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Nonlinear Rupture Theory of a Thin Free Liquid Film
with Insoluble Surfactant
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Effects of insoluble surfactant on the dynamic rupture of a thin free film are investigated.
The integral method is applied to derive the strong nonlinear evolution equations. Then the
numerical method is used to analyze the nonlinear rupture process. The results show that the %
Marangoni effect due to the concentration gradient of insoluble surfactant delays the rupture
process. Furthermore, the rupture time predicted by the evolution equations derived by the
integral theory is always longer than that predicted by the evolution equations derived by the
long-wave expansion method. Besides, it is shown that the stronger the Marangoni effect be-
comes, the larger the difference between the rupture time predicted by both above two models

becomes.
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§1. Introduction

The hydrodynamic stability of thin liquid films has
been widely studied due to its widespread applications
in chemical, mechanical and biomedical engineering, et
al. A liquid film is unstable when its thickness is thinner
than 1000 A. To realize the mechanism through which
the instability of the thin film presents, the parame-
ter “disjoining pressure”, which is generated by the van
der Waals potential (VDWP), was introduced as a mea-
sure of the corresponding change in the thermodynamic
properties and to distinguish between the properties of
the thin film and those of bulk phase.!) When electric
double-layer forces are considered, the added disjoining
pressure component is positive and the competition be-
tween these and VDWP can lead to the formation of
black films.?)

In the case of a thin coating film on a solid substrate, .

the critical length and the linear rupture time of the
thin film, which are related to the surface tension and
VDWP, can be obtained by the hydrodynamic stability
theory.>4) While, in the nonlinear analysis, two effects
are reported to influence the rupture process, which in-
clude the nonlinearity in both the surface tension and
VDWP that would accelerate the rupture process.’™®)
Moreover, for catching the high-order nonlinecar effect
such as inertia and high-order dissipation, the integral
method can be used to derive the evolution equations of
the thin films in a more compact form than those ob-
tained by traditional long-wave expansion method.”>8)
Besides, in refs. 7 and 8, it is reported that the inertia
could increase the instability of the thin films while the
high-order dissipation decreases it.

Another important geometry of the film is a free film
bounded by two free surfaces. The results of the lin-
ear analysis shows that the instability of a free film is
more unstable than that of a film on a plate.!) Prévost
and Gallez® 10 attempted to investigate the nonlinear

rupture process of the free films. It has been assumed
by them that the boundaty condition at the free surface
is immobile (no-slip condition). This condition is con-
sistent to the fact that a modest concentration of the
added surfactant is sufficient to keep the free surface im-
mobile.?) However, it is unreasonable for the free films
of pure liquid. Sharma and Ruckenstein!?) also studied
this problem by considering the linearized Navier-Stokes
equations, linearized stress boundary conditions and mo-
bile free surfaces. Nevertheless, Erneux and Davis!?) in-
dicated that the high-order nonlinear effects in the gov-
erning equations and boundary conditions should also
be considered in the rupture process of the free films.
They derived the nonlinear evolution equations involv-
ing the effects of the high-order nonlinear contributions
mentioned above. However, the estimation of the order
of the magnitude of the variables and physical parame-
ters are rough. Also in this study, the low-order velocity
profile is used to correlate itself to the high-order non-
linear contributions of the governing equations, so that
some of the high-order effects in both the momentum
equation in the vertical direction and the stress bound-
ary conditions are neglected. In addition, there have also
been some research concerned with the spreading of the
surfactant added to the thin film.?*>'%) When a localized
nonuniform distribution of surfactant is deposited as a
monolayer on the surface of a thin film, the resulting gra-
dients of the surface tension generate flows that makes
the surfactant spread. Effects of insoluble surfactant on
the nonlinear rupture process of a free and a coating film
on a plate had been studied by De Wit et al.2®) which
extends the formulation and the methodology used by
Erneux and Davis.

In some of the research,®7:%1%20) the order of the
magnitude of the dimensionless parameter (e.g. the
dimensionless surface tension and the dimensionless
Hamaker constant related to the strength of VDWP, etc.)
is estimated to be large for retaining the main physi-
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cal effects in the leading-order nonlinear evolution equa-
tions. However, the magnitudes of those dimensionless
parameters of real materials (e.g. water and ethanal)
are small. Moreover, some other nonlinear contributions
of the governing equations, which should be appeared
with those parameters, are usually neglected in those
research. Therefore, in the present work, first the or-
der of the magnitude of each variable and parameter is
adopted by considering the long-wave nature of the re-
sponse and the small magnitude of the parameters.: )
Then the simplified equations of motions and pertinent
boundary conditions are formulated, and the high-order
nonlinear contributions in the governing equations are
considered. Finally, the integral method?!:??) is applied
with a specific velocity profile to derive the nonlinear
evolution equations. This velocity profile includes an un-
known function to correlate shear-stress balance bound-
ary condition at the interface. In this study, the evolu-
tion equations are used to simulate the nonlinear rupture
processes and the numerical analysis results based on our
model will be compared with those derived by De Wit et
" al. systematically.

§2. Formulation

The physical model for present study is shown in
Fig. 1. The liquid is a Newtonian viscous fluid hav-
ing kinematic viscosity v and constant density p. In
addition, we use the equilibrium value [ as a unit for
measuring the concentration of the surfactants. It is as-
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Fig. 1. The physical model of a thin free liquid film.

sumed that the gravity effect is neglected and the effect
of VDWP is considered because of thin film thickness.
Scaling the coordinate by the equilibrium thickness hy,
time by h3/v, velocity by v/hg, pressure by pv?/h2, con-
centration of the surfactant by I, we have the modified
Navier-Stokes equations given by'2
Up + Uy + WUy = —Pp — Op + Uz + Uss, (1)
Wy + YWy + WW, = =P, — dy + Wep + Waa,s (2)
Ur +w, = 0, (3)
with the boundary conditions:
at z=10,
Uy = w =0, 4)

at the interface, z = h(z, t),

(uz + W) — duzha (1 +A2) ™ = —MI,(1 + B2)V/2, (5)
—p+2[(1 — h2)w; — ha(us +wz)](1 +A2) ™! = (T — M )heo(1 + h2)73/2 (6)
I+ [(ul)g + he(wD)] (1 + h2)™Y = D, V2T, (7)

and the kinematic condition at the free surface is given
by '
hy + uhy = w, (8)

where the surface gradient V; is defined as23)

Lot
v, = 1+h2 0z
s=1 h, 8
1+h2 0z

Equation (1) and (2) are momentum equations in = and
z directions, respectively, and eq. (3) is the continuity
equation. Equations (5) and (6) are shear and normal
siress balance condition at the free surface. Equation
(7) is a conservation equation for the concentration of
the surface active substance. u, w, p and D, are the di-
mensionless z-component velocity, the z-component ve-
locity, pressure, and the surface diffusion coefficient of
the surfactant, respectively, and the subscripts represent
the partial derivatives. The second term in the left-hand
side of eq. (7) represents of the rate of change of the con-
centration due to the dilatation of the free surface and
the convection of the surfactant. In the research of De
Wit et al., the surface gradient effect is not considered.

The VDWP is represented through the potential func-
tion ¢ which depends on the film thickness as ¢ = ¢(h).
We follow the reports of Ernuex & Davis'? and De Wit
et al.?9) to write the potential function as

¢ = A(2h)7%, ©)
The dimensionless parameters in eqgs. (1)-(9) are

M = —[Toho/(pA)](80/0T), T = o,ho/(pv%).

A= A'/(6xhopv?), and D, =D./v,
where A’ is the dimensional Hamaker constant, o surface
tension, and D} surface diffusion coefficient. It shows
that A represents the ratio between the VDWP with the
viscous dissipation and T represents the constant part
of the tension oy at equilibrium concentration I'y. M
is the dimensionless tension Marangoni number for the
variation 8¢ /OI" of the dimensional tension o versus the
dimensional concentration I

After solving the exact linear stability problem of
egs. (1)—(8) (please refer to the Appendix in detail), one
can find that the neutral state of the system is present
at the cut-off wave number given by
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As is mentioned above, the real magnitudes of the di-
mensionless parameters are small. For example, A =
1075 ~ 1073, T = 1072 ~ 3, M = 1075 ~ 1, and
Dy = 1073 ~ 107! for water.?®) Accordginly, the order
of the magnitude of 4, T, M and D are assumed as

T=0(1), M=0(), A=0(¢"), and D, = 0O(e),

(11)
where ¢ is a small parameter. Introducing eq. (11) into
eq. (10), then the order of unstable wave number, k, can

(10)

be represented as

k= O(é). (12)

Uz = dughy —wy — MI, (1 + —hi). .

—p— (T = MDI)h;; = 2u; + 2h,u.,,
I+ (ul)g = DyTeg = h2(ul)g = he(wl)g — Do[h2 e + hohoaly),

ht+uhm = w.

One can find that the above system is similar to that of
Prokopiou?¥) except for the momentum equation in z-
direction, eq. (15), which includes the inertia and shear
stress terms. The high-order dissipation terms are the
normal stress in z-momentum equation, shear stress in
z-momentum equation, and the interfacial shear, nor-
mal stress, and surfactant distribution in the right-hand
side of dynamic boundary conditions (18)—(20) which
are caused by large deformation. The above high-order
terms are important when the evolution of the rupture
processes reach the nonlinear stage.

The mass balance relationship is obtained by rewriting
eq. (21) as

he +gx =0, (22)

where g is the local flow rate and it can be expressed as

h
q=/ udz,
0

A specific profile must now be imposed in the integral
method. For highly turbulent flow, a flat profile is usu-
ally assumed. However, for the flow of interest here,
Alekseenko et al.”!) have experimentally established that
a parabolic profile is more appropriate. Therefore, we
impose the following second-order self-similar profile of
U as .

2 1 3
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The order of other dimensionless variables are® ©
U= O(l): w = O(k)'.' b= O(k—l):
T = O{k_l): z=0(1), t= O(k_])' (13)

Introducing egs. (11)—(13) into egs. (1)—(8) and neglect-
ing the terms higher than O(e%), we can formulate the
following simplified system,

Up + Uy + WUy = —Pr — Gg + Ugg + Uzz, (14)
Wt + YWy + WWy = —Py + Wi, (15)
Uz +w, = 0; (16)
at z =10

u, = w =0, 17

and at the interface, z = h(z,t),
d 18)
(19)
(20)
(21)

where f(z,t) is an unknown correlation function. This
velocity profile satisfies boundary condition at the center
of film and u, = f(z,t) at free surface. Applying the
continuity equation and eq. (18), the shear-stress balance
boundary condition at free surface can be given by the
following form,

= dGohy ¥ AL ARy 4 Cugh 4+ %Lmha

= REEL (1 2 %hi) : (23)

where
Gla,t) = gh™ ~ 2 fh,
and
-
Lizl)= th ;

Equation (23) represents the nonlinear shear stress equi-
librium relation at the interface and the unknown func-
tion f now is correlated to i and g in the rupture process.
Furthermore, integrating eq. (14) over the film thickness
and applying eq. (15) with other boundary conditions,
one can obtain the averaged z-momentum equation as

= 1
g + (G~h+ SGLh® + nghs) = SAWhy + f + 5 Lach® + AT = MD)hesle +2Guch

1

2
+2h(Lh2)rx{"‘3—L;¢h3 =+ ';—szha = E

—8GzLx] £ %!ﬁ [{LL,,.)ac - ng} } .

b

1

1
Loth® + 512 [(66.). - zaﬁ] + —h* [3(LG)a + (GLa)s

15
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Finally, substituting the surface velocities (e.g. u and w
at the free surface) into eq. (19), the diffusion equation
equation of insoluble surfactant can be rewritten as

Lo+ (L—R2)(GT + LThY), - %hz(3Gth +LRT),

= D,[(1 = h2)Ipz — [ohoheg]. (25)

Equations (22)-(23) are the nonlinear evolution sys-
tem with the film thickness h, local flow rate ¢, corre-
lation function f, and concentration I'. If f and the
high-order terms in the diffusion equation is neglected,
the evolution system is equivalent to that derived by De
Wit et al. Here, eqs. (22)-(25) are denoted as SNEF

1 2 _ 14 s, [ L1
5o (—60K? — k¥ — T20)u +[5760
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(the strong nonlinear evolution equation for free films),
and the evolution equations derived by _De_ Wit et al. are
DWE.

§3. Nonlinear Rupture Theory

It is instructive to analyze the linear stability of the
steady-state solution (g, h, f,I") = (0,0.5,0,1). Intro-
ducing the deviation A’ = h — 0.5, ¢ = q, f' = f, and
I'" = I into egs. (22)-(25) and admit solutions of the
form

(h‘;! q’.'- f’: FI) = (IIU} QD; FO, Fo)ewf-!'ikx:

one can find the following characteristic equation for the
growth rate w:

1 3
MKk (k* - 12) + %H(kz —36) — ——k*(6D; + M)(60k* + k* + 720)}.;2

5760

—{3-..1&2(:3 = 19)° 4 L HARE = 56)(6D, + M) + S[SA == M)kz} }w

96 96
+%k“(6D, + M) [GA e M)kQJ =0.

Equation (26) admits a zero w if the last coefficient is
equal to zero. This leads the cut-off wave number k. to

be
1/2
g [ BN
T—M

which agrees with the exact linear results. The solutions
to the characteristic equation for various M values are
shown in Fig. 2. The peak of each w—k curve denotes the
maximum growth rate wy, and the corresponding wave
number k,,. It is clear that an increase in M results
in a decrease in the maximum growth rate w,, which is
inversely proportional to the rupture time of the free film
as described in refs. 5-7. This means that the film will
become more stable as we increase the concentration I
of surfactants in the film or the rate(—dc/8I") in order
to increase the Marangoni number. If we increase the
surface tension T, then the cutoff wave number k. will
decrease.

(27)

2.5E-005 -
2.0E-005
1.5E~005
% 1

1.0E-005 o

5.0E-008

0.0E+000 —+rs
0.00

Fig. 2. w versus k for various M value. The value of A is 0.001,
T 1.0 and Dg 0.1.

(26)

The film is thus more stable as the domain _

of possible unstable wave number shrinks. It is obvious
that as wy, decreases, the rupture time of the film will
be postponed, which is in agreement with the fact that
films with a higher interfacial tension are more stable.

The nonlinear rupture process of the film is revealed
by solving SNEF and DWE numerically. Equations are
discretized by using the finite-difference method. Center
differences are employed in space while the midpoint rule
is used for time. The calculation domain is fixed on
interval 0 < z < 27 /k,,, where k,, is the wave number
of the maximum growth rate. The periodic boundary
conditions are considered in this problem. The initial-
value conditions are

h(z,0) = 0.5 + Hy cos kn,z, 0<z<2r/k, (28)
q(z,0) = —“;—mHg sin km, 0<z<2n/kn (29)
(30)

(31)

F(z,0) = —wmkm Hy sin k., z,
Iz, 0) =10,

0 < < 27/km
0<z < 2n/ky,

where Hp is the initial disturbance. In all the numeri-
cal results mentioned below, the initial disturbance 0.05.
The Newton-Raphson iteration scheme is introduced to
calculate the Elif‘ference equations and the convergent tol-
erance is 1077,

The profiles of the film thickness predicted by SENF
and DWE at ¢ = 5320 are shown in Fig. 3. It shows
that the nonlinear rupture process predicted by DWE is
completed while that predicted by SNEF is still around
the initial disturbance of the film. Figure 4 shows the
nonlinear evolution of Awi, (the minimum thickness of
the film) predicted by both DWE and SNEF for T = 1,
A = 0.001 and M = 0.01. It reveals that the rupture
processes predicted by DWE are faster than those pre-
dicted by SNEF. The effect of inertia is included in both
models. The nonlinear rupture process accelerates very
fast during the range of 0.3 < hpi, < 0.4. However,
those predicted by SNEF do not proceed acceleratively
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Fig. 3. The film profile predicted by SNEF and DWE theory at
t=25320. A=0.001, T =10, M =0.01 and D, = 0.1
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Fig. 4. The nonlinear evolution of h,;, predicted by SNEF and
DWE. A =0.001, T = 1.0, M = 0.01 and D; = 0.1.

until 0.2 € Amin < 0.3. This phenomenon is considered
to be caused by the more complete high-order viscous
dissipation effects. The high-order shear force on the in-
terface could slow down the rupture process.>) However,
for the case of a film on a flat plate, the rupture pro-
cess predicted by the evolution equation derived by the
long-wave expansion is slower than that predicted by the
equations derived by the intergal method. It is because
for the film on a plate, the effect of inertia and high-
order dissipation are neglected during the formulation of
the equation by the long-wave expansion, and those are
the destabilizing factors for the rupture process.®™8)
Figure 5 presents the nonlinear rupture time predicted
by two models versus various A values. The larger the
value of A turns to be, the shorter the rupture time pre-
dicted by both models will become. While the difference
between the rupture times predicted by two models de-
creases slightly when VDWP is weakened. The rupture
time predicted by DWE is shorter than by SNEF about
90% to 80% as the value of A increases from 0.0005 to
0.00015. Figure 6 presents the nonlinear rupture time
predicted by two models versus various 7" values. The
rupture time predicted by both models and the difference

Fig. 5. Rupture time versus A values for SNEF and DWE. M =
0.01, T = 1.0 and D; = 0.1.

10 *4
e .. SNEF
- — — DWE
t104:
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T

Fig. 6. Rupture time versus T values for SNEF and DWE. A =
0.001, M = 0.01 and Ds = 0.1.

10:%

10*

10 '+ T T

Fig. 7. Rupture time versus M values for SNEF and DWE. A =
0.001, T =1.0 and D, = 0.1

between them increase slightly together as the effect of
the surface tension becomes stronger. Th rupture time
predicted by DWE is shorter than that by SNEF about
85% to 91% as the value of T increases from 1 to 3.
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Fig. 8. (a) The concentration profile of insoluble surfactant predicted by long wave and integral theory at hmin = 0.4. A = 0.001,
T = 1.0, M = 0.01 and D; = 0.1. (b) The concentration profile of insoluble surfactant predicted by long wave and integral theory at

hmin = 0.15. A = 0.001, T = 1.0, M = 0.01 and Dy = 0.1.

The nonlinear rupture times predicted by both two
model versus M are presented in Fig. 7. The rupture
times predicted by both models are postponed explicitly
as the Marangoni effect tends to strong. This is because
the re-distrbution of surfactant at free surface makes the
concentration of surfactant at the peak region of the dis-
turbed wave more stable than that of the bottom region
of the wave. Accordingly, a gradient of the surface ten-
sion is present, and the surface tension is stronger at the
bottom than at the peak. The flow of the liquid from the
weaker surface tension regions to the stronger ones is the
Marangoni flow. Since this flow is in a direction oppo-
site to the flow generated due to VDWP to slow down
the thinning of the film, it delays the process of thinning
and thus extends the rupture time of the film.?%) Another
tendency shown in Fig. 7 is the difference between the
rupture times predcited by two models increases explic-
itly as the Marangoni effect tends to stronger. The time
difference is about 9% at M = 0 and enlarge dramati-
cally to 93.46% at M = 0.04. It can be expected that
the high-order effect, especially the high-order nonlinear
terms in shear-stress balance condition and surfactant
diffusion equation, will magnify the concentration gra-
dient of insoluble surfactant. This phenomenon can be
realized clearly as demonstrated in Figs. 8(a)-8(b). In
these figures, It is found that the concentration difference
along the film surface predicted by SNEF is larger than
that predicted by DWE and therefore induces a stronger
Marangoni flow.

As is shown in Fig. 9, the nonlinear rupture times pre-
dicted by two models vary with the value of D;. The
stronger the effect of the surface diffusion tends to be,
the shorter the rupture times predicted by SNEF and
DWE will become. The diffsion effect could mitigate the
non-uniform distribution of surfactant at free surface,
and thus the Marangoni effect is reduced. Addition-
ally, the difference between the rupture time predicted
by SNEF and DWE decreases as the effect of surface dif-
fusion tends to stronger. The rupture time predicted by

10
______ SNEF
B T
t
10 '—_
0.1 0.2 0.3 0.4 0.5

Fig. 9. Rupture time versus M values for SNEF and DWE. 4 =

0.001, T = 1.0 and M = 0.01.

DWE is shorter than that predicted by SNEF about 84%
to 62% as the value of D, increases from 0.1 to 0.5. The
high-order dissipation, especially the high-order nonlin-
ear terms in the diffusion equation of surfactant, reduces
the effect of diffusion to make the gradient of the con-
centration of surfactant explicit.

84. Conclusion

The effect of insoluble surfactant on the instability of
a liquid film bounded by two free surfaces is studied.
The exact linear analysis provides the information about
the neutral state which is used to correlate k& to the sur-
face tension S, Marangoni effect M, the surface diffusiv-
ity D;, and the Hamaker constant A. Sequentially, the
leading-order governing equations and the correspond-
ing boundary conditions are obtained, and the strong
nonlinear evolution equations are derived by the inte-
gral method. Finally, the numerical method are used
to solve the nonlinear evolution system for studying the
rupture process. It is concluded that the nonlinear rup-
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ture time predicted by present model is longer than that
predicted by De Wit et al. The rupture time difference
between the above two models enlarges explicitly when
the Marangoni effect becomes stronger. It is because a
complete high-order dissipation effect in present model
has been considered, and induce a larger local concentra-
tion difference of insoluble surfactant than that derived
by De Wit et al. While in the results derived by De
Wit et al. with the long-wave expansion, an incomplete
high-order dissipation effect has been considered with the
low-order velocity profile being used to correlate itself to
the high-order contributions of the governing equations.
The effect of the surface diffusivity could reduce the elon-
gation of the rupture time due to the Marangoni effect.
On the other hand, the difference in the rupture times
predicted by these two models discussed above seems not
to vary much as the effect of VDWP or surface tension
is enlarged.
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Appendix

The base states of egs. (1)—-(8) are

=0, w=0, p=0, I'=1,

and
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And we assume the perturbation of the velocity vector
(u’,w'), the pressure p’, the concentration I'', and the
height of free surface h' have the form

(u’, wf,pr, b h!) - (,&(2)’ tﬂ{z),ﬁ(z): 1—- a)ewt+ik$:
(A1)

where k is dimensionless wave number, w is the dimen-
sionless complex characteristic value, and ¢ is the ampli-
tude of the disturbance. Taking eq. (A-1) into account,
we can write the linearized equations for disturbances in
the form:

ik(p— 64a) = [D? — (K* +w)]d,  .(A2)
Dp = [D? — (k* + w+ik)]w, (A-3)
ikd + Db = 0. (A4)

The boundary conditions at the center of free film and
the free surface have the form:

Di=w=0, (atz=0) (A5
W =aw, (atz=nh) (A6
D+ ikw = —Mikl', (at z=h) (A7

P+ 2kt = k*(T — M)a, (atz=h) (A8
wl +ikis = —k*D,I" (at 2=h) (A-9

where D denotes d/dz. The system (A-2)-(A-4) can be
conveniently reduced to a single Orr-Sommerfeld equa-
tion for w(z):

[D* — (2k® + w)D? + K2(k? + w)]w = 0,
and the boundary conditions {(A-5)-(A-9) become

(A-10)

w=D*w=0, (atz=0) (A-11)

W=aw, (atz=~r) (A-12)

(D’ + k)% =0, (atz=h) (A-13)

[D® — (3k* + w)D + Ak*w™ — (T — M)k*w @ =0, (atz=h) (A-14)
[D*(w + D.k?) + ME?D + (wk? + Dsk*)]Jw = 0. (at 2= h) (A-15)

W=
After calculating the solution of eq. (A-10) with boundary conditions (A-11)-(A-15), the secular determinant would

lead to a relation among the parameters in the following form

F(w,k, A, T, M)

= (8% — $2)(G1G4 — BoRF)sin v cos az + (B2 — BE)(G2G3 — B1RF) cosay sinaz
+(,6§ - 5?)(6‘1}2 — G2R)sinaq sinas + (,ﬁf — ﬁ%)(GgﬁgF — G4 F) cos a; cos az

=0,

(A-16)

where 81, 82, ay, as, G, Ga, G5, G4, B and F are defined as follow:

B = ~(w+ k" +ik),

a; = /2,
G; = -2 (w + D,k?) — wk?® + D,k*,
Ga = ﬁfw -+ ,61L;J[3k2 -+ 1)}

R = 64k* — (T — M)k?,

B = -k,

a2 = (2/2,

G2 = —f3(w + Dk?) — wk? + D,k*,
Gi = 3w+ Bow(3k* + 1),

and R = -MEkK>.



1996)

The neutral state of system implies the real part of w is
zero, and from eq. (A-16), it is easy to find the cut-off
wave number
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