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Abstract

The perturbation method is implemented to solve the unsteady temperature distributions and thermoelastic
dislocation generation with planar/curved interface shape during Czochralski crystal growth. To show the effects of
the unsteady terms, comparison is made between the present unsteady-state (US) results and previous quasi-steady-
state (QSS) and steady-state (SS) results. It is found that in the QSS model the quantities of the temperature
distributions, thermal stresses and dislocation density of crystal, are the largest, those in the SS model are smaller,
and those in the US model are the smallest. Furthermore, the model difference between any two of them will
increase with increasing the Peclet number. Also, for a small value of the ambient Biot number, the model
difference of the dislocation density increases with increasing ambient Biot number. However, if the ambient Biot

number is large enough, increasing the ambient Biot number has no effect on the model difference.

In recent years, there has been a rapidly grow-
ing interest in research on the thermal stress
produced in a single crystal by temperature varia-
tions during Czochralski growth [1-24]. Most of
these early works have neglected the time-depen-
dent term in the governing heat conduction equa-
ticn. They undertook a quasi-steady-state (QSS)
or steady-state (SS) thermoelastic analysis. How-
ever, in a more precise investigation, the un-
steady term should not be neglected. It is be-
lieved that this term will provide some effect on
the generation of dislocations. There are a num-
ber of approaches one can take to find a solution
of the time-dependent problem. Crowley [21],
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Derby et al. [22], Kopetsh [23] and Venerus [24]
have used coordinate transformations with the
finite difference (element) methods to obtain nu-
merical solutions to the unsteady problem during
Czochralski growth. In these solutions, small time
step and spatial step sizes were necessary to
ensure a stable and converged solution. In indus-
tries, it costs too much time to evaluate each
iteration using these numerical methods. Appli-
cation of perturbation methods, which will reduce
the computation load, in unsteady heat transfer
problems deserves special attention. Aziz and
Lunardini [25] reviewed perturbation techniques
in phase change heat transfer. In this article, the
perturbation technique is extended to obtain the
temperature distributions in the crystal by solving
the unsteady-state (US) heat conduction equation
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Fig. 1. Stationary coordinate system (r,z) for Czochralski
growth. The solid-liquid interface is maintained at a constant
melting point 7;,. Above the interface, the temperature of the
surroundings is uniformly 7. The crystal is grown at a rate .

subject to appropriate planar/curved interface
boundary conditions during Czochralski growth
without using the coordinate transformations in
an approximate analytical manner. The tempera-
ture profiles enable us to calculate the radial,
tangential, and axial thermal stresses in the grow-
ing cylindrical boule in a closed form. It was
postulated that in the case of complete stress
relief oy, is proportional to the dislocation den-
sity within an additive constant [3]. To show the
effect of unsteady terms, comparison is made
between the present US results and the result in
the QSS and SS (steady-state) model. Further-
more, the effects of varying the Peclet number
and the ambient Biot number on the generation
of dislocations is interesting.

Fig. 1 sketches the coordinate system relevant
to our Czochralski growth model. To simplify the
analysis, following Jordan et al. [3], some assump-
tions are introduced:

(1) Initially, at ¢ <0, the semi-infinite space be-
tween z=0 and —« is completely filled by
the bulk melt contained in a crucible and
held at the melting point of the melt, T_.

(2) The crystal is grown by the removal of the
crucible in the z direction at a rate v, and its
shape is cylindrical from top to bottom.

(3) The growing boule is surrounded by an ambi-
ent fluid at temperature T, = constant < T,
while the melt is continuously maintained at
T

m*

(4) The temperature distribution is not signifi-
cantly influenced by crucible or crystal rota-
tion. o

(5) At the top and on the lateral surface of the
boule, the heat loss is proportional to the
temperature difference between the surface
and the ambient fluid (Newton’s law of cool-
ing).

(6) For the curved interface, following the as-
sumptions of Wilcox and Duty [17], Chen et
al. [19], and Hwang et al. [20], a uniform heat
flux transfers from the bottom of the crystal
and the solid-liquid interface is maintained
at the melting temperature, T,,.

In a cylindrical coordinate system with the
origin at the center of the stationary solid-liquid
interface, the partial differential equation for heat
conduction takes the form

or T *T 19T @&°T
o Ve Y ar2+r 6r+6z2 ’ 1)
where & (cm?/s) is the thermal diffusivity. Here,
the axially symmetric problem is considered.

If the steady-state (SS) solution is considered,
both terms on the left-hand side of Eq. (1) are
deleted. In the case of the QSS model, only the
transient term (37/0¢) is neglected and the ad-
vective term 197 /9z is held so the effect of the
growth rate © can be investigated. In this US
analysis, all the terms in Eq. (1) are held to
examine the effect of the unsteady terms on the
process.

The appropriate boundary conditions are:

oT
(k—+h,(T—Ta)) =0, (2a)
ar r=rg
il 0 2b
( ar )r-O o ( )
oT
(k———-f—h,(T—Ta)) =0, (2c)
iz =y
T ! z=0 = Tm5
for a planar interface;

0z
for a curved interface.

oT
(k ) = -4, le~0.r=ro=Tm,
z=0

'
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Here T is the temperature of the crystal, r is the
radial position, z is the axial position, ¢ is the
time, k is the thermal conductivity of the crystal,
« is the thermal diffusivity of the crystal, »; is the
crystal radius, /2, and £, represent the heat trans-
fer coefficient for a cylindrical surface and a top
surface, respectively, and g is a prescribed heat
flux transferring from the bottom of the crystal.

To prepare the above model of Egs. (1)-(2) for
a perturbation analysis, we introduce the follow-
ing dimensionless variables: 6 = (T'—T,) /(T,, —
T), p=r/ry, ¥ =2z/ry, T=0t/ry, the Peclet
number p = uvry/a, the ambient Biot number S,
=h.ro/k, By=mro/k, and Q =ryq/k(T, - T,).
Then the heat conduction equation and the cor-
responding boundary conditions will take the
forms:

30 06 20 130 96 ;
—t—|==t——t—
Plor Tow) "2 pap et (3)
(o] =0 (42)
—_— + = s a
ap ' p=1
( il 0 (4b)
ap p=0 ’
i B0 0 (4
R + = s C
aw 1 yr )
0 l Y=0= 17
for a planar interface;
(4d)

3y

for a curved interface.

06
= _Qa 9|¢=0,p=1=1:
¥=0

Since the dimensionless pulling rate p is very
small in real crystal growth, it can serve as the
perturbation quantity. The perturbation solutions
can be expressed as

0=90+p91+ trty,

O=00+p0;+ . (5)
Substituting Eq. (5) into Egs. (3) and (4) and
treating them order by order, assuming B, =,
the solutions are obtained in a straightforward
manner. The temperature distributions of the

crystal and the shape of the solid-liquid interface
are to be determined simultaneously.

The temperature distribution induces a ther-
mal stress field in the growing cylindrical ingot as
a result of spatially inhomogeneous thermal con-
traction. Since the plane-strain assumption is
adopted, the dimensionless radial, tangential, ax-

ial stress components (g, 0y, 0;,) can be derived
[3,191:

o.(1-7)

- —fled—ljled
T BT, -T) PP 2t

(6a)

g(1—v) 1 1 .
= [pdp+—[6pdp—8
Kb R A I A
(6b)

Uz(l - V) 1
b e AR (L EU G
where E, v, a, are the Young’s modulus, Poisson’s
ratio, and the linear thermal expansion coeffi-
cient, respectively.

According to Schmid’s Law [26], glide occurs
when the resolved shear stress (ogg) exceeds a
certain critical value, the so-called critical re-
solved shear stress. Since the dislocation density
d , is proportional to the glide strain, we may
also take it to be proportional to ogg Wwithin an
additive constant. Slips in GaAs and other semi-
conductors crystallizing in the diamond or
zincblende structures are associated with the
{111}, €110} slip system [27]. The {111}, (110} slip
system represents 12 permissible glide operations,
that is, four {111} slip planes, each containing
three possible {110) slip directions. So, following
the work of Jordan et al. [3], we set an appropri-
ate coordinate system to perform the stress trans-
formation and have the proportionality

d, Aoy,
E4|0'1|+2(|0H|+|0111|+la'lv|+la'vl),
(7)
where

—6

o= —6—(0'p —0,)cos(2¢),
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‘/g 0.35 for curved interface
—_— —— —_ — - v ¢
u= "¢ (04~ ) = (0, ~ 05) L i8S ~eeUS
2 0.30 - PP
X —sin¢ sin( ¢ + /4
V6
T = g~ (oy —03) — (0, — 0p)
2 . . b r l ¢ [
X —=sin¢ sin(¢ — w/4)1, ] for i itertce
2 015-""58 -~-QSS ——US

-6

Owv= ‘6—[(%—‘7@) - (O'p_ae)

X —‘/z—zcomb cos(¢ +m-/4)],
—V6

oy = T[(%_%) + (U'p—‘fe)

X %cosé sin( ¢ —ﬂ'/4)}.

The symbol ¢ denotes the angle between an
arbitrary vector in the plane of the wafer and
{100) for a crystal growing in the (001) orienta-
tion.

The QSS results can be seen in the work of
Jordan et al. [3], and the SS temperature distribu-
tion can be derived by similar perturbation proce-
dures. :

Fig. 2 shows the temperature of the crystal, 6,
for two types of interfaces with different value of
the Peclet number p and B,=1.0, r=2.0, ¢ =
1.0, p = 1.0. It is easy to see that the value of 6 in
the US model is the lowest, while that in the SS
model is higher and the QSS one is the highest.
The physical explanation of the above results is as
follows. Eq. (3) can be considered as the energy
balance equation for a small local region, in which
the inertia term p(36 /d7) will cause the unsteady
heat diffusion process. The advective term
p(36/3¢) brings a higher quantity of energy
(higher temperature) into the local region from
the bottom bulk melt and takes a lower quantity
of energy (lower temperature) away from the
local region to the ambient top surface; it ex-
presses the effective energy generation locally.

0.00 0.05 0.10 'P'o’.is’ "T0.20 025

Fig. 2. Diagram of temperature versus Peclet number in the
{100) direction of a {Q01) wafer, Relevant parameters are
B,=10, 7=20, ¢y =10, p= 1.0, for the two kinds of inter-
face shapes.

The conductive term aV?2@ gives the net rate of
heat transfer by conduction from the boundary of
the small local region. Since the QSS model has
neglected the effect of inertia but includes the
effect of energy generation locally, its tempera-
ture responses arc consequently the highest
among these three models. Moreover, the US
model includes the effect of the inertia term, its
temperature responses, of course, arc the lowest.
The effect of varying the Peclet number p on 6
can also be seen in Fig, 2. In the US model 6 will
decrease with increasing p, while in the QSS
model 8§ increases with increasing p and in the
SS model # is independent of p. Furthermore,
the model difference of ¢ between any two of

them will increase with increasing p. The reason

is also found from Eq. (3). As p is increased, the
terms on the left-hand side of the equation in-
crease, hence increasing the effect of heat diffu-
sion in the US model and the rate of energy
generation in the QSS model. Therefore, § will
decrease in the US model but increase in the
QSS model. So, in the US model the temperature
gradients will decrease with increasing p, while
in the QSS model it will increase with increasing
p and there is no effect in the SS model. Also,
starting from the definition of the Biot number,
we can explain the effect of varying the ambient
Biot number S, (the other primary dominator of
the crystal growth system) on 6. B, represents the
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rate of convective heat loss through the crystal’s
surfaces relative to conduction through the crys-
tal. For larger B,, the external convective energy
transport will dominate the heat transfer process,
resulting in a decrease in the temperature of the
crystal and enlargment of the temperature gradi-
ents. So, for larger B,, 6§ is reduced and the
temperature gradients will increase.

According to the above phenomena, one can
predict the induced thermal stress in case of the
US, QSS, and SS model. At any position of the
crystal, the US result will be the lowest because
the US temperature is the lowest and conse-
quently the ¢- and the p-direction temperature
gradients are also the lowest. Also, the tempera-
ture gradients decrease with increasing p, but
increase with increasing B,. Moreover, because
the model difference of the temperature gradi-
ents decreases with decreasing p (increasing S,),
the induced thermal stresses also decrease with
decreasing p (increasing f3,).

Evidence to support the above prediction is
shown in Figs. 3 and 4. Fig. 3 shows the o, of
the crystal for two types of interfaces along the
(100) direction on the cross section i = 1.0 with
different values of p and B, =1.0,7=2.0, p = 1.0.
It is easy to see that o, in the QSS model is the
highest, that in the SS model it is lower and that
in the US model it is the lowest. The effect of
varying p on o, for two types of interfaces can

0.30

1 for curved interface

framm 8§ =e=-QSS ———US

J for planar interface

1----SS ---QsS —US
0.00 0.05 0.10 ‘P'o'.is‘ "0.20 0.25

Fig. 3. Diagram of oy, versus Peclet number in the (100)
direction of a {001) wafer. Relevant parameters are 3, = 1.0,
7=2.0, ¢y =10, p=1.0, for the two kinds of interface shapes.

0.35

q for curved interface

.= =+ QSS

0.30 177" 58

0.25 1

0.20 1
Utot —
0.15 4
0.10 J

0.05 1

0.00 3
0.0

Fig. 4. Diagram of ¢,,, versus ambient Biot number in the
(100) direction of a {001) wafer. Relevant parameters are
p=0.15, =20, ¢ =10, p=1.0, for the two kinds of inter-
face shapes.

also be seen in Fig. 3. It is found that o, in the
US model decreases with increasing p, while in
the QSS model it increases with increasing p and
in the SS model it is independent of p. Further-
more, the model difference of o, between any
two of these three models will increase propor-
tionally with the increase of p for any interface
shape. In addition, from Fig. 4 the effect of
varying B, on oy, for the two types of interfaces
can be seen. It is found that o, increases with
increasing B,. The model difference of o, in-
creases with increasing B, for small values of the
Biot number. However, as the ambient Biot num-
ber increases, it has no effect on the model
difference between any of the models.

The process of evaluation by the perturbation
techniques is straight forward and much simpler
than other approaches involving numerical meth-
ods for nonlinear transient problems. The numer-
ical solutions have been obtained by using coordi-
nate transformations such as those of Derby et al.
[22], but the solution of this perturbation method
can be obtained without using coordinate trans-
formations. The techniques show improved per-
formance in predicting quantitative information.
Conclusions are summarized as:

(1) In the case of the US model, the dislocation
density is the lowest, while that in the SS
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model is higher and that in the QSS model is
the highest.

(2) In the US model, the dislocation generation
will decrease with increasing p, while in the
QSS model it will increase with increasing p
and in the SS model it is independent of p.
That is, the model difference between any
two of them will increase with increasing p.

(3) For small Peclet (Biot) number, the QSS/US
results are closer to the SS results. One can
adopt the SS model rather than the other
models in order to simplify the problems and
to avoid computational burden.

(4) For small values of B,, the model difference
of the dislocation density increases with in-
creasing B,. However, for large enough B,
increasing B, has no effect on the model
difference.
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