay = [V, 31

where the elements of each matrix in cquation (31) are
shown in the appendix. After ¢y, ¢, and ¢> have been
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Figure 9. o, contours for p = 0.1, (a) r = 0.005, (b) 0.01, (c) 0.05.
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Figure 10. o, distribution along the y axis.

solved, we then can combine equations {11)-(13) and
(18) and (19) to obtain the diffusion-induced stress a,,.

4. Results

In calculations of this work, N = M = 25 is chosen.
We show in figure 2 the oy, contours at different times
for p = 0. Because the contours are symmetric about
the y axis, we only show them in the half domain
0 < x = 1. Comparing these results with those of Chu
and Lee [7]. onc finds that they arc identical. Actuaily,
as p = 0, all the o,, contour is also symmetric about
x axis. Two equal local maximum tensions are located
near the corners at short times, then as time increases.
they will move towards the x axis and get close 1o but
not onto the centre. In addition, one local maximum
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Figure 11. o, distribution along x = 1.

compression is situated at the mid-edge (v = 1.y = 0)
and remains at the same position with increasing time.

When the electric field is applicd. the o, contours
at different times are plotted in figures 3 and 4 for
p = 005 and p = (L1 respectively.  The results
are as expected.  As we can see, in cach diagram of
these figures the applied field causes stress distributions
asymmetric about the x axis. In short umes. the two
local maximum tensions near the corners are not equal
and, with increasing time, they move towards an axis
deviating from the x axis. We show in figure 5 the
distributions of o,, along the y axis to demonstrate
the deviations caused by the ficld, although the local
maximum tensions shown in this figure are not really
those mentioned above. It is shown that the applied
electric field can not only deviate the location of the
local maximum tensions but can also depress the tensions
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along the axis. The effects caused by the applied field are
large at short times. As to the effects of the applied ficld
on the compression along the edge x = 1, we show them
in figure 6. It 1s shown that the applied field can also
depress the compression, but the deviation of the location
of the local maximum compression is very small and is
negligible, cven at short times. The stress component
o, is obtained from the stress component a,,, if the
indices x and v are exchanged.

Figure 7 shows the contours of the stress component
o,, for p = (. Again, the result obtained from our
calculation 1s 1dentical to that obtained by Chu and Lec
[7]. Two equal local maximum tensions are located
near the corners and one local maximum compression
is situated at the mid-edge at short times. With
increasing time, the local maximum tension moves (o

the centre along the diagonal, while the local maximum
compression remains in the same position. Figures § and
9 show the results obtained when p = 0.05 and p = 0.1
respectively. Like the effects of the applied electric field
on a,,, the effect on o, also results in asymmetries about
the x axis, the deviations of the local maxima, and the
depressions of the stresses, as apparently observed in
figures 10 and 11 which describe the o, distributions
along the vy axis and the edge x = 1 respectively.

in addition to the normal stress, the contours of shear
stress o, are plotted in figures 12-14. Figure 12 shows
the case of p = (0 and is identical to that shown by Chu
and Lee [7]. Figures 13 and 14 show that the effect of
the applied electric field on o, is similar to those on the
normal stresses,
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5. Conclusion

In this work we have investigated the effects of an
applied electric field on the diffusion-induced stresses
in a long bar of square cross section. The mass
transfer process of constant surface concentration is
considered.  We first calculate the distributions of
solute concentration analytically then, by introducing the
displacement potential and the Airy stress function, we
also obtain analytically the diffusion-induced stresses.
Some important results are observed.

(I) When an electric field is applied the solute is
forced to diffuse along the field direction, consequently
causing asymmetry about the axis perpendicular to the
field direction.

(2) The electric field can depress the stresses.

(3) The clectric field can also deviate the positions of
local maximum stresses along the field direction, more
apparently in the interior than on the outer surface.

(4) The effects of the electric field are more apparent
at short times than at long times.

Appendix

The elements of [Shuon. [ULyxr and [V, in
equation (30) are:
Vm = ()

Vitem = 21 Z Z B:;‘_\’m(l’;(— 1)le 2t
i /
. Z O{f( | )fl E; sinh o ¥y ]; cosh & Vo
!

+ G, ym sinha, y,, — H, v, sinh ;) ¥y

+ (G, cosha,; vy, + H, sinh o ym) /e |
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U, =Rek,
Uyin =ImK,
Smn = Re £,(1, y.)
Sm.n4n = Im fr (1, v)
Smamn =Re £,(1. v,

SM{m.N+rr = Im fn(l Ym)-

where Re and Im denote the real and imaginary part of
a complex number respectively, and m, n are integers,
O<ng< N 1<m<M.
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