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Abstract—The nonlinear dynamic process of Czochralski crystal growth with variable thermal properties
is studied by the perturbation method. After evaluating the order of magnitude of these thermal properties,
itis found that the temperature-dependent thermal conductivity is the dominant parameter in this problem.
Comparing the results with that of the constant thermal conductivity model, we find that at the initial
transient stage the difference between these models is insignificant, while the model difference is enlarged
gradually, and at the final steady stage the model difference is the largest. Moreover, during the process,
the higher the temperature difference between the crystal melting point and the surroundings is, the larger
is the model difference. Finally, to avoid the computational burden, in this article, an optimal constant
value of thermal conductivity is recommended. Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

Recently, Hwang er al. [1] have studied the nonlinear
dynamic process of Czochralski (CZ) crystal growth
with constant radius by the perturbation method and
found that for growth under constant bulk melt tem-
perature (pull rate), the pull rate (bulk melt tem-
perature) would increase with increasing ambient Biot
number for convective heat transfer from melt. Also,
it was shown that the pull rate must not exceed the
maximum value, otherwise the process will break
down if the melt could not be supercooled (cf. ref.
(1.

However, conclusions based on the theoretical
description of any physical process are strongly depen-
dent on a knowledge of the numerical values of the
various parameters appearing in the formalism.
Hence, it is imperative to critically survey the available
information concerning the parameters relevant to a
realistic modeling and analysis of CZ crystal growth
[2]. When temperature variations are large or the ther-
mal properties vary rapidly with temperature, a valid
description of the heat-conduction problem must take
into account the variation of the transport coefficients
with temperature. Then the differential equation of
energy transport becomes nonlinear. Because the non-
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linearity of energy balance equation and the time-
dependent boundary conditions in CZ process elim-
inate the possibility of finding an exact analytical solu-
tion, the finite-element (or difference) solutions of the
nonlinear CZ crystal growth model were used to pre-
dict crystal temperature distributions, pull rate and
the thermal stresses by many authors [3-9]. Hwang
et al. [10, 11] successfully adopted the perturbation
method to investigate the effects of wall conduction
and interface thermal resistance on the phase-change
problem. as well as analysed unsteady thermoelastic
dislocation generation during Czochralski crystal
growth. Aziz and Lunardini [I12] reviewed per-
turbation techniques in phase change heat transfer.
The variable-property Stefan problem in which the
thermal conductivity and specific heat of the solid
phase are temperature-dependent has been studied by
Aziz [13] and Pedroso and Domoto [14] using a reg-
ular perturbation method.

In the present work, the perturbation technique is
extended to the nonlinear dynamic model of CZ crys-
tal growth to examine the effect of variable thermal
properties on the process. A comparison is made
between the present results and the results of the tem-
perature-independent thermal properties model to
show the effect of variable thermal properties on the
temperature distributions and the pull rate of the crys-
tal as well as the temperature of the bulk melt during
the process.
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NOMENCLATURE

¢ specific heat capacity of crystal

¢* dimensionless specific heat capacity of
crystal

¢,  specific heat capacity of crystal at the
ambient temperature

h,  convective heat transfer coefficient for
top surface of crystal

h,,  convective heat transfer coefficient for
melt

h.  convective heat transfer coefficient for
cylindrical surface of crystal

k  thermal conductivity of crystal

k* dimensionless thermal conductivity of
crystal

k., thermal conductivity of crystal at the
ambient temperature

k;  thermal conductivity of crystal at the
melting temperature

{ heat of fusion

p  parameter in dimensionless pull rate ¢p,
ds/dz

p;  coefficient of ¢’ in equation (24)

F radial position

ro  crystal radius
dimensionless crystal length, s/r,

8 crystal length

S,  dimensionless initial crystal length, s,/r,

sy initial crystal length

T  temperature of crystal

7, ambient temperature

T, solidification temperature of crystal

T, bulk melt temperature
4 time

v crystal pull rate, ds/d¢
z axial position.

Greek symbols

o;  parameter of specific heat in equation (9)

a}  dimensioniess parameter of specific heat
in equation (22)

B:  parameter of thermal conductivity in
equation (8)

p¥  dimensionless parameter of thermal
conductivity in equation (21)

i Biot number of the top surface,
h]"o/’ka

B Biot number of the melt, A,r/k,

. Biot number of the cylindrical surface,
hrrol/ka

y;  parameter of density in equation (10)

1 dimensionless bulk melt temperature,
(T~ TH(T—T))

e Stefan number, ¢, (T,—T,)//

&p  dimensionless pull rate, p,cvro/k,

6 dimenionless temperature,
(T—-TI)T—T)

p  density of crystal

p* dimensionless density of crystal

p.  density of crystal at the ambient
temperature

T dimensionless time, ek,/p,c.r?

¥  dimensionless axial position, z/r,.

2. ANALYSIS

The plant configuration of a CZ process is shown
in Fig. 1. The following assumptions are introduced
(1.7]:

CRYSTAL

Ta
MELT

z
Tf

7777 7T

Fig. 1. Schematic model for CZ crystal growth process.

(1) Growth of constant radius crystal is desired by
perfect control of the crystal pull rate, v and/or
bulk melt temperature, T,,.

(2) Radial temperature variations are small and can
be described by the “fin-approximation”.

(3) Axial symmetry in the crystal.

(4) Thermal properties of crystal (density, p ; specific
heat, ¢; thermal conductivity, k) are temperature-
dependent, but the other properties (including
heat transfer coefficient &, A, A, for cylindrical
surface, top surface and the melt, respectively) are
assumed to be temperature-independent.

(5) Heat transfer between the crystal and the sur-
roundings in governed by Newton’s law of cooling
to an ambient temperature which is independent
of position and time.

(6) Heat transfer between the crystal and the melt is
governed by Newton’s law of cooling to a bulk melt
temperature 7y, which is independent of position.

(7) The crystal-melt interface at the solidification
temperature 7;is planar and fixed at the origin of
the coordinate system.

(8) The crystal initially has some small length s.
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In the coordinate system with the origin at the
stationary crystal-melt interface, the nonlinear
dynamic energy transport describing the CZ process
can be written in the following form
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oT cT J T
P(T)C(T)<§ —HJE): 5[“”&}

—2?(T— T,) 0<z<s(n (D)
T(z,ty=T; att=0 2)
T(z,)=T; atz=0 3)

k(T) +h (T-T,)=0 atz=s() 4

d 0T
P = — [k(T);—~ (T — Tf)} atz=0

(%)
s=3, atr=20 6)
ds
v=0 @)
and
k(T) =k, [1+p(T—=T)+B(T—T,)*

+h(T-T) +-1 (8
o(T) = [+ (T—T,) +a.(T—T,)?
+oas(T—=T) +-1 (9
= p 1 +y (T=T)+7.(T-T,)°
+9(T=T) + ]

Following our previous work {[1], we choose the
Stefan number &, which signifies the importance of
sensible heat to the latent heat, as a small perturbation
parameter. After defining the dimensionless variables
of temperature 6, axial position ¥, pull rate ¢p, time
T, crystal length S, bulk melt temperature é and Stefan
number ¢ as:

p(T)
(10)

T-T, z JORRIIN ek, t
0=—— =— gp= T=
Ii—T, v Fo P k. P.Cals
S=i S = Tm_Ta :Ca(Tt"Ta)
Fo T,—T, !

where T'is the temperature of crystal, T, is the ambient
temperature, z is axial position, ¢ is time, p, is the
density of crystal at 7, ¢, is the specific heat capacity
ofcrystalat 7, k, is the thermal conductivity of crystal
at T,, [ is the specific enthalpy of solidification, s is
crystal length and r, is crystal radius, equations (1)—

(10) will become
o8 0
k*(6
S os]

—26,0 0<y <SE)

20
*(9)6*(0)61)(

(I

OGp, ) =1 att=0 (12)
y,1)=1 aty =0 (13)
ww%¢+me=0 aty = S() (14)
P00 = | OF <p.0-1 | aty =0
(15)
S(t)=S, att=0 (16)
ds

p=4 a7

,"*(9) =1 +ﬁ1(Tr‘Tu)9+ﬁ2(Tf_ Ta)zgz
+ B (I —T.)0 + (18)

*O) = 1o (I —T)0+2,(T;—T,)*6*
+a(Tr—T) 0% + (19)

pHO) = 1+ (T:—T)0+7,(T;— T.)*6°
+y:(T—T.)'0" + (20)

In the above system, equation (11) is the energy equa-
tion, equation (12) and equation (16) are initial con-
ditions, equation (13) and equation (14) are boundary
conditions and equation (15) is the energy balance
at the crystal-melt interface, where f, = hry/k, and
B, = hyry/k, are the ambient Biot numbers for con-
vective heat transfer from cylindrical surface and top
surface, B, = hyro/k, is the melt Biot number for con-
vective heat transfer from melt, S, = so/r, is the dimen-
sionless initial crystal length.

The thermophysical properties in present numerical
calculations to model GaAs and Si systems are listed
in Table 1 [2, 8], where the temperature dependency
of the thermal conductivity, the specific heat as well
as the density of the crystal are taken into account.

In practice, the magnitude of thermal property par-
ameters such as «,(T;—T,), ao(Ti—T.,)*, Bi(Te—T.),
BT~ T,)?, Bs(Ti—T,)* in equations (18)-(20) is
small. To be appropriate for the perturbation analysis,
the evaluations of these thermal property parameters
for our selected reference cases (1), (II), (III) and (IV)
are listed in Table 2. For simplicity, we only choose
four cases to study and the order of magnitude of
these thermal properties in those cases are adjusted as

(1 +eB*0+ e B16°

for (I) GaAs, T;— T, = 200K

1 +ef*0+ 2 p%0* + 2 pX0°
for (1) GaAs, T,— T, = 400K

k*(0) = (2D

1+ &2 B0+ &* B16*
for (IIT) Si, 7;,— 7, = 400K

1 +&2f*0+&* p16°

L for (IV) Si, T:— T, = S00K
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Table 1. Thermophysical properties of GaAs and Si crystal [2, 3, 6. 7]

Property GaAs Si
Heat of fusion, / [J g7'] 726 1105.3
Melting temperature of crystal, T} [K] 1511 1685.15
Thermal conductivity, kK [Wem™ K] 2087 529.382/T

Specific heat, ¢ [J g 'K ]

Density, p [g cm 7]

0.302+8.1x107°T

532991 x107°T

~376.764 x 10"
+169.524 x 10°°T
—1.3298 x 10%/7?
+8.1711x 10"
+169.524 x 107°T

2.3388—-2.9508 x 10 *

T

Table 2. The evaluations of thermal property parameters in reference cases for 2nd order perturbation analysis in modeling

GaAs and Si systems [2. 3, 6, 7]

CASE 1 CASE I CASE 111 CASE IV
Property GaAs GaAs Si Si
n—T, 200 K 400 K 400 K 500 K
B (T) 0.0021+ 0.0019+ —
1 4 cmt 4 cmt — —
Perturbation 0.11245 0.21597 0.35558 0.43774
quantity, &
a(Ti—T,) o) o) o) oY
a(T—T,)° — — O(£) 0
(=T, o) o) O(e) o)
B(Ti—T,) O(e) O(e) o) o)
Bo(Ti— T,)? o) O o) O(=)
BT,—T.)} O o) O() o)
BT —T.)" Ofe,) o) O(e") O
n(T—T,) O(e) O(e) O(s) O(e)
(T~ T,)° O(’) 0(:) o(e) o(e)
n5(Ti—T,) 0(&") o) O(&") 0(&Y
c*(0) 1 +&%t0 1+ &0 1 1
p*(9) 1 1 1 I
k*(0) 1+ B0+ 2 p30° 1+ 640+ 62B26% + £2p30° 1+ B0+ 2207 1+ e2BH0+ 0%
h*(0) 1+ en*0+ e’ n*0? 1+ enF0 +en¥6? 1 +en*6 1 +enh
o 3.138615 8.265496 —_ —
ik —1.4876 —1.81708 —1.88798 —1.99809
ks 2.09645 3.16545 1.24734 1.53208
p¥ — —1.17387 — —
n¥ 2.85085 3.43596 1.22109 1.36410
n* 3.50079 1.10536 — —
1 cf. Table 2 in ref. [2]; for A,,.
1+&2a%0  for (I), (1) 2.1. Growth under fixed bulk melt temperature 6 and
() = {1 for (111), (IV) (22)  varying pull rate ep
’ To determine the solutions of crystal temperature
p*(0) =1 for (I), (II), (IID), (IV). (23) distribution and pull rate, let us express the per-

From above expressions, the temperature-dependent
thermal conductivity is the dominant parameter in
this problem.

According to the analysis of the previous paper [1],
for constant radius crystal growth, the pull rate and/or
the bulk melt temperature are usually varied. The
effects of temperature-dependent thermal con-
ductivity on both the case of varying pull rate under
fixed bulk melt temperature and the case of varying
bulk melt temperature under constant pull rate are
investigated.

turbation solutions as

0 =0,+0,+e*0,+--
P:P()+5P|+32P2+"' (24)

The solutions to the system are

Sl

by = 7 (25)
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8, =(Ci+Co)e™ +(Cy+ Cath)e™ "
+Cse* W Ce™ 2 (26)

0, = (E\+ Exf + Esyp®)e™ +(E,+ Esy

"‘Eﬁlpz)eiAW+(E7+Esl//)e“w+(E9 +E10W)572A¢
+E Y E e Y EetY +E e 27
and
Al J)
po=22 g6 (29)

P = —(Co+C)—A(C, = C3) —24(Cs = Ce) + F

(29)
p2= —(Ey+Es+Eg+E )
— A(E, — E,) —2A4(E, — E,)
—3A(E, —E,,)—44(E,;—E,,)+G (30)

here 4, 1, J, L, Cy,...,C, E,,...,E4, Fand G are
derived in the Appendix.

Assuming that the melt can not be supercooled (i.e.
¢ ¢ 1) and is continuously maintained at the melting
temperature (6 = 1, the minimum value) then the pull
rate will be the maximum value of the process and can
be defined as the maximum pull rate (6p)ma (cf. Fig.

2 in ref. [1]). It is found to be

(ap)max = B(p0+3p1 +62p2)

from the above perturbation solutions (28)—(30) and
equation (24) as ¢ is equal to 1. So, the crystal pull
rate during the process can not exceed the maximum
pull rate at the instant otherwise solidification does
not occur and single crystal is not grown.

2.2. Growth under fixed pull rate ep and varying melt
temperature 6

The perturbation solutions for the temperature 6
and bulk melt temperature é up to the second-order
can be found as

0 =0,+¢0, +%0, 3D
where
Je 4 Je=
o= (32)
0, =(C, + Coyp)e™ +(Cy + Cop)e ™
+Ce*M - Cee 2 (33)

0, = (Ey+ Esyf + Esp*)e™
+(E,+ Esy + Eqp)e™ " +(E; + Eqf)e™™
+(Ey+E oY) Y+ E, e
+E e YL E et +E et 34)

and
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6 =00+ed, +8°6,. (35)
S0 = 1—’%—/1(;[;]) (36)
5, = —5Lm[(C2+C4)+A(C1 —Cy)
+24(Cs—C)+F] (37)
5, = —El;[(Ez+E5+E8+E10)
+A(E, — E,)+2A(E; — Ey)
F3A(E, —E)+4A(Es—E)+GL (39)

here A, 1,J,L,C,,...,Cs, E,,...,E, Fand G are the
same as equations (A16)—(AS57) (cf. Appendix) but
replacing p, and p, with p and 0, respectively.

It is noted that the crystal length S now is expressed
as S = gpt+S,. If it is assumed that the melt cannot
be supercooled initially, then the maximum pull rate
(eP) max 18 attained when 6(z = 0) = 1. Here, the (p)m.x
(constant) can be derived from equations (35)—(38)
when 7 = 0 and é = 1. So, the constant pull rate must
be controlled below (ep)..x Otherwise single crystal is
not grown and the constant radius cystal growth
under fixed pull rate can be obtained by increasing
melt temperature & [1].

3. RESULTS AND DISCUSSION

For comparison between our previous first-order
[1], the present second-order perturbation solutions
and the finite-difference results of Venerus [7}, Fig. 2
shows the evolution of pull rate ¢p for different Stefan
numbers with temperature-independent thermal
properties, 6 =10, f,=01=§, f,=10 and
So = 0.1. Improving the preceding first-order per-
turbation solutions, the results of the second-order
perturbation analysis are in conformity with the work
of Venerus [7] and the accuracy of present results is

0.20 1 —— - e
present results ‘
20000 resulls of Venenerus [7] !
¥k results of Hwang et al. |1} i
: 60 o o 8T o 0
0.15 - / T
&) £=0.50 |
lﬁ( !
EPo10 - ‘
/ L . ;
i AR Gl =i S ]
/ % £=0.25
! K ;
H /
005 -/ ¢ ;
. R
-/ T £=0.10
Lo
0.00 T T G
0.0 50.0 100.0 150.0 200.0
T

Fig. 2. The evolution of crystal pull rate for three different

Stefan numbers with § = 1.05, 8, =0.1 =8, B, = 1.0 and

S, = 0.1. Comparison is made between our present results
and the previous results.
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more than that of the first-order solutions at least in
the case of ¢ = 0.5. Also, from this figure, two distinct
stages are clearly seen for all the curves. In the initial
stage, referred as the transient stage, the ¢p increases
with time. Finally, the ¢p is independent of time and
will be referred to as steady state. This can be explai-
ned from the energy balance equation (15) for
the crystal-melt interface under Ak*(@)=1=
c*(0) = p*(0). In the left-hand side of the equation,
the term p times Stefan number ¢ is the pull rate of
crystal, ep, that is proportional to the ratio of sensible
to latent heat of phase change. In the right-hand side,
the terms 08/dy and (6 — 1) represent energy trans-
port from interface into crystal and from melt into
interface, respectively, and the minus sign is included
to ensure that the heat flow is in the positive  direc-
tion. The 00/dys is calculated from equations (11)—
(14) and has the relations with the ambient Biot num-
bers. By the definition of the ambient Biot number, the
rate of eternal energy transport of crystal is increased,
results in a decrease in 06/0y. During the transient
stage, an increase in crystal length allows for more
energy to be released at the crystal-melt interface,
which increases the rate of external energy transport
of crystal so that 20/¢y decreases, and hence, with the
minus sign, an increase in gp. Afterwards, during the
steady stage, increasing crystal length no longer affects
the external energy transport so that the ep becomes
steady [1, 7].

The thermophysical properties in present numerical
calculations to model GaAs and Si systems are listed
in Table 1 [2, 8], where the temperature dependency
of the thermal conductivity of crystal and the specific
heat of crystal as well as the density of crystal is taken
into account. For simplicity, we choose four cases
listed in Table 2 to study. After evaluating the order
of magnitude of these thermal properties listed in
Table 2, it is found that only the temperature-depen-
dent thermal conductivity is important in this
problem.

A constant radius crystal is grown by perfect control
of the crystal pull rate, ep and/or bulk melt tem-
perature d [1]. The following two types of results are
discussed to indicate the effect of the variable thermal
conductivity on the process.

3.1. Growth under fixed melt temperature and varying
pull rate

Figures 3(a) and (b) show the effects of the tem-
perature-dependent thermal conductivity &k (tem-
perature-dependent k£ model) on the evolution of pull
rate ep in GaAs crystal growth with constant crystal
radius, B, =1.0, 5, =01=4,6=1.0, S, = 0.1 for
Ti— T, = 200K and 7;— T, = 400K, respectively. As
the temperature dependency of the thermal con-
ductivity of crystal is not taken into account, both the
model of constant thermal conductivity at the ambient
temperature 7, (kK*(6 = 0), constant &k, model) and
the model of constant thermal conductivity at the
solidification temperature 7; of crystal (k*(0 = 1),

SENPUU LIN ez al.

(a) 0.06 -
0.05 A
0.04 H
ep
0.03
002 - — constant k=k,
temperature—dependent k
- — - constant k=k;
s$okxokk constant k=0.7k;+0.3k,
0.01 —-
0.0 50.0 100.0 150.0 200.0 2500
T
0.10 T—
(b) GaAs
| T=T,=400 K
£=0.21597 - T T
§=1.0
0.08 - -
&P o.os
0.04 -
- — constant k=k,
—— temperature-dependent k
- ~ — constant k=ky
L xkkxk constant k=0.775k,;+0.225k,
0.02 - T
00 250 500 750 100.0 125.0
T

Fig. 3. Effect of temperature-dependent thermal conductivity

on the evolution of crystal pull rate in GaAs crystal growth

with constant crystal radius, f,=10, 5, =01=§,

So=0.1, 6=10 for (a) T;—7,=200K and (b)
Ti—T, = 400K, respectively.

constant k; model) is considered. In Figs. 4(a) and
(b) are also shown the effects of the temperature-
dependent k on the evolution of ¢p in Si crystal growth
with constant crystal radius, f, =10 g, =0.1 =8,
0=10, S,=01 for 7T;—T,=400K and
T— T, = 500K, respectively. From these figures, two
distinct transient and steady stages are also seen
clearly. If the bulk melt is superheated (6 > 1),
increasing f3,, results in a decrease in &p (cf. Fig. 2 in
ref. [1]). When the bulk melt is always at the melting
temperature (6 = 1.0), the pull rate is found to be the
maximum value of the process and independent of §,,,
if it is assumed that the melt can not be supercooled.
Crystal growth control is not admissible during this
process as gp exceeds the maximum pull rate (cf. Fig.
2 in ref. [1]). Apparently, the allowable maximum pull
rate (as 0 = 1) for crystal growth is affected by the
temperature-dependent k. For example, the allowable
maximum pull rate at the steady stage for GaAs with
T;— T, = 400K in the temperature-dependent & model
is about 13% less than that in the constant k, model,
but about 5% greater than that in the constant &,
model, while, at the initial transient stage, the differ-
ence between these models is not significant. Gradu-
ally, the effect of variable k on the allowable maximum
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(a) 0.15
0.12 4
ePo.o9
0.06 A
- — constant k=k,
— temperature—dependent k
- — — constant k=k;
*¥xk=x constant k=0.72k;+0.28k,
0.03 T T T T T
0.0 25.0 50.0 75.0
T
0.20
®) Si
| T¢=T,=500 K
£=0.43773
6=1.0 e = = =
0.16 - - e % *
S ke T T T -
B // -
/
’
/
- — constant k=k,
temperature - dependent k
- — — constant k=k,
kxxkk constant k=0.65k.+0.35k,

250 50.0
T

Fig. 4. Effect of temperature-dependent thermal conductivity

on the evolution of crystal pull rate in Si crystal growth with

constant crystal radius, B, =10, §,=0.1=4, S,=0.1,

4 =10 for (a) T;—7,=400K and (b) T;—7, = S00K,
respectively.

pull rate during the process is enlarged, and the differ-
ence of the allowable maximum pull rate at the steady
stage between these models is the largest. The above
behaviors can be also explained from the energy bal-
ance equation (15) for the crystal-melt interface. In
the left-hand side of the equation (p*(6) = 1.), the
term p times Stefan number ¢ is the pull rate of crystal,
&p, that is proportional to the ratio of sensible to latent
heat of phase change. In the right-hand side, the terms
k*(0)00/0y and B..(6—1) represent energy transport
from interface into crystal and from melt into inter-
face, respectively, and the minus sign is included to
ensure that the heat flow is in the positive ¥ direction.
At the initial transient stage, the time scale associated
with heat transfer is much greater than the time scale
for geometry changes in crystal length, so that the
00/0yr in these models is almost the same. However,
the term k*(6) in the constant &, model is the highest
among these three models, that in the temperature-
dependent k& model is the second, and that in the
constant k. model is the lowest. Then, the k*(6)86/ 0y
in the constant k, model is the largest, that in the
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temperature-dependent & model is second and that in
the constant k; model is the smallest. And hence, with
the minus sign, the increment in pull rate ¢p in the
constant k, model is the largest, that in the tem-
perature-dependent £ model is the second, and that in
the constant &; model is the smallest. Afterwards, at
the steady stage, the time scale associated with heat
transfer is much smaller than the time scale for
geometry changes in crystal length. There is enough
time for energy transport in the crystal so that the
difference in the 00/0y between the models is very
small, then as mentioned previously, the pull rate in
the constant &k, model is the highest, that in the tem-
perature-dependent k& model is the second and that in
the constant £; model is the lowest.

Moreover, from these figures, it is found that the
higher the temperature difference between the crystal
melting point and the surroundings (7;— 7,) is, the
larger is the difference of the allowable maximum pull
rate between these models during the process. We can
explain this result by the definition of Stefan number.
As increasing (77— 7,) results in an increase in Stefan
number ¢, the ratio of heat which can be stored within
the crystal to the heat released by solidification
increases, and this leads to an increase in gp. Cor-
respondingly, the difference of the allowable
maximum pull rate between these models increases
with increasing (Tv—T,).

According to the above analysis, one can predict

75 o thatthe temperature gradients (36/0y) in these models

at the initial transient stage will be close to each other
and at the steady state there is the same phenomenon.
Evidence to support the above prediction is shown
in Figs. 5 and 6. Figure 5 shows the effect of the
temperature-dependent k& on the temperature dis-
tributions of crystal # in GaAs crystal growth with
constant crystal radius, fB,=1.0, f,=0.1=34,

e

0.4

GaAs h \\ T:70
T,—T,=400 K =
£=0.21597 T e
0.2 6=1.0 ]
’ 7=100
] — constant k=k, R SN
otk temperature- dependent k TR
— — constant k=k;
0.0 T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

/
Y/S

Fig. 5. Effect of temperature-dependent thermal conductivity

on temperature distributions in axial position at different

time, for in GaAs crystal growth with constant crystal radius,

Bu=10,B.=0.1=p, Sy=01,5= 10 for T— T, = 400K.
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0 =1.0and T;— T, = 400K. It is easy to see that the
00/3y between these models is close to each other at
the initial transient stage, and the difference of the
¢6/0y between these models will enlarge with increas-
ing time 7. However, after some interval, the increment
in the difference of the d6/¢y between these models
will stop and decrease with the increasing t; after-
wards, at the steady state the difference of the 00/cy
between these models is very small. For Si system,
Fig. 6 shows the effect of the temperature-dependent
k on the @ with constant crystal radius, g, = 1.0,
B.=0.1=p,6=10and T,.— T, = S00K. It is found
that there are the same phenomena as in case of GaAs
system.

Furthermore, we find that if the constant value of
the combination of k; and &, ; 0.7k,+ 0.3k, for GaAs,
T—T,=200K; 0.775k;+0.225k, for GaAs,
T—T,=400K; 0.72k;+0.28k, for Si, T;—T1;—T,
= 400 K ; 0.65k;+0.35k, for Si, 7, = S00K ; is used to
simulate the model of temperature-dependent thermal
conductivity in the process, the model difference
between the variable k£ and constant k will be insig-
nificant.

3.2. Growth under fixed pull rate and varying melt tem-
perature

Figures 7(a) and (b) show the effects of the tem-
perature-dependent k& on the evolution of bulk melt
temperature ¢ in GaAs crystal growth with constant
crystal radius, f, =10, ., =0.1 =4, S, =0.1 for
T.— T, = 200K and T;— T, = 400K, respectively. In
Figs. 8(a) and (b) are also shown the effects of the
temperature-dependent & on the evolution of § in Si
crystal growth with constant crystal radius, §,, = 1.0,
B.=01=4, S,=01 for 7,—T,=400K and
T:— T, = S00K. respectively. If the melt cannot be
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Fig. 7. Effect of temperature-dependent thermal conductivity

on the evolution of bulk melt temperature in GaAs crystal

growth with constant crystal radius, under fixed pull rate ep,

fn=10, ﬁr—Ol—ﬁhSa—Olfor(a)T{ T, = 200K and
(b) T;— T, = 400K, respectwely

supercooled, one has to increase the & for fixed &p
growth with constant radius and, as the melt is initially
at the melting temperature (3 = 1), the value of ¢p is
the maximum. The pull rate must be controlled below
this maximum value during the process, otherwise the
crystal is not grown [1]. In these figures, there are also
two distinct stages. The first stage can be referred to
as transient stage of § and the second is the steady
stage. It is found that there exists the effect of variable
k on the evolution of §. During the initial transient
stage, the difference between these models is not sig-
nificant; gradually, it will be enlarged during the
process. Afterwards, at the final steady stage, the
difference of the 6 between these models is the largest.
One also can explain this from the energy balance
equation (15). At the initial transient stage, because,
as mentioned previously, the £*(8)06/0y in the con-
stant k, model is the largest, that in the temperature-
dependent k& model is second and that in the constant
k; model is the smallest, and hence, the increment in
melt temperature in the constant k, model is the larg-
est, that in the temperature-dependent & model is
second, and that in the constant k; model is the smal-
lest. At the steady stage, the difference in the 06/cy
between these models is very small, then the ¢ in the
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Fig. 8. Effect of temperature-dependent thermal conductivity

on the evolution of bulk melt temperature in Si crystal growth

with constant crystal radius, under fixed pull rate ep,

Bum=10,6=0.1=p.5,=0.1,for (a) Ty— T, = 400K and
(b) T;—T, 500K, respectively.

constant k, model is the highest, that in the tem-
perature-dependent & model is the second and that in
the constant &; model is the lowest. Also, it is found
that the higher the difference between 7;and T, is, the
larger is the difference of the  between these models.
In the real Cz furnace, the bulk melt temperature 7,
is not necessarily uniform. Also, for high temperature
materials, radiative heat transfer becomes important
and temperature-dependent, Newton’s law of cooling
is not very useful for describing heat transfer at the
melt—crystal interface as well as heat transfer between
the crystal and the surroundings. The effect of the
temperature-dependent heat transfer coefficient on the
process will be considered in our further study.

4. CONCLUSIONS

To show the effects of temperature-dependent ther-
mal properties on the nonlinear dynamic process of
modeling GaAs and Si crystal growth. Conclusions
are summarized as:

(1) After evaluating the order of magnitude of the
thermal conductivity, specific heat and density of
crystal, it is found that the temperature-dependent
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thermal conductivity is the dominant parameter
in this problem.

(2) To grow a constant radius crystal under a fixed
bulk melt temperature (pull rate), the pull rate
(bulk melt temperature) will be affected by the
variable thermal conductivity significantly.

(3) Comparing the results with that of the constant
thermal conductivity model, we find that at the
initial transient stage, the difference between these
models is small, while, the effect of variable ther-
mal conductivity on the pull rate (bulk melt tem-
perature) during the process is enlarged, and at
the final steady stage the difference of the pull rate
(bulk melt temperature) between these models is
the largest.

(4) During the process, the higher the temperature
difference between the crystal melting point and
the surroundings is, the larger is the model differ-
ence between the variable thermal conductivity
model and the constant thermal conductivity
model.

(5) To avoid the computational burden, in this arti-
cle, a optimal constant value of thermal con-
ductivity is recommended.
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APPENDIX
Substituting equations (21)~(24) into equations (1 1)-(16), we treat them order by order and get the following systems:
For ¢°:
%6,
ogr 200 =0 (A1)
Bo(y,0) = 1 (A2)
00(0,7) = 1 (A3)
00,
= + B8 =0 (A4
Exan a9
00, .
Po=— *+ﬁm(0—1)] . (A5)
’ [al// -0
For ¢':
20, 90, aoo> j Bty ( ) for (I), (I)
— 240, o A6
ey’ b: p‘)( oy ( (A6)
0 for (III), (IV)
0,(4.0)=0 (A7)
6,(0,7)=0 (A8)
20,
o0 pro —] for (I), (ID)
[ =L +Bio > =['°0¢ -5 (A9)
V=5
‘0 for (111), (IV)
29,
{69’/ + B8, 9%] for (I), (II)
= " . (A10)
1
- = for (1I1), (IV
[ v ]Mo am, vy

For ¢*:

2%0, a0, 08, 00, 000

—= =200, +

(B ) (8

[ af 00, a6, 06,
— | g* x02 Y0
w_ﬁ‘(é?o v +6, 6:#) p26; 30 for (I)
ol 06, 26, 08, , 0 0]
=< —— 0 +0 + %02 + for (11 All
T awﬁ(oaw .aw)ﬂz TP S| foran (A1)
o[ 00, 690]
7| B0 — + 265 — for (111), AV
g Py I, av)
0,(¢,0) =0 (A12)
8,(0,7) =0 (A13)
ol GG a6, , 00, .
[ﬁl(eﬁ o +6, = 6!# 1055 ) for (I
00, a6, 00, ) , 00, 86, J
+ = o= +6 + 305 — + B0} for (11 (A14
[aw B0 } [ﬂ(oaw T A e n )

I:B*QO ~—— + B30} C;?;:l for (I1I), IV)
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06, 20, 30,
= 6o +0
& ( 0 !// e v
#01(t,

40, , 80,
267 aw]

+ B%6: g?;] for (I)

, 0,
0 aw

aez a9,

oy

2
+0, a;)w;e

+B%6; Z?;] for (II)

0
20 +B*60

I=(A+B)e*S
J=(A—B)e*
L=1+J

PO(JZ—K)

C, =
202

:Po(lz—K)

2L?

for (I), (II)

for (L11), (IV)

for (1), (II)

for (I1), (IV)
M = C,(1+AS+ BS)e’S + C,(1 — AS+ BS)e~*5
+C(0.54+ B)e**S — C4(0.54— B)e= 245

N=—(Cs+Cy)
_NI-M
L
NI+ M
UL

AP —J?
(ApTd"=J7) for (1), )

for (III), (IV)

—ﬁ[(C~+C4)L+2A(Jc,JC)+Ac (+3))— AC,(J+3D] + ﬁ:(z—J)

_ Bt

for (III), (IV)

,_]2)

* k(O F *(J2
T U(Ca+ COL+24(JC, —IC3) + ACs(I+3]) — AC,(J+3D] + 32(LI J)+Aﬁ’(1

4 ABYIE =) + Ap3d—J)
L2 L

AK
D, = F[M(J2 —K)—poL(3J—1D)]

AK
D, = F[M(F —K)+po L(3I-J)]

LZ
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(A15)

(A16)
(A17)

(A18)
(A19)
(A20)
(A21)

(A22)

(A23)

(A24)

(A25)

(A26)
(A27)

(A28)

(A29)

(A30)

for (I)

for (II)

for (I11), (IV)

(A31)

(A32)

(A33)
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*
it (A34)
3L
8p1A4
o = — M (A35)
303

X =[(A+B)Co+ (1 + AS+ BS)(AC, + D)]e*s —[(A— B)Cy + (1 — AS+ BS)AC, — Dy)le™*

+(0.544 B)(2AC; + D5)e**S +(0.54— B)2AC,) — Do)e 5 (A36)
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IE
D, = L(Y[+A1\[+X)77A(I—J)(A/1+M) (A39)
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Ey =" (A40)

‘
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E
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