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Nonlinear Rupture Theory of a Thin Liquid Film on a Cylinder
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There has been much research on the stability of a thin
The dynamic rupture process of a thin liquid film on a cylinder liquid film on the cylindrical surface (9–14). However, little

is investigated numerically. First a nonlinear differential equation has been reported on the effect of the van der Waals poten-
that describes the long-wave evolution of the interface shape is

tial. Also, there has been some other research focused on
derived. After the evolution equation is solved and analyzed, the

the adhesion and spreading of liquids on a cylinder. Theyresults reveal that a decrease in the cylinder radius will induce a
used the static theory to predict the critical condition ofstronger lateral capillary force and consequently will accelerate
spreading. Gelfand and Lipowsky (15) studied a fluid systemthe rupture process. Moreover, the tendency of acceleration be-
in contact with a uniformly curved substrate, such as a cylin-comes more explicit in the case of large surface tension. q 1996

Academic Press, Inc. der or a sphere. By using the interface model and the Landau
Key Words: nonlinear rupture; thin liquid film; van der Waals theory, they found that the effects of curvature may be sub-

potential. sumed into an effective bulk field. Upton et al. (16) used
the Landau theory to study the wetting phenomena on spheri-
cal and cylindrical substrates with the critical temperature

I. INTRODUCTION
effects. Brochard (17) discussed the spreading of liquids on
thin cylinders by considering the effects of attractive vanThe hydrodynamic stability of thin liquid films has been
der Waals forces and found that for volatile liquids, the vaporwidely studied allowing for many applications in chemical,
would adhere to the cylinders; the equilibrium thickness ofmechanical, and biomedical engineering. A liquid layer is
the film is given by a balance between the disjoining vanunstable when the layer is ultrathin (100–1000 Å) . The
der Waals pressure and the Laplace pressure. However, forinstability is due to van der Waals potential and results in
nonvolatile liquids, a liquid drop cannot spread out over thethe rupture of the layer. The difference in chemical potential
cylinder if the spreading coefficient is smaller than a criticalwith respect to large phases of the same material of the
value. Quéré et al. (18) studied the spreading of liquids onfilm makes all the corresponding intensive thermodynamic
a highly curved surface. They showed two different waysproperties change (1, 2) .
to prevent the Rayleigh instability from developing on fibersVrij (3) used a static stability analysis to find the critical
coated with a liquid film. If the liquid film is very small,thickness of a nondraining film affected by the van der Waals
long-range van der Waals forces with negative Hamakerforces. Ruckenstein and Jain (4) studied the dynamic linear
constant can stabilize it. On the other hand, if the film isstability of the rupture problem of a thin liquid film on a
thick, one can prevent the unstable sheath from breakinghorizontal plane with the effect of van der Waals potential.
up by holding the fiber vertically and thus saturating theWilliams and Davis (5) and Burelbach et al. (6) analyzed
stability.the long-wave nonlinear dynamic rupture process of a film

In practice, there are many superslender cylinders, suchon a plate and examined the local flow structure near the
as an optical fiber, with its radius being fabricated to lessrupture point. Chen and Hwang (7) derived a system of
than 10 mm (17, 19–21). Additionally, if the thickness ofevolution equations, which included the inertia effect ne-
a liquid coating film is thin enough to the degree around 103glected in Williams and Davis’s equation, by the approxi-
Å then the van der Waals potential may affect obviously themate Kárḿan–Polhausen integral theory. Furthermore,

Hwang et al. (8) used the same integral method to derive an stability of this film flow system. Nevertheless, to date there
evolution equation system by considering the higher-order has been no report on the dynamic analysis of this fluid flow
viscous dissipation effect that seldom being considered be- system. In this paper, first we derive a nonlinear evolution
fore. equation to study the axisymmetrical rupture phenomena of

a thin liquid coating film on a vertical cylinder. Then both
1 To whom correspondence should be addressed. the methods of linear analysis and nonlinear numerical calcu-
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boundary conditions at z Å 0,

u Å w Å 0; [4]

at z Å h

(ux / wz)(1 0 h 2
x ) 0 2hx(uz / wx) Å 0, [5]

0 p / 2(1 / h 2
x )01 [(uz / h 2

x wx) 0 (ux / wz)hx]

Å 3S(1 / h 2
x )03/2 [hxx 0

1
a / h

(1 / h 2
x )] , [6]

ht / whx Å u , [7]

where u , w , p , and a are the dimensionless z-component
velocity, x-component velocity, pressure, and cylinder ra-
dius. The r-coordinate is scaled as r Å a / z , where a is
given by ri /h0 with ri being denoted by the dimensional
radius of the cylinder. Also S , the dimensionless surface

FIG. 1. The physical model of the system.
tension, is defined as SÅ h0s / (3rn 2) , where s is the dimen-
sional surface tension. Equation [1] is the continuity equa-
tion, and Eqs. [2] and [3] are momentum equations in the

lation are applied to the evolution equation. Finally, we dis-
z and x directions, respectively. Equations [4] , [5] , and [6]

cuss the effects of the cylinder radius and the van der Waals
are the no-slip condition on the solid surface, the shear,

potential on the rupture process.
and the normal stress balance condition at the free surface.
Equation [7] is the kinematic boundary condition at the freeII. FORMULATION OF NONLINEAR
surface. In the present study, the attractive van der WaalsEVOLUTION EQUATION
forces are represented by the potential function which de-

A thin liquid film on a vertical cylinder is shown in pends on the film thickness as (22)
Fig. 1. The liquid is a Newtonian viscous fluid having
kinematic viscosity n and constant density r. Besides, the f Å Ah03 ,
local film thickness, h , is assumed to be thin enough to
neglect the gravity effect, and is simply affected by the

where A , the dimensionless Hamaker, constant can be corre-van der Waals potential. The perturbation of film flow
lated to the dimensional Hamaker constant A * by A Å A * /is assumed to be axisymmetrical so that the azimuthal
(6ph0rn

2) . Note that for thicker films the presence of thecomponent of the flow is neglected. By scaling the spatial
electromagnetic retardation effect should be considered, andcoordinate by the equilibrium thickness h0 , time by
then the van der Waals potential will be modified as (23)h 2

0 /n, velocity by n /h0 , pressure by rn 2 /h 2
0 , respectively,

one can formulate the dimensionless governing equations
f Å Ah04 .as follows:

A long-wave approximation is used to obtain successive1
a / z

[(a / z)u]z / wx Å 0, [1]
approximations to the solutions of Eqs. [2] and [3]. The
solutions derived for each component of the velocity field

ut / uuz / wux will be substituted into the kinematic equation [7]. We for-
malized the long-wave theory by rescaling the variables with

Å 0pz /
1

a / z
[(a / z)uz]z 0

u

(a / z)2 / uxx , [2] a small parameter e. We defined new scaled variables as
follows:

wt / uwz / wwx

x Å e01X , z Å Z , t Å e04t, f Å e 2F,
Å 0px 0 fx /

1
a / z

[(a / z)wz]z / wxx ; [3]
u Å e 4U , w Å e 3W , p Å e 2P , h Å H . [8]
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The scaled variables and derivatives with respect to the upper By substituting W0 into Eq. [16] and rewriting the equa-
tion in terms of the original variables, the evolution equationcase variables are all of unit order. We also assume the order

of the parameters as can be obtained as

ht / (Sh 3hxxx / Sa02h 3hx / Ah01hx)x Å 0. [18]A Å O(e 2) , S Å O(1) , and a Å O(e01)

As a r ` , Eq. [9] reduces toto retain those effects at the lowest order.
Approximate solutions of this new system of equations

ht / (Sh 3hxxx / Ah01hx)x Å 0, [19]can be obtained by introducing the following regular pertur-
bation expansion for U , V, and P into the governing equa-
tions which is identical to that derived by Williams and Davis (5)

for a film on a flat plane. If the film thickness is thicker than
the present system, the effect of gravity should be taken into(U , W , P)
consideration and the primary flow of the thin coating liquid

Å (U0 , W0 , P0) / e 2(U1 , W1 , P1) / rrr. [9] film will be present. Meanwhile, the effect of the van der
Waals potential is too small to exist, and the order of magni-

Then the governing equations and the corresponding bound- tude of the cylinder radius should be assumed to be O(1) .
ary conditions concerned with the zeroth-order problem can Under the consideration mentioned above, a new evolution
be derived as follows: equation analogous to Eq. [18] is obtained, and it is equiva-

lent to Eq. [A2] of Lin and Liu (10).
U0Z / W0X Å 0, [10]

III. RESULTS AND DISCUSSION
W0ZZ Å P0X / FX , [11]

It is instructive to analyze the linear stability of the steady-P0Z Å 0; [12]
state solution h Å 1. Introducing the deviation h* Å h 0 1
into Eq. [18] and expressing the solution of the equation asat Z Å 0,

h* Å H0exp(vt / ikx) / c.c.,U0 Å W0 Å 0; [13]

where c.c. denotes the complex conjugate, one can find the
at Z Å H , following characteristic equation:

W0Z Å 0, [14] v Å Ak 2 / Sa02k 2 0 Sk 4 . [20]

P0 Å 03SHXX 0 3Sa02(a 0 H) , [15]
Here v is the growth rate and k is the wavenumber. The

Ht / W0HX Å U0 . [16] cut-off wavenumber or the wavenumber of neutral state kc

is found at v Å 0 and can be expressed as
The first term in the right-hand side of Eq. [15] is the stream-
wise component of surface tension, and the second term is

kc Å F A

S
/ 1

a 2G1/2

. [21]the lateral capillary force. It is clear that the streamwise
surface tension is affected by the magnitude of S . Mean-
while, the lateral capillary force is influenced strongly by

Meanwhile, the wavenumber of maximum growth rate km is
both the magnitude of the cylinder radius and S . We solved

given at dv /dk Å 0 and can be shown as
Eqs. [10] – [12] simultaneously with the solutions being sub-
ject to the boundary conditions [13] – [15] and finally ob-
tained the solutions of velocity in the x component as fol- km Å F A

2S
/ 1

2a 2G1/2

, [22]
lows:

which is in good agreement with the results predicted by
W0 Å 0

3
2

(SHXXX / SHX a02 / AH04HX )(Z 2 / HZ ). the linear theory presented by Williams and Davis (5) when
a r ` . Taking 1 / h *(x , t) Å 0 for at least one value of
x , we can find linear rupture time, TL , given by[17]
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FIG. 4. hmin versus time under various values of a for nonlinear theory.

point of the film thickness hmin . The initial disturbance is
0.25 in this figure. The results show that there is no particular
acceleration phenomenon during the whole linear rupture
process. Additionally, the rupture time predicted by the lin-

FIG. 2. The curves for km and kc versus a . ear analysis increases when the radius of cylinder is enlarged.
This phenomenon is thought to result from the fact that
increasing the cylinder radius will decrease the effect of

TL Å 0
1
vm

ln(H0) , [23]
lateral capillary force. Considering the terms containing the
surface tension in the characteristic equation, we find that
the surface tension has dual effects on the stability character-where H0 is the initial disturbance.
istics. This is because the surface tension in the streamwiseIt is obvious from Eqs. [21] – [22] that both the cut-off
component has stabilizing effects, but the lateral capillarywavenumber and the maximum growth rate decrease as the
force has a destabilizing effect. The stabilizing mechanismcylinder radius increases. That is, the domain of the unstable
of the streamwise surface tension had been studied in pastmode shrinks and the film becomes unstable as the effect of
research (2–6). Here, the linear destabilizing mechanism oflateral capillary force becomes weaker, as demonstrated in
the lateral capillary force can be described as follows: theFig. 2. Figure 3 displays the linear evolution of the lowest
bottom of the perturbed surface waves has a larger capillary
pressure than that of peak of the waves. This would induce
the capillary pressure force to push fluid from the bottom to
the peak, and consequently, increase the amplitude of the
wave.

The nonlinear rupture process of system is revealed by
solving evolution equations numerically. Equations are dis-
cretized by using the finite-difference method. Center differ-
ences are employed in space, while the midpoint rule is used
for time. The calculation domain is fixed on the interval 0
£ x£ 2p /km. The periodic boundary conditions are consid-
ered in this calculation. The initial condition is

h(x , 0) Å 1.0 / H0coskmx , 0 £ x £ 2p /km [24]

where H0 is the initial disturbance. The Newton–Raphson
iteration method is introduced to calculate difference equa-
tions. The convergent tolerance is 1005 and the initial distur-
bance H0 is 0.25.

The lowest point of film thickness hmin varies with time
FIG. 3. hmin versus time under various a values for linear theory. for nonlinear theory, as shown in Fig. 4. In this figure, one
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FIG. 6. Nonlinear rupture time versus A ; S Å 1.

FIG. 5. Linear and nonlinear rupture time versus a .
cylindrical film increases as S value increases. When S varies
from 1 to 3, the variation of É(TNC 0 TNP)/TNPÉ is from
11 to 25%. The strong lateral capillary force induces ancan find that the rupture process is accelerated as hmin ap-
acceleration effect on the rupture process as the magnitudeproaches zero. The rupture process begins to proceed very
of S becomes large. Therefore, one can conclude that therefast during the range hmin£ 0.65Ç 0.5 (6) . This acceleration
are two ways to enlarge the effect of lateral capillary force;process occurs earlier as the cylinder radius is smaller. Figure
one is shrinking the cylinder radius, and the other is increas-5 shows the linear and nonlinear rupture times versus a . It
ing the S value.is found that the linear rupture time is larger than that of

the nonlinear one. The difference between the linear and IV. CONCLUSIONS
nonlinear rupture times becomes obvious as a increases. This

The effect of the lateral capillary force of the cylinder onresult is the same as that of a film on flat plane: the effects
the stability of a cylindrical film has been studied by takingof the nonlinear terms, which accompany a , enlarge the

acceleration of the film rupture process (3–6). Figure 5 also
shows that both the linear and the nonlinear rupture times
decrease as the radius of the cylinder shrinks, but the ten-
dency of the linear theory is stronger than that of the nonlin-
ear one. This is due to the fact that the streamwise surface
tension becomes important in the nonlinear ranges.

The variation of the nonlinear rupture time following the
change of A is shown in Fig. 6. The rupture time decreases
as the effect of the van der Waals potential increases. This
phenomenon is similar to those results shown in previous
studies (5–8). Additionally, the difference between the rup-
ture time of the planar film and that of the cylindrical film
decreases as the magnitude of A increases. When A varies
from 0.001 to 0.003, the variation of É(TNC 0 TNP)/TNPÉ is
from 11 to 1%, where TNC is the nonlinear rupture time of
the cylindrical film and TNP is that of the planar film. The
lateral capillary force effects does not dominate the rupture
process in the case of a strong effect of the van der Waals
potential. In Fig. 7, one can see that the surface tension
effects delay the rupture process. Moreover, the difference

FIG. 7. Nonlinear rupture time versus S ; A Å 0.001.between the rupture times of the planar film and that of the
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