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In this article, we derive a strongly nonlinear evolution equation by using the integral method
to study the instabilities in a directionally solidified binary mixture. This equation not only can
describe the interfacial behaviors of all the long-wave limits, but also can provide the possibility
of strongly nonlinear instability analysis. Three-dimensional weakly nonlinear analysis proceeded
from the critical condition is undertaken to investigate the two-dimensional bend-like cells and

the three-dimensional hexagonal structures.
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§1. Introduction

A variety of interesting patterns can form during the
directional solidification of a dilute binary alloy.»? Dur-
ing the solidification, an initially flat interface may de-
velop either a quasi-one-dimensional band-like cell or
hexagonal pattern of bulges and depressions which looks
very similar to the classic pictures of Bénard convec-
tion,4) both resulting in unwanted compositional in-
homogeneities in the solidified material. This is known
as the morphological instability.

The first explanation of the morphological instability
was given by Tiller et al.%) in terms of the mechanism
of constitutional supercooling. Mullins and Sekerka®
explained the physical nature of this phenomenon by
showing that it results from the competition between the
destabilizing effect of solute diffusion and the stabiliza-
tion due to interfacial tension and to the external thermal
gradient. They performed a linear stability analysis and
calculated the instability threshold, where the bifurca-
tion from the planar to the non-planar front structure
occurs.

Wollkind and Segel”) presented a weakly nonlinear
analysis, up to third order in the front deformation am-
plitude, which describes the immediate vicinity of the
bifurcation. Their two-dimensional treatment only de-
scribes two-dimensional band-like cells. Caroli, Caroli,
and Roulet®) simplified this work and extended it to
take account of diffusion in the solid. The effects of la-
tent heat, and hence of nonlinear profiles of temperature,
were considered by Alexander, Wollkind, and Sekerka.?

The instability of a planar interface to three-
dimensional hexagons was investigated by Sriran-
ganathan et al.,'®) by Wollkind .et al.'') and by Ker-
szberg.1?) Caroli, Caroli, and Roulet,'®) extending the
works of Wollkind, Sriranganathan, and Oulton,!11)
studied the stability of periodic hexagonal cellular front

patterns against small modulations of the periodic struc-
ture.

In the above non-linear analyses, both the concentra-
tion of solute and the interfacial amplitude were in ad-
vance assumed in forms of perturbation expansion and
then were substituted into the governing solute diffusion
equation in the melt and the corresponding far-field and
interfacial conditions, and eventually in the third order
of amplitude the generic Landau-Hopf equations, which
describe the dynamics of the amplitude were obtained.
However, in the analysis of long-wave morphological sta-
bilities, a simpler way to obtain the amplitude equations
can be expected, because some evolution equations have
already been derived.

The long-wave morphological instabilities may oc-
cur in several limits. Sivashinsky'?) identified a small-
segregation-coefficient limit and obtained a weakly-
nonlinear evolution equation governing subcritical two-
dimensional bifurcation. Brattkus and Davis!® iden-
tified a near-absolute-stability limit and obtained a
strongly-nonlinear evolution equation governing super-
critical two-dimensional bifurcation. The three-dimen-
sional bifurcation analysis on this equation reveals that,
as the segregation coefficient is near unity, stable hexag-
onal nodes are predictable. Riley and Davis!®) identified
a small-segregation-coefficient, large-surface-energy limit
and derived another strongly-nonlinear evolution equa-
tion linking both of the former and describing the change
from the sub- to super-critical two-dimensional bifurca-
tions.

Recently, Hsieh and Hwang,!”) by using an integral
technique, have obtained an overall long-wave evolution
equation which can reduce to all the long-wave equations
mentioned above.14716) In the two dimensional analysis of
this equation, Hsieh and Hwang had modified Riley and
Davis’s criterion of the change from the sub- to super-
critical bifurcations. However, Hsieh and Hwang did not
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continue to undertake the three-dimensional analysis on
their equation, and in the meantime, their equation may
be further modified by adding one more solution mode
to the series of concentration.

So, in this article, we intend to modify Hsieh
and Hwang’s equation'”) firstly, then based on this
newly-derived equation, the overall long-wave three-
dimensional developments of solid-liquid interface during
solidification will be studied.

§2. Formulation

In this work, behaviors of solid-liquid interface in a di-
rectionally - solidified dilute binary mixture is concerned.
A physical configuration of directional solidification is
shown in Fig. 1, where solidified materials are pulled
at a given speed under an imposed constant tempera-
ture gradient and are continuously solidified. To sim-
plify and to make the analysis easier, a reasonable math-
ematical model and some assumptions should be imple-
mented. We consider an infinite one-sided model and ne-
glect diffusion of solute in the solid.®) We also adopt the
“frozen-temperature” approximation') by assuming that
the thermal conductivities, densities and specific heats
of both the solid and the melt are equal, and that the
latent heat per unit volume of solid is negligible. Un-
der these assumptions, the temperature field decouples
from the solute field. If we further assume that the ther-
mal diffusivity in the melt, kp, is much larger than the
solute diffusivity, D, then the temperature could be per-
manently fixed by

T =T, +Gz (2.1)

where T is the temperature of a planar interface, G is the
imposed temperature gradient, and z is the coordinate
perpendicular to the planar interface and pointing into
the melt, shown in Fig. 1.

If we.define Cs and C;, as the concentrations at the
interface on the solid and liquid sides, respectively, then
the segregation coefficient k is defined by k = Cs/CyL. It
is clear that if k£ < 1, the solute is rejected by the solid.
We further define C, as the concentration of solute in
the melt far from the interface.

If lengths are scaled on the solute-diffusional scale
D/V, and solute concentration is measured relative to
Co/k in units of (k—1)C../k, then the scaled equations
determining the concentration and the interface position
are:

Z Z A
T(z)=To +Gz

c=c(x,y,z,t)

! c

e 4]

Fig. 1. Physical configuration of the solidification.
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V2C + C.. +C. = C, (2.2)

1+ (k—1)CJ1+hy)=C.—~Vh-VC, z=h, (2.3a)
C-M'h+TK=0, z=h, (2.3b)

C—1 as z— o0 (2.4)

Here V and V? are the two-dimensional gradient and
Laplacian operators, respectively, K is twice the mean
curvature of the interface defined by

K =V -[Vh/(1+|Vh|*)V?, (2.5)

M denotes the morphological parameter defined as

M = m(k — 1)CsV/kDG, (2.6)

and I" denotes the scaled surface energy defined as

I' = kTyyV/DLm(k — 1)Coo, (2.7)

where m is the slope of the liquidus, T}, is the melting
temperature of pure material, and - denotes the surface
energy per unit area.

§3. The Evolution Equation

In the previous method of deriving long-wave evolu-
tion equations, distinguished limit of parameters should
be designated in advance, then standard procedure of the
method of perturbation follows. In the present work, we
do not constrain ranges of the parameters in advance be-
cause the purpose of this article is to derive one equation
which can describe interfacial developments in all the
long-wave limits. However, we are concerned with the
long-wave distribution of the solute concentration. The
method of integral approximation was first developed by
Kapitza!®) in research on thin-film flows, following an
idea first put forth by von Kdrman!?® for gaining quanti-
tative information about boundary layers of the flow of a
viscous fluid at high Reynolds number past a flat plate.
To interpret the physical meaning, this method comes
from the concept of solute flux conservation which was
also adopted by Weeks and van Saarloos??) in analyz-
ing large amplitude cells for cases of small k and finite
Péclet numbers. The procedure of deriving the evolu-
tion equation begins with seeking for suitable functions
of the distribution of the solute concentration within the
liquid. Normally, the suitable functions come from the
long-wave solution. Then the distribution of solute con-
centration, which satisfies the associated boundary con-
ditions, is assumed to be a combination of the chosen
functions. The assumed solution usually does not sat-
isfy the governing equation, however, by substituting the
assumed solution into the governing equation and then
integrating every term of the equation within the whole
physical domain along the same direction as that dis-
turbances grow, consequently one will obtain a strongly
nonlinear evolution equation.

At the first stage, we look for suitable functions of
distribution of the solute concentration by examining the
series of solution deduced by Hsieh and Hwang?!) and
find that the solution of the solute concentration can be
assumed by:
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C* =1+ P(z,y, t)e“"_z + Q(z,y,t)(h — z)eh"z
+R(z,y,t)(h — 2)%" %, (3.1)

which automatically satisfies the far-field condition (2.4).
The assumed solute concentration also is required to sat-
isfy the boundary conditions (2.3a), and (2.3b), so we
finds

P(z,y,t)= -1+ M 'h - I'K,

Q(z,y,t) = ~{k{M“1h —T'K)+hi—(M*h - I'K)h,
+k(M~'h = T'K)ht + (=1+ M~ 'h - 'K
+M~Y)|Vh|2 - T'VK - Vh}/(l +|Vh|?).

(32)

The final unknown function, R(z,y,t), can be found by
putting the assumed concentration (3.1) into the govern-
ing equation (2.2) and letting 2 — h™, thus one has

R(z,y, t) = {Pt + (P + Q)ht — V2P — 2Vh- V(P + Q)
—(P+Q)V?h— (P + Q)|Vh/|?

-Q(1 + |Vh|2)}/2(1 + Nh|2). (3.3)
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The choice of C*, however, does not satisfy the governing
equation at all. But as one simply substitutes (3.1)—(3.3)
into (2.2) and then integrates every term of (2.2) from
z = h to infinite, as shown by the following solute flux
conservation equation:

/ (V2 +0%/92* +0/0z — 8/0t)C*dz =0, (3.4)
h
eventually one obtains the evolution equation
Q1+ |Vh|*) = V2Q + V2P + 2VP - Vh + PV?h
+P|Vh|*> —= P, — Phy + Q; — 2R, + 2V?R = 0, (3.5)

where P, Q and R are expressed in egs. (3.2) and (3.3).
Since in deriving the evolution equation, h is assumed to
be O(1), the evolution equation (3.5) is strongly nonlin-
ear. Meanwhile, if the wave number and the growth rate
of the interfacial disturbance and asymptotically small,
and terms V2c and ¢; in (2.2) in turn are small, then the
governing equation (2.2) is dominated by c.. and c, and
the choice of the approximate solution (3.1) is straight-
forward.

Equation (3.5) is in fact very complicated and contains
very highly nonlinear terms, but if linear and weakly non-
linear instabilities are concerned, this equation can be
re-expressed in a simpler one which contains only linear
and weakly nonlinear terms up to third order. In doing
this, let’s express P, @ and R by the following forms:

P(z,y,t) = 1+ M~'h— VK + STV - (Vh|VAP) + O(h),

Q(z,y,t) = —h¢ — k(M *h — I'V?h) + (1 — k)(M~'h — I'V?h)h,
~(=1+ M 'h -~ IP'V?h + M~Y)|Vh|? + ['V(V?h) - Vh

—%kFV (VRIVA) + [he + k(M~'h — PV2R)]|VA[ + O(h%),

1
R(z,y,t) = E{M_lh: ~I'V%h + 1-M

NWV2h 4+ I'V4h

+k(M~'h — I'V?h) — h + [he — (1 — k)(M~'h — I'V?h)]V?h
+|Vh|} — (1 — 2k)[M~Y|Vh|? — T'V(V?h) - VA

+ (ﬁ - vﬁ) [%rv : (Vh|Vh|2)] + (he — V?h)

ot

X[(1 = k)(M~*h — I'V?h)hy + (1 = M~1)|Vh|? + T'V(V?h) - V)

—2V[(1 = k)(M~*h — I'V2h)hy + (1 — M~ Y)|Vh|?> + I'V(V?R) - Vh] - Vh
+|VRIA[(1 = M~ Yhe + I'V?hy — (1 = M~Y)V2h — I'V4h)

+%kFV : (Vh}VhP)} + O(h%), (3.6)

then the evolution equation (3.5) is reduced to the following one:
het + (M~ hey — DV?hyy) — 2(M~1V2hy — I'V*hy)
+(1+2k)(M ™~ hy — I'V?h) — (1 + 2k)(M V2R — T'V*h)
+k(M~'h — I'V2h) + (M~'V*h — I'V®h) + V2h — Vih
=M~V - (hVh) — I'V - (V2hVh) — k(M 'h — 'V?h)h,
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e (% - vz) {1 - k)(M~'h — I'V?h)h, + (1 — 2kM~1)|VhA|?

+2kI'V(V2h) - Vh+ hi + (1 — k)V2h(M~'h — I'V?h) — b, V?h — |VA|?}

—%krv - (Vh|Vh|?)

+ (% - v?) {—é(l +2k)I'V - (VA|VA[*) + (k — 1)(M~*h — I'V?h)|Vh|?

+he V[ — (% - v?) (%rv : (Vh|Vh|2)) — (he — V2h)

x[(1 = k)(M~'h — I'V?h)he + (1 — M~")|Vh|* + T'V(V?h) - Vh]

+2V[(1 = k)(M~'h — I'V2h)hy 4+ (1 — M~Y)|Vh|? + I'V(V2h) - VA] - VR

~(1 = M~Y)|Vh|?*(hy — V?h) — [|VA[*(V?h, — V‘*h)} + O(h%). (3.7)

This equation can describe the interfacial behaviors up
to third-order nonlinearity in all the distinguished long-
wave limits. Examples of the reduction of this equation
to all the long-wave evolution equations mentioned be-
fore,14"16) are the same as those shown in the previous
work of Hsieh and Hwang.'”)

§4. The Amplitude Equations

The evolution equation (3.7) describes the dynamics

of the interface position h(z,y,t). The basic solution of
it is obviously the planar interface, i.e., h = hg = 0. It
is the stability of this equation to a particular class of
perturbations with which we are concerned in the Segel-
Stuart method.?2) We assume that, to third order terms
in the amplitude functions A;(t), Aa(t), and As(t), the
interface satisfies the equation

h(z,y,t) = {A1 + aAz A3 + bAZA; + dA;(|A2)% + |A3[*)} exp(in; - 7)
+{A2 + aA3A; + bAZ Az + dA2(|As|* + |A1)?)} exp(ius - 7)
+{A3 + ad1 Ay + bAT A3 + dAs(|A1|* + | A2[*)} explius - 7)
+f{A1 Az exp(ifuy — up] - 7) + A Az exp(ifug — ug] - 7) +
AgA; exp(ifug — 4] - 7)}
+e{A? exp(2iu, - r) + A% exp(2iu, - r) + A2 exp(2iug - r)}

1
50 (A1 + Azl + 145 )}

+c.c.

where c.c. represents complex conjugate, A; is the com-
plex conjugate of A;(i = 1,2,3), u; = w(1,0), us =
w(=1/2,v3/2), uz = w(-1/2,-v3/2), and 7 = (z,).
It should be noted that the amplitudes A;’s generally de-
pend on both spatial and temporal variables. But if the
effect of phase-diffusion is ignored, A;’s can be assumed
to depend on the temporal variable only. We now ex-
amine (4.1) and conclude that the amplitude functions
Ay(t), Aa(t), and Az(t) satisfy the following amplitude
equations to third order

dA;/dt = 0 Ay —BAy A3 —B1 A2 A1 — B Ay (| Aa|?+|As)?),
dAz/dt = 0 Ay—BA3 Ay —B1 A5 Ar— B2 Ax (| As* +] A1 %),
dAs/dt = 0'A3—,3..311;2{2—-ﬁlAgﬁg—,62A3(1A1l2+|A2|2),

(4.2)

where ¢ is the growth rate of linear theory, and 3, (1,
and [3,, are solvability constants to be determined. The

(4.1)

evolutions of A;’s then are ensured by (4.2) if o, 3, b1,
and (2 can be determined. The following procedure of
the present analysis begins with the determination of o,
B, B1, and [, then in the next section the steady-state
solutions of A;’s will be evaluated and the local stabil-
ity analysis to these solutions is undertaken to decide
whether they are stable or not.

To do this, we simply substitute (4.1), together with
(4.2), into the evolution equation (3.7), then compare the
amplitude in every independent periodic mode. Thus, at
the first order of A;’s, we obtain the dispersion relation
which is expressed by

(14+ M~ + I'w?)e? + (M~ 4 Tw?)(1 + 2k + 2w?)o
+(M™! 4+ Fw?)(w? + w? + k(1 + 20?)) —w?® —w* = 0.
(4.3)

It is easy to show that the exchange of stability holds, so
with ¢ = 0, one has
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w? +wt + k(l + 2w?)

For given I" and k, M ™' varies with w and has some

extreme value. The critical value of w? is defined as the

one corresponding to the extreme value of M~ 1 and is

denoted by w?. Thus , with dM~!/dw? = 0, one finds
k(1+ 2wc + 2w? )

o w2 + wd + k(1 + 2w2)]2° (45)

With (4.5), the critical value of M can in turn be deter-
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Fig. 2. (a) Neutral stability curves predicted by the various

model in the (a, M) plane for k = 0.2 and I" = 3.8. (b). Neutral
stability curves predicted by the various model in the (a, M)
plane for k = 0.56 and I = 0.2832. (c). Neutral stability curves
predicted by the various model in the (a, M) plane for k = 0.47
and I' = 0.02.

mined by (4.4). Figures 2(a), 2(b) and 2(c) display the
neutral stability curve in the (a, M) plane for different
values of k and I". The planar interface is unstable above
each curve. It is found that the linear results predicted
by the present model are more close to the exact one
than those predected by the other two model of Hsieh
and Hwang,!”-2)) Furthermore, the present model pro-
vides very accurate result of the critical condition.

When going forward to the second order of A;’s, one
finds

e=e(c —0)
—2w (M~} 4 T'w?) + 8kI'w® — 4(1 — 2kM 1 )w® + 4(k — (M~ + IHNw?)w?
: (4.6)
(M~ + 4T'w?)[4(1 + 2k)w? + k + 16w1] — 4w? — 16w*
f= e ~0)
—3w2(M~1 + T'w?) + 6kIw® — 3(1 — 2kM " )w! +6(k — 1)(M ' + sz)w
(4.7)
(M 1+ 3lw?)[3(1 + 2k)w? + k + Qw“] 3w? — Jut
g=g(c = 0)= (4.8)

and
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where
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B —oa=r(a),

. WM™ 4 Iw?) + 204 (M~ + Tw?) — w!
31+ M1+ I'w?)o + (M1 + T'w?)(1 + 2k + 2w?)
—20% + [-(1 — k) + (M~ + Iw?) — w?)o?
31+ M-+ Tw?)o+ (M~ + I'w?)(1+ 2k + 2w?)
k(M + I'w?) +2(1 + k) (M ! + INw?)w? — 2w? — wlo
31+ M1+ Tw?)o+ (M~ + I'w?)(1 + 2k + 2w?)

(o)

+

According to the analysis of Sriranganathan et al.,!®) we should take

and

w? (M~ 4+ I'w?) + 2w (M~ + I'w?) — w*
(M~1+ I'w?)(1 + 2k + 2w?) ’

8= limr(0) =

iy Br0) __dr(0)
o—=0 o do

Finally, as going further to the third order of A;’s, one will arrive at

and

,61 s 20'b - T]({'f),

B2 — 20d = r2(0).

Thus, similar to the determination of 3, we obtain 8; and 3, by letting o approach zero and have

B

=ri(c — 0)

- {(M—l —2lw?)w?e + M~ w?g — 4(1 — 2kM ~)we + 20kI'wbe
—(k = DM 1wlg — 5(k — 1)M 'we —8(k — 1)Iwbe — gkm“
%{1 +2k)Fw® + (1 — k)(M ™! 4+ Fw?)w?* - gl’ws +6(1—M1)ub
—GFwS}/[(M‘l + Fw?)(1 + 2k + 2w?)],

=ra(c — 0)

= {(M“ + IFw?)w?a+ M2 (f +9) — 12k — M~ YW (3f + a) + 2kI'wb(6f + a)

—(k=1)M'wg — 4(k — )M 'w*(f + a) — 6(k — 1)Tw®(f + a) — gkfw“

_3
2

—6Iw® + (1+ M~ +Tw?)B? — (14 2k + 20 (M~ + I'w?)Ba

~k(M™* + Tw®)B+ (1 = k) (M~ + Tw®)w?B + (1 — 2kM~")w?B — 2kIw?p

(14 2k)Tw® + 2(1 — k)(M~" + [w?)w* — %ms +6(1— M~1)u®

+2(k — 1) (M~ + Fuz)w2ﬁ}/[(M_l + Tw?)(1 + 2k + 2w2)].
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(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

1 1
§5. The Steady-State-Solutions and Their Sta- dA/dt=0A - gﬁBz - Zﬁ1A3

bilities

As mentioned in the introduction, both of the two-

~ §42AB? = F(A, B),

dimension band-like cell and the hexagonal cellular pat- dB/dt = 0B — 1 BAB — 1 B,A%B
tern can be observed in the directional solidification. 2 4

For the analysis of regular patterns, we can assume - 11_6( By + 2)B® = G(A, B).
A1 :Al :A/ZandAzzAngg =A3=B/4,

then the amplitude equations in (4.2) will reduce to

(5.1)

7

In particular the equilibrium points (Ag, Bp) of
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(5.1), which are those points such that F(Ap, By) =
G(Ag, Bp) = 0, can be catalogued as follows:2?)
ay: Ag = By =) ]
az: Ag =x24/a /B8, By =0;

ag-y: Ap =[-8 % /3% + 4o (B + 252)]
/(81 + 282),
By = 2Ag;
ag-g: Ao = [ £ /5 + do(5) + 25,)] }
/(81 + 282),
By = —2Ap;

(s Aﬂ = _Eﬁf{.ﬁﬂ - El}!

By = x4\/|o — §251(B2 — B1) 2]/ (61 + B2). )
(5.2)

The equilibrium points of a; correspond to a planar
interface while the equilibrium solutions of s represent
equivalent observable two-dimensional band-like struc-
tures. The equilibrium points of a3—; and a3—s vield
equivalent observable hexagonal morphologies of inter-
face. Since the stability analysis to the solutions of a3
and ay_, will depend on Bj and thus will reveal iden-
tical result, we will only discuss the steady-state solu-
tions of az_;. For alloys having k < 1, hexagonal struc-
tures with Ay > 0 correspond to cells with dome-shaped
centers projecting into the liquid and higher solute con-
erntrations at the boundaries while those with Ay < 0
correspond to a close-packed arrangement of nodes or cir-
cular depressions of solute rich liquid into the solid; see
e.g. (2.3b). The points oy represent cells bounded by
some closed non-hexagonal contour, which are not what
we are concerned with, So we will cancel the discussion
of these points in later analysis. In the meantime, for
convenience of investigation on these equilibrium points,
later in the next section, we will use superscript (1) to
denote the “+" solution and (2), the “~" solution.

To study the local stability of these steady-state solu-
tions, we assume solutions of (5.1) be in the form

A(t) = Ag + eX exp(pt) + O(e?),
B(t) = By + €Y exp(pt) + O(€*),

(5.3a)
(5.3b)

where |e| < 1. A somewhat limited nature of following
stability analysis should be mentioned here because no
spatial dependence is performed in eqs. (5.2). Aside this,
anyway, the analysis that is about to be undertaken is
useful for the present situation. Substituting these solu-
tions into (5.1), neglecting terms of O(¢?), and canceling
the common factor eexp(pt), one will obtain two linear
homogeneous equations in the constants X and V. To
ensure the existence of X and Y, we should require that

p satisfies:
P +ppt+q=0, (5.4)

where
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1 1
p= 20+ 3040+ 7381 + Ba) A} + (361 + 56 B,
(5.5a)

3 1 1 1
qg= (ﬁ - Eﬁlﬁ-ﬁ - 5.3235) |:ﬂ" - Eﬁﬁn - Eﬂzﬂg

3 1
-0 + ﬁﬂﬂ.ﬁ] — g Bi(B+ B2 Ao)”. (5.5b)
The equilibrium point {Ap, By) is said to be locally stable
if the real part of p is negative, thus the criterion for
deciding whether (Ag, Bg) is stable is simply

p>0 and g=0. (5.6)

It should be mentioned here that, in what follows, typical
weakly nonlinear theory suggests we should consider the
condition that is only slightly exceeded the critical con-
dition, in other words, all the constants such as 3, 3,
A2, f and e should be chosen according to the critical
condition. Furthermore, we choose M as the bifurcation
parameter and define

M~ =M"—p,

where p should better be O(z). If we do so, then from
the dispersion relation (4.3), we will arrive at

(M4 D)1+ 2k + 2w?)
T W Wt k(1 + 2w2)

§6. Results and Discussion

In this section, we shall respectively study the sta-
bilities of the equilibrium points of o, ag, and ag_;.
The corresponding bifurcation structures of the two-
dimensional band-like cell and the three-dimensional
hexagonal solution will also be shown.

We first note that for equilibrium point oy

(5.7)

o + O(g?).

(5.8)

p=-2¢ and gq=c° (6.1)

Hence the planar interface is locally stable provided o <
0. For equilibrinm point oo, we rearrange the relation
(5.4) and show

p= 340[(8: + B2) Ao +26]

9= 56143126 (81 — 2) Ao}

For equilibrium point as_;, we have

(6.2)

p= %An{(ﬂﬁz + 32) Ao — 8]

g = 381061 +282) Ao — Bl[(5s — 2) Ao — 26). (63)

After detail examination on (6.2) and (6.3), we find
that stabilities of equilibrium points «; and as_, are
determined by whether 8y, 8y + 82, 61 + 2082, and 6, — B2
are positive or not. Noting that in most of the applicable
parameter range of evolution equation (3.7), 8 > 0, we
thus consider the following possibilities.

(1) B2 < B < 0: We find that both two-dimensional cell
Aé” and A'[f] are unstable, and three-dimensional
structures Af' and A" are unstable, as well. The




1996)

—_ 3
- = —"_8o
- l-‘:'.uons
~Ndy ~
H“'Efaf?.s \
\
\ —
\i / Bi +282
———————— -—
- T~ o
'._// J o=0
—_— /
Ve
-~
-~
-
-

Fig. 3. Bifurcation diagrams for 2 < ; < 0. Solid lines repre-
sent the stable solution while dashed lines denote the unstable
solution.
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Fig. 4. Bifurcation diagrams for f: < 0 < 5, and Gy + B2 < 0.
Solid lines represent the stable solution while dashed lines denote
the unstable solution.
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Fig. 5. Bifurcation diagrams for 2 < 0 < £, f1 + B2 > 0, and
B1 + 282 < 0. Solid lines represent the stable solution while
dashed lines denote the unstable solution.

associated bifurcation diagram is shown in Fig. 3.

(2) B2 <0 < By, and By + B2 < 0: We find that the two-
dimensional cell A" is stable if A\ < —28/(8; +
B2) while both the three-dimensional solutions A((,”
and Aéz) are unstable. The associated bifurcation
diagram is shown in Fig. 4.

(3) B2 <0< By, Br+P2>0,and By +26, <0: We
conclude that the two-dimensional cell A((]I) is stable
if A((}I) < 28/(B1 — B2), and the three-dimensional
A is stable if 28/(8 — B2) < A < —B/(By +
2065). The associated bifurcation diagram is shown
in Fig. 5.
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Fig. 6. Bifurcation diagrams for 81 > 0, 81 > (2, and 5; + 262 >
0. Solid lines represent the stable solution while dashed lines
denote the unstable solution.

Fig. 7. Bifurcation diagrams for 0 < 8; < 2. Solid lines repre-
sent the stable solution while dashed lines denote the unstable
solution.

(4) B1 > 0, 1 > B2, and By + 26, > 0: We find
that two-dimensional cell Aén is stable if Aél) <
268/(B1 — B2) or from (5.2) 0 < o < oy, where
o1 = B%26:1/(B1 — B2)?, and the three-dimensional
A{(f) is locally stable. The associated bifurcation di-
agram is shown in Fig. 6.

(8) 0 < B; < B2: We observe that the two-dimensional
cell A is stable and AS? is stable only if AP >
28/(B1 — B2) or 0 < o < 09, where o =
%(261 + B2)/ (81— B2)2. The associated bifurcation
diagram is shown in Fig. 7.

In summary, in our prediction, two-dimensional cells
can be found only in area (5), where 0 < 8; < 3, when
¢ > o1, while three-dimensional nodes can be found in
area (4), where 8; >0 > 3 and 8, + 208> > 0, when o >
0 or in area (5) when 0 < o < 02. Note that in the above
discussion, the equilibrium amplitude should be small to
assure the amplitude equation (5.1) to be converge. So,
in the limit that Riley and Davis'® considered, only the
three-dimensional Aél) near o = 0 had been analyzed by
them, while in the limit near absolute stability the result
is identical to that obtained by Brattkus and Davis.!®)

In Figs. 8 and 9, the marginal stability curves and the
curves representing ¢ = o; and o = oy for alloys Al-
Zn (k = 0.47) and Al-Mn (k = 0.79) are shown in the
M~L.T plane, respectively. On each marginal stability
curve of Figures 8 and 9, we have marked the special
points which represent from left to right, 8; — B2 = 0
B1+262,=0, 81+ P2 =0, and B = 0, respectively, and
divide the curve into five portions. Thus if the parameter



2120

0.30 o

] 3 —— - GOS0y
— o=0
a=ay 0

] .“._ TE Y g:-;gﬁ::ﬂ |
1 ; sasss § 4fix=0

020 4
1 N
-t N

=1 o "
i 5
M \

{ 3

oo -1' \

Y
L]

1 \
] N
1 v

T e e———— S e - EREARRESEsasnswRassy

0.00 0.20 0.40 060 0.80 1.00
I'
Fig. & The marginal stability curve and the curves of ¢ = &,

o = o3 for alloy Al-Zn, k = 0.47.

0.30 = ————————
i 5
4 R . F=ey
4 L a=0
1 ]
9 [TTET] ﬁl—_ﬁ*=ﬂn
1 sevat F4+28.=0
: reees Bigito
020 4 soasa @§,=0
=1 <
M 1
010 H 1
- [
= Il' I
4 |I
] i ;b H )
0.00 —FrrerrrrrrrrrrreTTT
0.00 0.20 0.40 D.e0 0.80 V.00

Fig. 9. The marginal stability curve and the curves of &# = oy,
o = gy for alloy Al-Mn, k& = 0.79.

Table [. Physical constants of Al-Zn and Al-Mn alloys. Note G =
2GL /(14 n) and n = kg ki, where G is the real temperature
gradient in the melt.

Parameter Al-Zn Al-Mn Units
k 0.47 0.79
Cao 0.5 0.1 wit%
m —0.55 —1.65 Kfwt%
{Tary/L) = 107 1.2 1.2 Km
Do 1 2.6 2.1 m? /s
kr, 95 a5 JfsKm
kg 210 210 JfaKm

M is chosen as the bifurcating parameter, then the area
left to the mark of 3 — B2 = 0 is area (5), the area
between the marks of 5 — G = 0 and G + 2062 =0 is
area (4), the area between the marks of #; +28 = 0 and
& + #2 = 0 is area (3), the area between the marks of
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Fig. 10. Part of area (5) for Al-Zn alloy. The experiment results
are obtained from Takahashi ef al.** under the conditions shown
in Table I.
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Fig. 11. Part of area (5) for Al-Mn alloy. The experiment results

are obtained from Takahashi et al.® under the conditions shown
in Table [.

1+ fa=0and 5 =0 is area (2), and the area right to
the mark of 3 = 0 is area (1). Since almost the binary
alloys under normal freezing rate possess very small I,
morphologies of such alloys can be found almost only in
area (5). So, in Figs. 10 and 11, we have enlarged the
areas (5) of alloys Al-Zn and Al-Mn. Some morphologies
observed by Takahashi et al.?* are also marked on these
figures to show the validity of our theory.

§7. Conclusion

In this article, we have modified the evolution equa-
tion that Hsieh and Hwang recently have obtained'”) and
have derived a new strongly nonlinear evolution equation
by using the method of integral approximation. The
approximate form of the interfacial amplitude adopted
here is from the long-wave result deduced in a previous
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work of Hsieh and Hwang,?!) so the present evolution
equation has connected all the long-wave equations de-
rived by Sivashinsky,!4) by Brattkus and Davis,’) and by
Riley and Davis.!®)

Three-dimensional analysis to the newly-derived evo-
lution has been undertaken. The possible equilibrium
solutions and their stability analyses are also demon-
strated. As compared to the exact results, the transition
points are extremely accurately evaluated, except in the
case of small-I" and M = 1, which in other words cor-
responds to large wave number. Some morphologies of
alloys Al-Zn and Al-Mn observed by Takahashi et al. are
also shown in Figs. 10 and 11 to prove the validity of our
theory.

The present evolution equation is very complex and
contains many high-order nonlinear terms which are
higher than cubic nonlinearity. Although in this work we
have only undertaken the weakly nonlinear analysis, the
possibility that this equation can contribute to analyze
strongly nonlinear instabilities, at least, by a numerical
simulation, should be emphasized.
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