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Abstract—The inverse dynamics problem aimed at determining the driving forces that produce a specific
motion is presented. It is necessary to know the velocities and accelerations to be able to estimate the
inertia forces which provide the basis to calculate the required actuating forces. A constrained multibody
technique is employed to calculate the position, velocity and acceleration of the toggle mechanism. For
the multibody dynamic analysis, Hamilton's principle and Lagrange multiplier method are applied to
formulate the equations of motion. By using geometric relationships the differential-algebraic equations
can be reduced to pure differential equations form and Runge—Kutta numerical method is used to perform
numerical simulations. The results of kinematic and dynamic analysis are presented and compared for
the four-point type and the five-point toggle mechanisms. © 1997 Elsevier Science Ltd. All rights reserved.

NOTATION

As, Ac the acceleration vectors of sliders B and C,
respectively

f the offset between link | and slider 4

h the distance between sliders B and C

he, he the position vectors of sliders B and C,
respectively

I, the mass moments of inertia of link 7

my, my, ms  the mass of link 2, 3 and 5, respectively

msg, Mc the mass of sliders B and C, respectively

Py, Pc the applied forces acting on the sliders B and
C, respectively

n,r, the three-side lengths of link 2

ry, s the lengths of links 3 and 5, respectively

T, the total kinetic energy

Ve, Ve the velocity vectors of sliders B and C,
respectively

Xa, Xc¢ the positions of sliders B and C in x axis,
respectively

@y, O the constraint vectors of sliders B and C,

respectively
0 the generalized coordinates vector

6., 0, 65 the angular positions of links 2, 3 and 5,
respectively

g, 6y, 05 the angular velocities of links 2, 3 and 5,
respectively

0, 0., the angular accelerations of links 2, 3 and S,
respectively

¢ the angle between links 3 and 4

INTRODUCTION

Multibody dynamics has grown in the past decade to
be an important tool in the design and simulation of
complex mechanical systems. Multibody systems
consist of collections of rigid bodies that are

constrained to move relatively to one another by
kinematic connections between bodies. Toggle mech-
anism is an application of slider-crank mechanism, it
is widely used in various types of mechanisms. This
mechanism has many applications where it is
necessary to overcome a large resistance force with a
small driving force, ¢.g. clutches, rock crushers, truck
tailgates, vacuum circuit breakers, pneumatic rivet-
ers, punching machines, forging machines, injection
molding machines, etc.

Another important feature of the toggle mechan-
isim is its ability to produce high values of force at the
slider with relatively low torque input. Mostofi [1]
investigated particular attention to: (i) the collapse of
the toggle in the presence of Coulomb friction; and
(i) the effect of a varying periodic force on the
mechanism with damped elastic coupling. Beer and
Johnston (2] applied the principle of virtual work to
analyze the toggle vise. Burton [3] considered the
toggle mechanism with hinge friction. In most cases,
mechanisms made up of more than four links may be
broken down into simple basic linkages and solved in
a straightforward manner. The traditional toggle
mechanism is a combination of two basic linkages, a
four-bar mechanism and a slider-crank mechanism.
The kinematic analysis of the entire toggle mechan-
ism is performed by considering the two basic
linkages separately (Wilson and Sadler [4] and
Martin [5]). Blajer (6] addressed two main issues: how
to model the dynamics of a system with non-ideal
constraints, and how to solve the resulting governing
equations. Blejwas [7] applied the Lagrange multi-
plier method to solve a slider-crank mechanism.
Chang and Nikravesh [8] applied the constraint
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violation stabilization method to
analysis of mechanical systems.

In the Lagrange multiplicr method for dynamic
analysis, the motion of ecach link is represented in
terms of its own rigid-body generalized coordinates.
The links of toggle mechanism are treated as coupled
to each other except for the application of interaction
forces which enforce the constraint conditions
between the links. Rather than eliminating the
multipliers and obtaining coupled system coordi-
nates, the Lagrange multipliers are solved in time as
part of a numerical technique. The multipliers are
applied in turn to the individual links and the
simulation proceeds to the next point in time using
numerical integration.

In this paper, a new toggle mechanism, shown in
Fig. 1, 1s designed by the combination of two
slider-crank mechanisms. The cycloidal motion is
considered as the trajectory of slider B. The
corresponding position, velocity and acceleration in
the given stroke (230 mm) of slider B are to be studied
by an analytical method. Equations specifying the
positions of the various links in the toggle mechanism
can be written using trigonometry, and the velocity
and acceleration equations can be derived by
differentiation of the position equations. The
dynamic motion is derived by the Hamilton’s
principle and Lagrange multiplier method as
differential-algebraic equations. The inverse dynam-
ics is applied for deriving the input force of slider C.
The coordinate partitioning theorem is applied here
to provide a theoretical reduction of differential-alge-
braic equations to differential equation form.
Therefore, we obtain the valid existence and
uniqueness  results  for  differential-algebraic
equations of motion for the constrained systems.

the dynamic

Kinematic analysis

The physical model is shown in Fig. 1, where links
I, 2, 3 and slider B comprise a slider-crank
mechanism with an offset f. If the external force

exerts on the slider C, then links 5, 2 and 3 are driven
and the output force- at slider B rises. The height
between the two horizontal g.uidcs where sliders B
and C move along is defioted as A. It is convenient
to call Fig. 1 a five-point toggle mechanism for r, # 0,
and a four-point toggle mechanism for r, = 0, ry = r,
and ¢ = 0.

Degree of freedom

The degree of freedom (DOF) of the toggle
mechanism can be found from the Gruebler's
equation:

DOF=3L-1)-2J (n

and taking L = 6 and J = 7, we obtain the DOF of
the system is one.

This toggle mechanism consists of an assembly of
links, each of whose motion is constrained by the
contact with other links. Links 1, 2, 3 and slider 4
comprise a slider-crank mechanism and links 1, 2, 5
and slider 6 also comprise another one. From the
geometry of Fig. 1, we can find relational equations
in the y direction as

rysin @, = f+ rysin(2n — 6,) (2)
rs sin ﬂs+ra bln(0|+¢'}=h+f (3)

It can also be presented as two independent
holomonic constraint equations as follows

B risin @, + rysin@, — f =
= [rs sin @5 + resin(@, + ¢) — h —f] R

where 0 is the vector of three generalized coordinates,
05, 6, and 6,. Thus, it can be ensured that the DOF
of this system is one. A crucial ingredient in

Fig. 1. Physical model of the five-point type toggle mechanism.
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formulating well-posed dynamics is to assure that the
constraint Jacobian

_[ee.0)
iy = [“39_]

ry cos 8,

rscos(0, + ¢s)] ©)

_ 0 ry COS 82
| rscos s 0

has full row rank (i.e. the constraints are indepen-
dent).

The kinematic velocity and acceleration equations
are obtained by taking the first and second time
derivatives of eqn (4), respectively, as

@0 =0 (6)
Dl = —(Pe0)ll =y (7)

where

@0 - rycos 0,0, + r, cos 6,0,
"7 | rscos 8565 + r. cos(8, + ¢)0,

Sl = rysin 6,02 + r, sin 0,07
77 | rysin 6562 + rosin(@, + $)6 |

The first row of eqns (6) and (7) may be solved
theoretically for the angular velocity and acceleration
of the connecting rod, link 2, as

6, = rycos B,
L e T

rycos 6, @)
. L 6} sin 0, + r,0? sin 02
g! a- ry COs 9: (9)

Similarly, the second row of eqns (6) and (7) may
be solved theoretically for the angular velocity and
acceleration of another connecting rod, link S, as

g, = _TscosO +¢) 4 (10)

rs cos O

b- 9,9 rs0? sin 65 + r.0 sin(8, + ¢)
=4 1+ rscos 0s

(11)

where ¢ can be found by using the cosine theorem as

2 2
¢ =cos“(r'—%#)- (12)

The position vector of B can be expressed in the
exponential form:

hg =n Ca' +r Cd’.

(13)

Using eqn (2) and expanding eqn (13) in terms of
trigonometry, we obtain

Xg=1r,Cos 9|+[f'§'—(f‘— n sin 9|}2]”2 (14)
0, =sin-=[”"§’+’E “’"’2]-9: (15)
2?]\/x5 +ﬁ

where x; is the real part of hg and

67 = sin~ ‘[—-——xs—=].
NEEY

By substituting eqn (15) into eqns (2) and (3),
respectively, we can obtain

0, =2n — Sin"[iﬂ%_—f] (16)
6, = sin"l:h <F e “:inwl + ¢):|- (17
5

Then, the position vector of C can be found as
follows:

he = ree®*® 4 roe?s (18)
and the real part of he is
Xc = rycos(@, + @) + rscos s. (19)

If the position x5 of slider B is given, then 6, and
0; can be obtained from eqns (15) and (17),
respectively. Sequentially, the position of slider C is
obtained by substituting 6, and 6; into eqn (19).

For the analysis of velocity, we differentiate
eqn (I13) with respect to time and obtain the
expression for the velocity of slider B as

Vn = fr.é. e + J'F_\G;J Cﬂ’. (20)
Substituting eqn (8) into eqn (20), we can obtain

_ Vi
" ny[cos 0, tan 8, — sin 6,)

(21)

where Vj is the real part of the velocity vector at slider
B. Substituting eqns (15), (17) and (21) into eqn (10)
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gives the value of 6, then the velocity V= of slider C
in the x direction is

Ve = Re(V¢)
= Re(fng. e'®r+9 4 es)
= —rbsin(0, + ¢) — rbysin6;.  (22)

The linear acceleration of slider B is obtained by
taking twice differentiation of eqn (13) with respect
to time as

Ag = (-Gf + fg.l)fl e + (_622 o igl)r-‘ i (23)

Substituting eqn (9) into eqn (23), we have

— 8

gl = hfj. Sin 8] + r;ﬂz Sln 92

x {Aj + ! cos 0, + r,6: cos 6,

+ [r67 sin 0, + r,63 sin 6,)tan 6,} (24)
where A is the real part of acceleration vector at
slider B. Substitution of §, into eqn (11) gives the
value of s, then the acceleration A% of slider C in the
x direction is obtained as

AL = Re(Ac) = Re[(— 0] + il)roet®+
+(— 6‘5 -+ :‘9}):/; C'a’j
= —r0} cos(6, + ¢) + 0, sin(6, + ¢))

— rs(02 cos 05 + 05 sin 0y). (25)

Dynamic analysis

In this toggle mechanism, it is difficult to get the
direct solutions. Therefore we apply the multibody
dynamics method to the system.

First, we use energy method to find out the
dynamic motion equation. The total kinetic energy of
the system is

T.=T:+ T+ Ts+ Ts+ Tc.

Let Ty, T, Ts, Ty and T represent the kinetic energies
of links 2, 3, 5 and sliders B and C, respectively,

T, = 3(146}) (26)
T, = %U!co‘g; + m!-fgca + m!}.’szcc) (2?)
Ts = %Usccgg + msigca =t ms}.'gcs) (28)

(29)

- N 50
} ?g = MpXpg
Te = imext

(30)

where

1 2
e = U LE

we | 2
fice = 1asrs

3 s r :
Xyce = —ftgl sin 6, — *2'16: sin 0,

R r
Vice = — —23 0, cos 6,

Xsco = —rdby sin(0, + @) — ffo‘, sin 0,

).’sn: = - % 0, cos 95
Xg = — ngl sin 01 — fJG; sin 9;
Xc = —rby sin(0, + ¢) — ri0s sin 0,

can be found from the geometry of Fig. 1 and ¢ can
be found from eqn (12).

The virtual work, denoted by é W, of the applied
forces, Py and Pc, acting on the sliders B and € with
the virtual displacements dx; and dxc, respectively, is
obtained as

oW = Pgdxg + Pcoxec. (31
Rewriting the eqn (31) in terms of the generalized
coordinates @,

SWA =-— 307QA (32)

where

Pcrj sin 95
Pnl‘g Sil'l 81

Q* = 5
Psrisin 6, + Perosin(6, + )

The generalized constraint reaction forces can be
obtained in terms of Lagrange multipliers as
Q€ = — @ ), where @, can be found from eqn (5).
Thus, the virtual work due to all constraint reaction
forces is

SWE = —66"Q°. (33)
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The most general form of Hamilton's principle is

(T, + WA + W) di

Jiy

= K QE ié?‘, A c o7, n
=] ‘53{39 ~Si5g — =0 }dwgaam,,

o

(34)

The varied path coincides with the true path at the
two end points f, and . It follows that
66(1,) = 60(1;) = 0. The variational equations of
eqn (34) must hold for all 6. Thus the equation of
motion for the toggle mechanism is

MO + N, 0) + @74 = Q* (35)
where the elements of the matrices M and N are
detailed in Appendix A.

In addition to these equations, the constraint
conditions including the position, velocity and
acceleration equations in eqns (4), (6) and (7) must
hold. Equation (35) and (7) may be written in matrix

form as
M & d
d, 0 || 4

This is a system of differential-algebraic equations.
Since no derivative of the Lagrange multiplier 4
appears, the algebraic constraint equations of eqn (4)
must be satisfied. Initial conditions for system motion
are given as

- [QA - :'(0’ 0)} (36)

0(0) = 6°

6(0) = 6° (37)
where 68° and 6° are consistent with constraints, that
is, 0° satisfies eqn (4) and 6° satisfies eqn (6).

INVERSE DYNAMIC EQUATIONS

The main role in the dynamic analysis is the
external force acting at slider C. The inverse dynamic
equation is derived from the forward dynamic
analysis. By using the inverse equation, the force
applied at slider C is obtained while a certain type of
motion at slider B is specified.

Equation (35) can be rewritten in three parts:

Abs + DO, + PO} + Q0} + Aars cos Os = Pcrs sin s

(38)
CAS 63/1—D

B0, + EO, + R + SO + Airy cos 0; = Pary sin 6,

(39)
DOs + Ef, + CO, + T6; + Ub; + V6;
+ Ay cos 8, + Ayry cos(6, + ¢)

= Pgrisin 0, + Pcrysin(0, + ¢). (40)

From eqns (38) and (39), we have

|

rs COS Bs

(Pcrs sin 65 — A8 — DO, — Pd; — Q6
(41)

=

o= ZEIE.};E [Pgry sin 0, — BO, — EO, — RO} — 567).
(42)

By substituting eqns (41) and (42) into eqn (40), we
obtain

1
big™ r{cos(8, + ¢)tan 05 — sin(d, + ¢)]

x {Pgri(sin 6, — cos 0, tan 6;) + [y, 4 — D)0;
+ (V2B — E)f, + (YD + Y, E — CW,

+ [P — 110! + [yR — U)6?

£ (1Q + S — V1Y) (43)
where
_ I C05(8| + ¢) _ r_lfr%
= rs cos O Ve =

ry cos 8;

and the elements (e.g. 4, B, C, . .., ) are described in
Appendix A.

The required input force can be calculated by
eqn (43) to achieve the desired motion of slider B. P,
is considered as the friction force, i.e.
Py = —pumyg sgn(Vs), where u is the coefficient of
friction and g is the gravitational acceleration. The
signum function is defined as follows:

—1 Vy<0
sgn(Vs) = 0 Vy=0
1 Vy>0.

REDUCED SYSTEM OF DIFFERENTIAL EQUATIONS OF
MOTION

The differential-algebraic equations of motion
derived above are summarized in matrix form as
egqn (36), and constraints are of the form in eqn (4).
Implicit methods have been employed to solve
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systems of equations of this form. However, it is
generally concluded that the combined system of
differential-algebraic equations is inherently stiff and
their direct solution is computationally expensive
(Gear, [9]; Wehage and Haug, [10]).

It is defined a partitioning of 6 = [u", v']" such that
@, is the submatrix of @, whose columns correspond
to elements u of 0 and @, is the submatrix of @, whose
columns correspond to elements v of §. Thus v may
be treated as a vector of independent variables and u
as a vector of dependent variables. Note that this is
just a computational implementation of the coordi-
nate partitioning theorem and @. must be nonsingu-
lar. The elements of the vectors u,v and matrices
@,, @, are detailed in the Appendix B.

The equations of motion of eqn (36) may be
reordered and partitioned, according to the de-
composition of ¢ into u and v, as

M*"u + MV + @] = (Q° — N (44a)
M™i + M™ + @] = (Q — N") (44b)
D+ PV =4 (44c)

where the mass matrices in the first two equations are
submatrices of M and the vector functions on the
right are portions of the vector Q and N. Similarly,
the velocity equation of eqn (6) can be written in
partitioned form as

@i+ D,¥ = 0. (45)

Since the coefficient matrix @, of G in eqn (45) is
nonsingular, the dependent velocity i may be written
as

u=—-P; PV (46)

which is a function only of v and v. Similarly, the
third of eqn (44) may be solved for i, to obtain

i=a.'[y— . (47)

which, after using eqn (46), may be written in terms
of only v, ¥ and ¥,

Since the coefficient matrix @] of 1 in the first of
eqns (44) is nonsingular, this equation may be solved
for 1 to obtain

A= (D.)[Q" — N* — M"v — M"ii] (48)

Substituting this result and eqn (47) into eqn (44b)
yields

M(v, ¥, )V = Q'(v, v, t) (49)

where

M' =M" — Mvu¢;|¢' - q}:r(mu—l)*;
x (M — M>®, '¢,]
Q=Q-N-—MP 'y - D] (P;")

% [Q- — N- _ M""tb;'y]

The result is a set of differential equations in only the
independent generalized coordinates v that are
counsistent with position and velocity constraints that
act on the system. All terms in eqn (6) are determined
as functions of v and v through the constraint
equations of eqn (4) and eqn (46). Solution of this
system yields the complete system state, including
Lagrange multipliers if constraint reaction forces are
desired. By using the Runge-Kutta method, eqn (49)
with initial conditions shown in eqn (44) determines
v and V. Equation (4) determines u, egn (46)
determines a, egn (47) determines @ and eqn (48)
determines A. Substituting these results into eqns (14),
(18), (19), (21), (22) and (24), the positions, velocities
and accelerations of sliders B and C are presented.

SIMULATION RESULTS AND DISCUSSIONS

Choosing the elements of toggle mechanism with
the following dimensions: r; = 145 mm, r, = 70 mm,
ri=190mm, r. =100 mm, rs=55mm, = 25mm
and A = 80 mm for the five-point type. For the case
of four-point toggle mechanism, we have
n=ry=145mm, r; = 0 and rs = 94.5 mm and keep
the other parameters be the same as those of the
five-point toggle mechanisms. The mass specifications
of the clements of toggle mechanism are as follows:
my = 25 kg, my = 30 kg, ms = 2.5 kg, ms = 80 kg and
mc = 5 kg. Note that in the four-point type, the mass
moments of inertia of link 2 becomes I, = {m,rl.

Since sliders B and C move along horizontal
guides, the wvelocity and acceleration in the y
direction should be zero. The following results
obtained are checked with Im(V¢) = Im(Ac¢) = 0 and
Im(Vg) = Im(Ag) = 0.

In Fig. 1, the toggle position occurs when link 2
and 3 are collinear. The stroke of slider B is
considered as 230 mm from its beginning position to
the toggle positions. Two seconds are required to
complete one stroke in such configuration. Since the
system has one degree of freedom, the desired
position at point B will correspond to one and only
one output position at point C. Figure 2 shows the
one-to-one position relationship between sliders B
and C. At slider C, the stroke of four-point type,

276.143 mm (from Xe= —139.328 mm to
xc = 136.815 mm), is greater than, the stroke of the
five-point  type, 199334 mm  (from xr=

—113.90d mm to xec= 85430mm). If we define



Inverse dynamics of a toggle mechanism - 97

350
=== Five-point type Lo d b
— Four-point type .~
L4
00— 'l
E
E 250
.
=
2
‘;.E 200+
o
a
150
1
10022Z_tcy | ] | !
-150 -100 -50 (1] 50 100 150

Position C (mm)

Fig. 2. One-to-one position relationship between B and C:
(——) four-point type; (—-) five-point type of toggle
mechanisms; where a = (—139.328, 104.066); b = (136.815,
334.066); ¢ = (—113.904, 104.066); d = (85.430, 334.066).

the stroke ratio as the ratio of the desired output
stroke at slider B to the required input stroke at slider
C, the stroke ratio, 230/276.143 = 0.833, of the
four-point type is less than 230/199.334 = 1.154 of
the five-point type. It means that in the same
performance of the stroke at slider B, the four-point
type needs longer stroke of slider C. Thus, from the
view point of saving machine base, the five-point type
is often applied in particle applications than the
four-point type.

The graph in Fig. 3 shows the applied force at
slider C where the friction coefficient u is assumed as
0 and 0.1, respectively. It is seen that the input force
at slider C of the five-point type is greater than the

1000

r“.\ —-=5, p=0.1
800l - ==a=5, u=0
Y e 4, u=0.1
\o
= 400 \
Z \
(& '~
a 200 - -""--..__‘_
g )’-,--'-‘:".:’“"‘";:. --------- . .h‘-'"ﬂ-
-200}
400
. 1 ] ]
6000 0.5 1.0 1.5 2.0
Time (sec)

Fig. 3. The external force at slider C for the cycloidal

motion: (——) four-point type with p=0; (- - - ) four-point

type with g = 0.1; (- -) five-point type with u =0; (---)
five-point type with u = 0.1,

035

0.30
E 025+
@
e
)
2 020
a

015+

' 0 0.5 1.0 1.5 2.0
Time (sec)

Fig. 4. Positions of slider B for the cycloidal motion: (——)

four-point type with g =0; (---) four-point type with

pu=0.1; (-~) five-point type with g = 0; (~+ - ) five-point
type with u = 0.1.

four-point type. It is obvious that if a certain type of
motion is given as desired motion, there is a unique
applied force by using the inverse dynamic equations.
On the other hand, if the same input force is applied
to the direct dynamic equations, the same motions
should be obtained. The position, velocity and
acceleration of slider B during the time of a stroke are
shown in Figs 4-6, respectively. It is seen that the
curves are almost the same for both types of toggle
mechanisms. When near the toggle positions
(time = 1.7-2s), the velocities and accelerations of
five-point type (with u = 0.1) from dynamic results
have some violation to the results of kinematic
analysis.

0.25

0.20-

0.10

Velocity B (m/scc)

0.05~

| 1 1
0 0.5 1.0 1.5 20

Time (sec)

Fig. 5. Velocities of slider 8 for the cycloidal motion: (——)

four-point type with p=0; (---) four-point type with

#=0.1; (-~ ) five-point type with g = 0; (- - -) five-point
type with u = 0.1,
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Acceleration B (m.fsz)

04 1 1 1
0 0.5 1.0 1.5 2.0

Time (sec)

Fig. 6. Accelerations of slider B for the cycloidal motion:

(-— —) four-point type with p=0; (---) four-point type

with u=0.1; (- -) five-point type with pu=0; (---)
five-point type with y = 0.1.

CONCLUSIONS

This paper presents the kinematics, forward and
inverse dynamics of the four-point type and the
five-point type toggle mechanism. In the kinematic
analysis, geometric relationships were used to
calculate the position, velocity and acceleration at
slider B of the desired cycloidal motions with respect
to time. By using the Hamilton’s principle and the
Lagrange multiplier method, the dynamic motion of
the mechanism was presented.

The one-to-one position relationship between B
and C holds for the system with one degree of
freedom. For the same stroke at slider B, the
corresponding stroke at slider C of the four-point
type is greater than that of the five-point type.
However, the stroke ratio of the four-point type is
less than that of the five-point one.

Inverse dynamics method provides a simple way to
generate the required force profile. The results of
using forward dynamics from the force profile are
compared to that of the kinematic analysis. Although
most of the results from dynamic analysis coincide
with the kinematic ones, there are still some
differences near the toggle position, especially in the
five-point type. To improve this phenomenon, some
feedback and tracking control techniques could be
applied to this system, (Yao and Cheng, [11); Kwon
and Book, (12]).
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APPENDIX A

The elements of matrices M and N are given by

A 0 D

M=|0 B E
D E C
P 0O Qj;

N={0 R S|
T U ) [03

A= _--é {(% ms + 2me sin’ 6,)r5}
B= - % {(;2 my + 2mg sin® (J;)ri’}

B -% {'1':—‘1‘ sin? ¢ + 2(mr + my)ri sin® 0,
+ 2(ms + mc)ri sin’(0, + ¢v}}

D= —% {(m, + 2me )rars sin(fy + ¢ )sin 6.}
E= —% {(my + 2mg)riry sin 0 sin 6,

P = —={2meri sin B cos Os)

1
2

T cirvs—
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Q = —3 {(ms + 2mc)rars cos(0, + B)sin 0s)

R= -—% {2myr; sin 0, cos 6;)

S= ~—-‘2- {(my + 2ms)rirs cos 6, sin 8}
T= -*% {(ms + 2mc)rers sin(0, + ¢)cos 0}
U= -% {(ms + 2ms)riry sin 0, cos 6;)

V= —% {2(m; + ms)ri sin 6, cos 6, + 2(ms + mc)ri

sin(6, + ¢)cos(0, + ¢)}.
For the four-point type, the entry C becomes
C= —-%{}m;rf + Z{m; + ﬂ‘m]f’; sin? 6,

+ 2(ms + me)risin®(f + ¢)}.

APPENDIX B

We chose v = [0], then u = [650,], and

[ ricos 0,
By | 74 cos(0, + ¢)]

B " 0 r,cosS;—‘
| s cos 0, 0

The determinant of @, = —r;rscos 6;cos 5. In the
full stroke, there is no such 6, and 6 that make the
determinant of @, = 0. Therefore this partitioning of
0 = [u”, v"]" is suitable.

Therefore
w_[4 0
we=[3 5]
. D
Mo - .E}
M"——ID E]
M = [C]
[P o o]l%
{0 R S é
03
N'=(T U V\é
0}

o« | Pcrssin 0s
Q - [Parj sin 92]
Qt — [P,srl Sin G] + P(‘fq Sin(el + ¢)]

where the elements (e.g. 4, B, C, ... ) are the same as
in Appendix A.



