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In this work, three-dimensional cellular instabilities in directional solidification are investigated. Local
thermodynamic nonequilibrium at the solid-liquid interface is taken into account by applying a model of
velocity-dependent segregation coefficient and attachment kinetics developed by Boettinger, Aziz, and Jackson
et al. The infinitely one-sided model and the frozen-temperature approximation are adopted in the analysis. An
evolution equation was first derived by an integral technique. Then the Segel-Stuart method was used to
determine the solvability constants of the amplitude equations. The equilibrium solutions associated with
different morphologies were evaluated and the stability analysis of them to three-dimensional disturbances was
studied. Finally, five stability basins of bifurcation were addressed. The result shows that the interface mor-
phologies depend on which basin the chosen critical condition is located in and how far the operating point is
exceeded from the critical condition. The presence of disequilibrium can stabilize the steady cellular mode,
cause the wave number to be smaller, and affect the location of the chosen critical condition in the basin of
bifurcation.[S0163-1827)06401-]

I. INTRODUCTION latent heat, and hence of nonlinear profiles of temperature,
were considered by Alexander, Wollkind, and SekerRhe
A variety of interesting patterns can form during the di- instability of a planar interface to three-dimensional hexa-
rectional solidification of a dilute binary alloy? During the  gons was investigated by Sriranganathan, Wollkind, and
solidification, for example, an initially flat solid-liquid inter- Oulton2° by Wollkind, Sriranganathan, and Oultéhand by
face may develop either a quasi-one-dimensional bandlik&erszberg?> Caroli, Caroli, and Roulef® extending the
cell or a hexagonal pattern of bulges and depressions whiclorks of Wollkind, Sriranganathan, and Oultthi! studied
looks very similar to the classic pictures of m&d the stability of periodic hexagonal cellular front patterns
convectior?* both resulting in unwanted compositional in- against small modulations of the periodic structure.
homogeneities in the solidified material. This is known as the In the above nonlinear analyses, both the concentration of
morphological instability. solute and the interfacial amplitude were in advance assumed
The explanation of the morphological instability was in forms of perturbation expansion and then were substituted
given by Tilleret al® in terms of the mechanism of consti- into the governing solute diffusion equation in the melt and
tutional supercooling. Mullins and Sekefkaxplained the the corresponding far-field and interfacial conditions, and
physical nature of this phenomenon by showing that it resultgeventually in the third order of amplitude, the generic
from the competition between the destabilizing effect of sol-Landau-Hopf equations, which describe the dynamics of the
ute diffusion and the stabilization due to interface tensioramplitude, were obtained. However, in the analysis of long-
and the external thermal gradient. They posed local thermowvave morphological instabilities, a simpler way to obtain the
dynamic equilibrium at the interface and studied the linearamplitude equations can be expected, and some evolution
stability of the planar front in directional solidification. They equations have already been derived.
found that the interface is susceptible to steady cellular in- The long-wave morphological instability may occur in
stabilities that occur at nonzero wave numbers. Further, thegeveral limits. Sivashinsk§ identified a small-segregation-
found that at sufficiently high pulling speeds the instability is coefficient limit and obtained a weakly nonlinear evolution
suppressed by surface energy at the absolute-stability boundquation governing subcritical two-dimensional bifurcation.
ary. Brattkus and DaviS identified a near-absolute-stability limit
Wollkind and Segélpresented a weakly nonlinear analy- and obtained a strongly nonlinear equation governing super-
sis, up to third order in the front deformation amplitude, critical two-dimensional bifurcation. In this limit stable hex-
which describes the immediate vicinity of the bifurcation. agonal nodes are predictable as the segregation coefficient is
Their analysis only treated two-dimensional bandlike cellsnear unity. Riley and Davi§ identified a small-segregation-
Caroli, Caroli, and Roulétsimplified this work and extended coefficient, large-surface-energy limit and derived another
it to take account of diffusion in the solid. The effects of strongly nonlinear evolution equation linking both of the
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former and describing the change from sub- to supercritical z . z
two-dimensional bifurcations. They suggested that stable, T(z)=To +Gz
steady hexagonal nodes should exist in this limit. Recently,
Hsieh and Hwangd’ by using an integral technique, have
obtained an overall long-wave evolution equation which can liquid ~ He=elxyzt)
reduce to all the long-wave equations just mentioledf h=h(x,y.t) Y
References 14-17, following Mullins and Sekefka,com- : X
mon considered local equilibrium at the interface and solid

adopted the frozen-temperature approximatiéfA), which e,
decouples the temperature field from the solute field by as-
suming equal thermal conductivities, zero latent heat release
at the interface, and the solute diffusivity is much less than

the heat diffusivity. Also, these works in common adopted . . . . . .
the one-sided model, in which the solute diffusion in theand derived amplitude equations which describe relaxation

._roscillations and the bifurcation structure. Karma and

solid phase is ignored, this is appropriate for many mate”al%arkissiaﬁ2 studied the oscillatory instability numerically by
such as metals and some organic compounds. It should be

ointed out. however. that the one-sided model ma roducmcluding the effects of latent heat and the full thermal fields.
P X LT ) Y Pro Eluntley and Davi¥ analytically discussed the linear theory
cusp singularity, i.e., steep-sided grooves can be found in th

formation of cellular structure. Numerical solutions of the of rapid solidification under thermal effects. They found that

Sivashinsky equation on periodic domains even exhibi{[he thermal effects can dramatically postpone the onset of the

S T . . oscillatory instability and the critical wave number for the
blowup in finite time. To avoid this singularity, and for more . . o .
L ; e S X .__oscillatory instability can be zero or nonzero depending on
general situations, i.e., when diffusion in the solid phase is 83 e material parameters
important as in the liquid, especially when solidifications of In this wo?k we inteﬁd to study the cellular morpholo-
liquid crystal are discussed, diffusion in the solid phase_. ' . : . Lo
sﬂould b)é allowed to perform in the simulation Ungapr angd'eS: both two- and three-dimensional, in the directional so-
18 : . ' lidification by considering the nonequilibrium condition at
Brown,”® applying two-sided model, showed deep two-

dimensional cells by a finite-element method and examineéhe solid-liquid interface. The oscillatory mode will not be
) ya : T e considered here in this work. We will adopt the FTA, i.e., by
the influence of the ratio of solid to liquid diffusivities on the

cell shape and the adjacent concentration field. Kessler anraeglectmg the thermal effects. We have two reasons for

N . ; i adopting the FTA to analyze the cellular morphology. First,
Lt_aw_nel used an integral formulation for steady-state growth " " ¢ - energy is sufficiently small in a solidification
within a symmetric model of directional solidification. Saito

Misbah, and Miler-Krumbhaa?® analyzed the transition the ceII_uIar mode will occur before the oscillatory mode and
. . , . _according to Huntley and Davi§ the cellular mode can only
from cells to dendrites numerically by a Green’s-function

method. Brattkus and Misb&hderived a phase equation be slightly affected by the latent heat release. Second, by

from the front integral equation and studied the phase inst adopting the FTA, we can easily derive an evolution equa-
e 9 d L P Fon for the solidification and make the nonlinear analysis
bility. They found a strong deviation from the Ginzburg-

Landau theory even very close to threshold. Kassner, Mis§|mpler. We will first derive a strongly nonlinear evolution

bah, and Miller-Krumbhaaf® studied the long-wave limit equation by using an integral technique. The one-sided

. . X . model, although it may produce cusp singularity, will be
spedask?r?wzg de\gggiﬂgﬁgorgrivgtmncgiz Ot];::;:icgg'ct)g’gﬁ;ggédopted in this work for the ease of deriving the equation and
see alsg Kassnat al 239 9 for that it is actually appropriate for many materials. The
” o technique used in this work, however, may be in future ap-

All the works mentioned above treated the situation when_. . -
o - plied to the two-sided model for more general consider-
the material is solidified at the low rate and, therefore, as-

sumed local thermodynamic equilibrium at the solid-liquid ations. Three particular evolution equations that this derived

) L . equation can recover at their individual long-wave limits
interface. Local nonequilibrium at the interface, however,

should be considered when the pulling speed is hiah enou Wen will be shown. Two-dimensional analysis will show that
. ) ML d when the pulling speed s figh he transition pointM =9/4 that Riley and Davi§ have ad-
in the directional solidification. For this, many investigators

of rapid solidification used a model developed by BoettingerdreSSEd for the bifurcation structures should be modified

and co-worker€2 Aziz.2® and Jacksoret al.2’ which al- with the nonequilibrium effect. Finally we analyze the

lows for nonequilibrium effects on the interface through aweakly nonlinear instability due to three-dimensional distur-

velocity-dependent segregation coefficient and attachmer%ances directly from our equation and show the stability ba-

kinetics. Merchant and Dav% performed a linear stability zllnts :jn which observable specific morphologies can be pre-
analysis using the FTA. They found in addition to the Mul- cted.

lins and Sekeri&cellular branch an oscillatory branch due to

the presence of disequilibrium effects. The onset of this in- Il. FORMULATION

stability occurs at zero wave number and so relates to a pul-
satile mode. Braun and Dats have analyzed the weakly
nonlinear behavior of both the cellular and oscillatory modes The physical configuration of directional solidification
just past their thresholds and obtained amplitude equationsonsidered in this work is shown in Fig. 1, where the solidi-
describing the bifurcation structure. Merchagttal®! per-  fied material is pulled at a given spe¥dunder an imposed
formed a strongly nonlinear analysis of the oscillatory modeconstant temperature gradient and is continuously solidified.

|
v

FIG. 1. Physical configuration of the solidification.

A. Equations for the system
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To simplify and to make the analysis easier, we consider an v*=(V+h¥)/(1+|Vh* |2)12, (2.6)
infinite one-sided model by neglecting diffusion of solute in

the solid® We adopt the FTA by assuming that the thermal ~ With the above formulations, we then nondimensionalize
conductivities, densities, and specific heats of both the solithe system using spatial and temporal scales based on solute
and the melt are equal, and that the latent heat per unit voliffusion, namely §, =D/V and &7=D/V?, respectively.

ume of solid is negligible. Under these assumptions, the tenifhe solute in the liquid is scaled such that

perature field decouples from the solute field. If we further

assume that the thermal diffusivity in the mett,, is much o —c./ke 5

larger than the solute diffusivityp, then the temperature c= (ke—1)C../kg’ 2.7

could be permanently fixed b ) . .
P y y wherec,, is the far-field solute concentration.

T=Ty,+Gz (2.2 ~ The scaled equations governing the solute concentration
field ¢, and the interface deflectidm(x,y,t) are as follows:
whereT, is the temperature of a planar interfacg,is the liquid in z>h(x,y,t):
imposed temperature gradient, ands the coordinate per- )
pendicular to the planar interface pointing into the melt. Vee+e, e, =cy, (2.8
The formulation for the interfacial conditions in nonequi- jyterface az=h(x,y,t):
librium solidification used here is from Merchant and

Davis?® The model of the velocity-dependent segregation k(v)—1
coefficientk was proposed by Azt? and Jacksoret al?’ ¢,~Ve-Vh=(1+hy[1+(kg—1)c] 7 —-, 29
which is given by F
I'V?h _
ke+ you* Th-pv-1)— —————
K(o*)=cklef =7 ;}"v* , 2.2 Moo= oGy oMY

where c§ and ¢ denote the interfacial concentrations of kg |m(w) m(1) o

) L - ; X - — | =0, (2.10
solute in the solid and liquid, respectivelg is the equilib- (ke—1) | ke K
rium segregation coefficienkf=k(0)], andv* is the inter- i
face velocity;p* =V for a flat interface. The constangg has ~ far-field asz—:
dimensions of reciprocal velocity; 44 is typically of the size el (2.1

5 m/s?° Boettinger and co-worke?$?® had derived the ap-
propriate form for the temperature at a planar interfaceHere,V and V2 represent the two-dimensional gradient and

namely Laplacian operators, respectively, and
ke+
Mg _feTy
T*(V,C’L‘)zTMer(V)c’L‘—kE—_lV—O, (2.3 k(v) 1+ (2.12
where — 1 ek | k
. m(v)—l—kE—_l e—kj1—In k—E ) (2.13
m(V)=mgj 1— ke—1 [ke—K[1—=In(k/kg)]T;. (2.9 1+h,
’T (1+[Vh2 219
In Eq. (2.3, Ty, represents the melting point of pure mate-
rial, m is the slope of the liquidus, antdz=m(0). The pa- Kt
rameterV is the upper bound for the rate at which crystal- k=k(1)=— L (2.15
lization can occur, and is typically of the order of speed of 1+y

sound. In metals this can be up to 1000 m/sVif==, the  pg tamjliar nondimensional parameters appearing in system
atoms attach infinitely fast, and there is no kinetic undercool-(2.8)_(2.1]) arekg , the morphological numbe!

ing. Relation(2.4) gives the change in liquidus slope due to
nonequilibrium segregation. me(kg—1)c,.V

The formulation forT* (V,c}) is correct when the inter- M=—""pc (2.16
face is flat, say at=0. However, for the analysis to follow, .
we will suppose the nonequilibrium form of the Gibbs- and a surface energy parameler
Thomson relation valid for nonplanar interface,
z=h*(x,y,t), to be _ TudckeV 2.17

Dmg(kg—1)c,’ '

* Tk (g, k ~F
TH=T™,c0)+ TudeK, (2.5 Two new parameters describe the interface kinetics. They are

whereT} is the interfacial temperaturé, is the capillarity e attachment-kinetics parameter

constant, ancK denotes twice the mean curvature of the 2

. ! . L =Vkg/(ke—1)“c, Vg, 2.1
interface. We will replacd/ everywhere with its nonplanar #=Vke/(ke=1)"c-Vo (218
form v*, namely and the disequilibrium parameter
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Y= "7oV. (2.19 The choice ofc’, however, dose not satisfy the governing
equation ag>h. But as one simply substitutes Eq4R.20—
When =0, there is infinitely rapid interface kinetics and (2.23 into Eg. (2.8) and then integrates every term of Eq.
when y=0, there is equilibrium segregation. (2.8 from z=h to infinite, as shown by the following solute
flux conservation equation:

B. The evolution equation

In this subsection, we will derive the evolution equation fw<V2+ ’9_2 i_ ﬂ)cfdzzo (2.24
for the system(2.8)—(2.11), which can describe the interfa- h 9z°  dz ot ’ ’
cial behavior during the solidification. This equation will ap-
pear in the form of a partial differential equation with the then one will obtain the evolution equation:
interface deflectiorh(x,y,t) being the dependent variable
andx, y, andt are the independent variables.
We derive the evolution equation by using the method of (1 +|vn|2)+
integral approximation which was developed by Kapitia
researching thin-film flows, following an idea put forth by J
von Kaman® for gaining quantitative information about +P|Vh|2+2Vp.Vh_(__V2>2R:0, (2.25
boundary layers of the flow of a viscous fluid at a high Rey- at
nolds number past a flat plate. We are encouraged to use this
method because the distribution of the solute concentratiowhereP, Q, andR are expressed in Eq&.21)—(2.23.
near the interface is very similar to the boundary layer of Since in deriving the evolution equation,is assumed to
thin-film flow, especially when the interface is deformed in abe O(1), the evolution equatiof2.25 is strongly nonlinear.
periodic long-wave type. If the wave number and the growth rate of the interfacial
Following Hsieh and Hwand, we first look for suitable disturbance are asymptotically small, and tefs andc, in
functions of the distribution of solute concentration which isEQ.(2.8) in turn are asymptotically small, then the governing

J 0
g2 _ _v2 _ _ 2
P V)Q (—&t v2|P—(h—V2h)P

assumed in the form equation(2.8) is dominated byc,, andc, and the choice of
approximate solute Eq2.20 is straightforward.
c'=1+P(x,y,1)e" 2+ Q(x,y,t)(h—z)e" 2 Equation(2.29 is in fact very complicated but if linear
and weakly nonlinear instabilities are concerned, this equa-
+R(x,y,t)(h—2)%"2, (220  tion can be re-expressed in a simpler one which contains

) o i . only linear and weakly nonlinear terms up to third ordehof
and automatically satisfies the far-field conditi@?11. Ex-  Through the termd/dt— V2)2R, and compared with Ref. 17
pression(2.20 also is required to satisfy the interface con- (where R=0, equivalently if the nonequilibrium effect is
ditions (2.9) and(2.10, so we find excluded, Eq.(2.25 contains more linear and nonlinear
terms with high-order temporal and spatial derivatives, lead-
ing to more accurate result even if the wave number is only
sz)m tupw-1) finitely small. Therefore we argue that the chosgrin the
present work is in a better way than in Hsieh and Hw&ng.
] Further, if extremely long-wave limits are considered, this

P=—1+ M~ th-TV.

m(v)

Ke

B m(v) m(1)
ke—1 K

ke Kk

(2.21 equation can also recover simpler evolution equations asso-
ciated with their limits. What follows are some examples.
If the parameters are chosen a§l '=kg/k—e,
k—1 ke= ke€?, y=ve%, k=(kg+ 7)€?= ke, with the scalings,

(1+h)[1+(ke—1)(1+P)] kE——l

Q=-
J Jd Jd J Jd Jd
9 9\ ) 227 _
+VP.Vh]/(1+|Vh|2)—P. (2.22 (ax’ay) € (axuw)’ € g h=er

The last term of Eq(2.20, which does not appear in the Where[e<1, then our equation will reduce to

report of Hsieh and Hwanty,is added so that’ is forced to

satisfy the governing equatidi2.8) at the region very close KE KE

to the solid-liquid interface. Therefore, the final unknown xgH+ —=H+ IV*H+V2H= — V- (HVH). (2.26
functionR(x,y,t), can be found by putting the assumed con-

centration Eq.2.20, together with Eqs(2.21) and (2.22),

into the governing equatiof2.8) and lettingz—h™, then If the parameters mjlsczzalings are chosem=aksz ' T,
one has y=v€, p=pe, M =M~ "€,
J g 9 g 9 d d
2R= ——VZ)P+ P+Q)(h,—V?h)—(P+Q)|Vh|? S [N V7. G I
|57 P+ P+ - - Praifeh a2 L) il

_ZV(p+Q).Vh] / (1+|Vh|?)—Q. (2.23  then our equation will reduce to
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_ 2—k 1
keM ~*h+ | ke— E)V2h+(1+— V4h
Ke Ke
_ 1
(ke —y)h,—| 2+ — V2h,+h,,
E

1 1
=~ = V-(V?hVh)+V2hh,— = 5[Vh|2+|Vh|2
E

—V2(|Vh|2)—%V~(Vh|Vh|2). (2.27)

If the parameters are chosen asI 2 kg=kgé?,
y=v€% k= (kg+ 7)€%, and
Jd d

a a\
ax’ ay]  €\ax' ay

then our equation will reduce to

g, 0
gt

K - N
M~ th,—V?h_+V*h+ 7_5_ K— M1>V2h+ «M~th

=M~1V.(hVh)—V-(V?hVh). (2.28
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A brief discussion of the above scalings can be found in the
Appendix.

When the nonequilibrium effect is not taken account in
the analysis, i.e., ay=u=0, EQs. (2.26—(2.28 will be
identical to those Sivashinsk{,Brattkus and Davis® and
Riley and Davi$® have obtained. In the last long-wave limit
Riley and Davis concluded that the transition point of the
two-dimensional bifurcation is am ~*=4/9 (which corre-
sponds to the zero Laudau constghtshown in the next
section, while if the nonequilibrium effect is_considered,
this result should be modified ad ~'=4kg/(9k), which
will be smaller than 4/9.

lll. THE AMPLITUDE EQUATIONS

The evolution equatiori2.25 describes the dynamics of
the interface positiom. The basic solution of it is obviously
the planar interface, i.eh=hy=0. It is the stability of this
solution to a particular class of perturbations with which we
are concerned in the Segel-Stuart metffod/e assume that,
to third-order terms in the amplitude functioAs(t), A,(t),
andAz(t), the hexagonal interface satisfies the equation

h(X,Y,t) ={A;+aAAs+bAZA; +dA;(|Ag 2+ | Ag|2) Jexpliuy - 1) +{As+aAgAs+ bAZA, + dAy(|Agl2+] A D)}

X expity- 1) +{Az+aA A+ bAZA+dAg(| A2+ A2 texplius- 1)+ F{ALA, expli[uy—Uy]- 1)+ AsA,

X expli[Us— Ug]- 1) +AgA; expli[us— U] 1)} +e{AZ exp(2iuy - 1)+ A2 exp(2iu,- 1)+ A2 exp(2iug 1)}

+39{(JAL2+ A2+ A5 D)} +c.c.,

where c.c. represents complex conjungejs the complex
conjugate of A;(i=1,2,3, u;=w(1,0, u,=w(—1/2y3/2),
Us=w(—1/2,—v3/2), andr=(x,y). Clearly expressiori3.1)

(3.9

dA;/dt=0Ag— BAIA— B1ASA:— BoAs(|A|*+]A,)?),
whereo is the growth rate of the disturbance, ads,, and

of the hexagonal structure may recover the bandlike structurg,, are solvability constants to be determined. The evolu-
if only one amplitude is nonzero. It should be noted that thetions of A;'s then are ensured by E.2) if o, 8, 8, and,
amplitudesAi’s generally depend on both spatial and tem-can be determined. The following procedure of the present
poral variables. But if the effect of phase-diffusion is ig- analysis begins with the determination @f B, 8;, and 35,
nored,Ai’s can be assumed to depend on the temporal varithen in the next section the steady-state solution; sfwill
able only. We examine Eq(3.1) and expect that the be evaluated and the local stability analysis to these solutions

amplitude functionsA;(t) satisfy the following amplitude
equations to third order:

dA; /dt=0A;— BAA;— B1ATAL— BoAL(|AL]2+|Agl?),

dA, /dt= Az~ BAzA;— B1ASA— BoAs(|Asl>+ |A1|(2), )
3.2

N 1—
S10%+| M1+ T w2+ S+ 25, (k+ 0?) + S 17; o2+

Y
— 2 <
(1+209% 13

o+ (M 1+ Tw?)[w’+ w4+k_(1+2w2)]—80w2(1+ 0?)=0,

is undertaken to predict which morphology can be found in
the solidified alloys.

We simply substitute Eq(3.1), together with Eq.(3.2),
into the evolution equatio2.25), then compare the ampli-
tude in every independent periodic mode. Thus, at the first
order of A;, we obtain the dispersion relation which is ex-
pressed by

202(M 14T 02) + (1+2K) (M 14T w2+ S;w?) + S;0* + kS,

3.3
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FIG. 2. Neutral stability curves fdte=0.2, =0, I'=3.0 under FIG. 3. Marginal stability curves in thél’M ™) plane for

y=0, 0.01, and 0.1, respectively. The solid lines denote the stead?E:O'M"“:O' The cross marks represent the operating points at

_ —1_ : ;
branches, while the broken lines denote the oscillatory branche _—0k.61dandl\/l th_0.155’ 0.12d,_and Ot07l resp:sg;el%._ghfsgrcle
The marks are from the present analysis. marks denote the corresponding critical conditions ==0. 19,

0?=0.319 for y=0, M;'=0.149, w?=0.310 for »=0.01,
M ; 1=0.085, w2=0.236 for y=0.1, respectively. On each curve,
basin(5) is on the left-hand side of star mark, ba¢h is between
the star and diamond marks, ba$8) is between the diamond and

where

_ kEWl) triangle marks, basif?2) is between the triangle and square marks,
- ket+y ' and basin(1) is on the right-hand side of the square marks.
(3.9
In(k/kg) yk 1—ke+ (ke+ y)In(k/K
S,=p— E E . Te=ke et (ke 7)_( E) , (3.6
(1+y)(ke=D)(kety) (1—kg)(y+k)?

It is clear to see that the dispersion relati@?3) admits two

types of modes. For Re)=Im(c)=0, the basic state be- then the steady branch will disappear. In Fig. 2 we see that
come unstable to steady, cellular disturbances, and the relgsy ,=0.1, no steady branch is found since tHis already

tion (3.3) can be rearranged by far beyondl's.
. 4 As the pulling speed is not so high to lead the oscillatory
1 Setoe”) instability to occur first, i.e., when<1y, the cellular mor-

= _ 2
w2+w4+k(l+2w2) Fw® 35

phology will be observed even the disequilibrium effect is
considered. So in this paper we will consider the steady
For Réo)=0 with Im(0)#0, the basic state will be unstable branch only. Furthermore, as can be seen in B), the

to oscillatory disturbances whose most dangerous mode ogttachment-kinetics parametgr will not affect the steady
curs at zero wave number, a pulsatile mode. #00, only  pranch, so in the computation of this paper, we will simply
the steady cellular mode can be predicted by this analysi%hooseﬂzo_ For givenl’, kg, 7, andu, M ~Lvaries withe?,

while the presence of nonequilibrium effectsz0, will de-  hen the critical wave number can be determined by letting
stabilize the previous damped oscillatory m&dand in the dM~Y/dw?=0, and we will find the relation

same time will stabilize the cellular mode.

Due to relation(3.3), we show neutral stability curves in
Fig. 2, for the parametetts-=0.2, u=0, I'=3.0 undery=0, —
0.01, and 0.1, respectively. The result is compared with pre- _ Sok[l+2£u§+ wé)]
vious linear analysi8% and is found to be very accurate. [02+ 0t +k(1+2w2)]?
For y=0, no oscillatory mode is found and the most danger-
ous mode is steady. Foy=0.01, the oscillatory branch is
found and the steady branch is somewhat lifted higher and tarhere w, is the critical wave number. Aftew, being ob-
the left, but the cellular instability still would occur firsat  tained, the critical valué in turn can be evaluated from
lower M). As y increases, the cellular instability will occur Eqg.(3.5). Alternatively, for giverkg, ¥, andu, one can also
first until it reaches some particular value, s@gy When  determine the critical valueM; andI'; by Egs.(3.5 and
v>1, the oscillatory mode will turn out to occur first, and as (3.7), respectively, at each particulay . With this, we show
vy increases more to maké>I'g, where in Fig. 3 marginal stability curves foke=0.47 andu=0

(3.7)
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under y=0, 0.01, and 0.1, respectively. Again, this figure then it stands for that the critical condition is exceeded or
shows the stabilizing effect of on the steady cellular dis- deferred.

turbance. Note that if a poitf’,M ~1) does not locate on the When going forward to the second order Af's, one
marginal stability curve, with the other parameters fixed,finds, if the critical condition is only slightly exceeded,

e=e(0—0)={-20* (M 4+ T0?)+4M +Tw?)w*(ke—1)/(1+ )+ 2k]+ Spw2(yI2— 40?)/(1+ 7)
+ S0 —kI2— 2(1+ 2K) 02+ 8w H{(M ~ 1+ 4T w?)[K+ (1+ 2K) (4w?+ 160%) |- 4w2(1+ 402)Sy}, (3.9

f=f(0—0)={—3w3(M 1+ Tw?)+3(M 1+ T w?) 0 (ke— 1)/(1+ 7)+ 2K]+ Syw?( y/2— 3w?)/(1+ y)

+S,07 —k—3(1+2K) w2+ 9w*/2H{(M ~ 1+ 3T w?)[k+ (1+ 2K) (302 + 90*) ] — 3w(1+ 30?) Sy}, (3.9
g=9g(c—0)=0, (3.10
and
B—oa=r(o), (3.1
where
25, 4y (1-kg)(1—1y) —
r((r)=|—88404+o-3 a1y +(1+7) —4S1 1,y —8S;—4S,[(1+2K) +2w?] |+ 0?
(1-kg)(1=y) So 2y yo? (1=ke)(1—1)
P’ a+pz M 1+Fw5_<1+y><1+y)+w2+<r+w)+2%“{2_ FEL )
+2S, %f—)] 2S,02— 4S8 1+ 2k+ 20?] — 2S,[ k+ (1+ 2K) 0>+ w*]
[kKety(2+y)] (1-ke)(1=9y)| Sow?
{ W(M 1+Fw2)+2a)2(2—w (M 1+Fw2)—(1+y)+81w2(1+2w2)

—2KS3(M 14T w2) = S,[ (14 2K) 02+ 204]— 2S3[ (14 2K) w2+ 0*] |+ (14 202) 02(M ~ 14+ T w?)

S Gl AP T 2[|<_+(1+2k)w2+w4] 707+ 30| M~ 14 T2+ S, + 25, (Kt 0?) + Sy -7
1+ : Sl 1ty
+ 2w2(M_1+Fw2)+(1+2k_)(M_1+Fw2+Slw2)+Slw4+k_Sl—(1+2w2)So1Tyy (3.12
Here
In(k/ke) yke
Smat ke~ D(ket )’
(1+y)(ke—=1)(ke+y)
__In(k/ke)y
- m(1)(1+9)*
ke ym(1) In(k/ke) ]
S, = + - = . 3.1
=S| A et ) (e= D) |1 MDA+ ) (313
According to the analysis of Sriranganathan, Wollkind, and Oulfome should take
2 2
B=limr(o)={(1+20?)w*(M +T'w?)+ S0 Z—wz) 20 [k+(1+2k)w 2+ w0 /[sz(M_l+Fw2)
0 (1+vy)\2
+(142K) (M 14T 02+ S,02) + S0t + kS, — (1+202) S, 1+y] (3.14

and
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p—r(o)  dr(0)

a=lim .
do

o—0

Finally, as going further to the third order 8f’s, one will arrive at

Bi—20b=ry(0),
and
,82_20'd:r2(0').

Thus, similar to the determination @ we obtaing; and 3, by letting o approach zero and have

— 1—k
w2e—2kS,w2e—4Sywie+ (17 ke)

(1+vy)

_ _ Y
= —0)= 1_ 2y 2 1 2
B1=r1(c—0) ‘(I\/I 2w )wet+t M wg+2S, 1+7y)

1-k — — _
+8 ((1+ ;)) w®el’ + 8kM ~lwte+ 20kI" wbe+ 45, w'e—2(1+2k)S,w'e—2S,0%

Y
(1+vy)

(M 4T 0?) w?

T3 1 1 y
V! Dl SO -1 2y 2| _ 2 4y " T
k2Fw+ZS3(M +To%)w 282w+280(1+y)

(ke—1)
(1+v)

2 (1+2k_)(gl"w4+%83(M_1+Fw2)w) S (M 14T w?) 02— 2S,0*+

(1+ Y)

2, ° Y 4 5kE
Ot STy Y T2y

3 1
+(§ Iw*+ > (M 14T w?) w?

)82w4+6(M 1wt

+Fw6—Sow4)” / [2w2(|v| "L T 0?) + (14 2K) (M~ 14+ T w2+ Sy0?) + Spo*+ kS, — (1+202) S 1%

[ket+y(2+ )]

3
,82=r2(cr—>0)=[(M1+Fw2)w2a+M1w2(f+g)— 5 S1w?B- 1+

(M~ 14+Tw?)pB

1 Y
T3S0 1) @

(1-ke)(1-v)

+ St (M7 T yuke)
SOw:B (1+,y)2 ( w) B

(1+v)

(M~ Y+ Tw?)w?B

(1-ke)

N (1-ke)
(1+y)

(1+vy)

(1—kg)
(1+vy)

M lwig+4(f+a)]+6

T wb(f+a)—

Slw4,8

+2kM " Spw*(3f +a) — Syw?B]+ 2K [ Syw®(6f +a) — Syw*B]+ kS, w* B+ Syw* —(3f+a)

—Sp0? 7 Tiy B~ S0 4—/3 (1+2K) 02

3 3 0%
— k| — 4 -1 2y, 2\ _ 4 -1 2y 2
kZFw +S(M T +Tow%w 232(0 +So(l+y) (M™ 4T )w

2l (14 2k) (M~ 14T w?) w?— S, 0

; Fw4+S3(M_l+1"w2)w2) 25, (1Zy)
(ke—1)

T2 1y

3
(M_1+Fw2)w2+(§ I'w*+S3(M 14T w?) w?

+8(M o+ T wb— Sy |+ 82| M1+ T w2+ S, + 25, (k+ w?)

1-v
TSIy

/ [2w2(M 14 Tw?)+ (14 2k) (M~ 14+ T w2+ S,02) + S, 0* + kS, — (1+202) S, 1

2(3f+a)——k82w2(3f+a) KSy (M~ 1+Fw2)B+SOw ,8 Syw*(3f+a)

2 ’y 4_ kE_l 4
wt2S, T+ ) w 2(1+7) Sw

831

(3.19

(3.19
(3.17

M~ lw*(g+5e)

(M~ 4T w?) w?

, (318

Szw2(3f+a) S (M +Tw?)B|+ (1+2k)82w2[3

Y
Ty —,Ba.

(3.19
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It should be mentioned here that, some of the parametetsur, which are not what we are concerned with. So we will
appearing in Eqs(3.8—(3.19 should be the critical values cancel the discussion of these points in later analysis. In the
and we have dropped out of them the subscript synsbol = meantime, for convenience of investigation on these points,
later in the next section, we will use supersciiptto denote
IV. THE STEADY-STATE SOLUTIONS AND THEIR the + solution and(2), the — solution.
STABILITIES To study the local stability of these steady-state solutions,

o o . ) we assume solutions of E¢4.1) be in the form
In the directional solidification of a dilute binary alloy, we

often observe three types of the morphological structures. A(t)=Ag+ eX exp(pt)+O(€?), (4.3
They are the planar interface, the two-dimensional bandlike
cell and the three-dimensional hexagonal cell or node. Here
we should look for the steady-state solutions for these mor-
phologies and discuss their stabilities after the correspondingjhere|e|<1. A somewhat limited nature of following stabil-
constants can be estimated from the expressions in the abogg analysis should be mentioned here because no spatial
section. For the analysis of regular patterns, we can assumpendence is performed in E¢8.1). Aside from this, any-
A1=A,=Al2 and A;=A,=A;=A3=BI/4, then the ampli- \yay, the analysis that is about to be undertaken is useful for

B(t)=By+ €Y exp(pt)+O(€?), (4.4

tude equation$3.2) will reduce to the present situation. Substituting these solutions into Eq.
1 1 1 (4.1), neglecting terms 00(&), and canceling the common
dA/dt=cA— 3 BB2— 7 B1AS— 5 B,AB2=F(A,B), factor e exp(pt), one will obtain two linear homogeneous

equations in the constan¥sandY. To ensure the existence
(4.2 of X andY, we should require thai satisfies

1 1 oo 1 5
dB/dt=oB— E,BAB—Z,BZA B—E(Bﬁﬂz)B

p>+pp+a=0, (4.5
=G(A,B). where
In particular the equilibrium pointsA,,B,) of Eq. (4.1, 5 5
which are those points such thafA,,By) =G(A,,Bo=0), p=—20+ 38R0+ 1(3B1+B2)Ag+t 15(3B1+58) B,
can be catalogued as follovs: (4.6
1:A0=Bo=0; a=(0— $B:AT- $BB 0~ 1BAG— 3B,A2
az A= =201y, Bo=0; — %(B+ B2)BR]— BA(B+BA (A7)
as_1:Ag=[~ BB +40(B1+2B2)1(B1+2B,), That is, the stability of the steady-state solution depends on
the constantp andq. The equilibrium point Ay,B,) is said
Bo=2Ao; to be locally stable if the real part gfis negative, thus the

criterion for deciding whetherA,,B,) is stable is simply

az_2:Ag=[— BB+ 40(B1+2B2)1/(B1+2Bs),

p>0 andqg>0. (4.8
BOZ - 2A0,
_ So far we should keep in mind that the equilibrium point

ay:Ao=—2B/(B2—B1), (Ag,Bg) and the constanp and q are determined by the
_ constantss, B, B;, andB,. The constantsB, B8;, and 3, in
Bo=*4\[o—B°B1(B2—B1) *1(B1tB2). (42 turn are determined by critical values of the parameters such
asM, I', kg, o, 7, andu. As to the parametes, when the
critical condition is slightly exceeded, it can be evaluated by
the dispersion relatiof3.3). If one choosed as the bifur-
‘cation parameter such that

The equilibrium points ofy; correspond to a planar inter-
face while the equilibrium solutions af, represent equiva-
lent observable two-dimensional bandlike cells. The equilib
rium points of a3_; and a;_, yield equivalent observable
hexagonal morphologies of interface. Since the stability
analysis to the solutions ak;_; and az_,, which will be
seen later, will depend oBj and thus will reveal identical then one has
result, we therefore will only discuss the steady-state solu-
tions of a;_,. For alloys havinkg<1, hexagonal structures _ 20 0—1 2 -1 2 2
with A0>36 1correspor)(d to ceﬁ;Ewith domge—shaped centers 0= 0l20g(Mc "+ Twg) +(1+2K) (M "+ Toc+ S 0c)
projecting into the melt and higher solute concentrations at + S0+ Slk_—(1+ 202 Syl (1+ ) [ 02+ o
the boundaries, while those witA,<O correspond to a _
close-packed arrangement of nodes or circular depressions of  +k(1+ 2w§)] +0(0?), (4.10
solute rich liquid into the solid. The equilibrium pointsg,
represent cells bounded by some closed nonhexagonal cofor givenT’, kg, y, and u.

M~ i=M_1-4, 4.9
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FIG. 4. Bifurcation diagrams foB,<<3;<0.

FIG. 6. Bifurcation diagrams foB,<0<pg;, B1+6,>0, and
V. RESULTS AND DISCUSSION B,+285<0. 2o

In this section, we shall study the stabilities of the equi-
librium points of a;, @, andas_,, respectively, and predict furcation but the two-dimensional solutioh§’ is unstable
the observable morphologies. It should be kept in mind thaand AY’ is stable only ifA§'<—28/(B,+,), mathemati-
the stability analysis to the equilibrium solution is due tocally. Physically, since the two-dimensional cef§’ and

three-dimensional disturbances; see E4s3) and (4.4). Aé,z) are equivalent structures, however, the bandlike cell
We first note that for equilibrium poind; cannot be observed. The three-dimensional solutiaf$
and AP of as_; are unstable. See Fig. 5 for the physical
p=-20 andg=o0” (5.0 bifurcation diagrams.
Hence the planar interface is locally stableri0. For equi- (3) <0<y, BitB,>0, and ﬂ1+2,82_<0:1)The La(gd.au
librium point a,, we rearrange relation@.6) and(4.7) and ~ €quation for the two-dimensional solutiors’ and A¢? is
find subject to a supercritical bifurcation, and aIthou@Ef) can
be stable ifA51)<2,6'/Egl—,82) the bandlike cell still is not
-1 observable becaus&;’ is unstable. The three-dimensional
P=2Ad(Bu+ B2) Aot 26] solutionsAY and A529 of as_, are unstable. See Fig. 6 for
1 3 the physical bifurcation diagrams.
9= sA1AL 28~ (B~ B2)Acl. (52 (4) B,>0, B>B,, and B;+2B,>0: We find that two-
For equilibrium pointes_y, we in turn have dimensional solutioPA? is unstable andAy’ is stable if
AY'<2BI(B,—B,), while the three-dimensional solutigk’
p= A4 (281+ B2)Ag— A1, is unstable andA?’ is locally stable foro>—oy, where
oo=B14(B,+2,), which is a positive constant. Since three-
q= A2 (B1+2B2) A0~ BI(B1— B2)Ao—28]. (5.3 dimensionalA§’ corresponds to dome-shaped cells #qfl

represents nodes, so in this case we conclude that the three-
Examining Eqs(5.2) and(5.3), we conclude that the sta- dimensional nodes can be observable. The bifurcation dia-
bilities of equilibrium points ofa, and as_; are determined grams can be found in Fig. 7.

by which sense the constanf, B;+8,, Bi+28,, and 1(5_) 0<ﬁl<ﬁ2:W§ find that the tvyo—tgimensional solution
B.— B, are. We thus consider the following five basins of AG is stable and\{” is stable only ifA>2p/(8,~,) or,
bifurcation. from (4.2, for o>0y, where o;=8B/(B;—B,)>. Thus in

(1) B,<B,<0: We find that for equilibrium points of,,  this basin, the two-dimensional cell can be seenrasr.
Eq. (4.1) becomes a Landau equation subject to a subcriticalhe three-dimensional solutioA§” is unstable and\{ is
bifurcation and both two-dimensional solutioA§’ andA2  stable if —B/(8,+28)>AF>2p/(8,— 3,), or alternatively,
are unstable. The three-dimensional structukgs andAYY  for —oy<o<o,, whereo,=p(2B,+B)/(B,— B,)°. See Fig.
of as_, are unstable, too. See Fig. 4 for the bifurcation dia-8 for the bifurcation diagrams.
grams. Before showing the result, we should see when the ampli-
(2) B,<<0<B,;, and B;+B,<0: The Landau equation for
the equilibrium points ok, is subject to a supercritical bi-

_~~2-D solutions

S~ Prinai /

3-D solutions ~~. - . o=, S e
AN < 2-D solutions \ /-
7
N - -
e — s
S 2 | e
i
B+28 \
1 2 N
(s B+28, -
____________ -
~71 c Sl
PP - ——_
“““ \
\\
™ hexagonal nodes

FIG. 7. Bifurcation diagrams for3,>0, B;>B,, and
FIG. 5. Bifurcation diagrams foB,<0<3; and p;+ 3,<0. B1+28,>0.
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0.39

0.26
2B

hexagonal = o ﬁ 1 +ﬁ 2
nodes \\ N
2-D cells 0.13

FIG. 8. Bifurcation diagrams for03,<p,.

tude equationg4.1) will converge. We will consider the

equilibrium solutionaz_, only. From Eg.(4.2), as =0, 0.00
A@'=—2pI(B,+28,). We show such amplitudes as functions
of w? for some particulakg’s in Fig. 9. In this figure we see
that askg is near unity, every amplitude for small? is
small and the amplitude equatiofé.1) converge, while as FIG. 10. Enlarged part of Fig. 9.
kg is very small, small amplitudes correspond to finitely

long-wave morphologiegi.e., wave number smaller than ¢,res for the division of these five basins. For the same
unity but not extremely small But askg is between near aterial parameter as in Fig. 3, Fig. 11 shows the curves
unity and small, sakg=0.09 for example_, no small gmpli- standing foro=a, ando=a, for y=0, 0.01, and 0.1, respec-
tude can be found to converge the amplitude equations; thigyely in addition to the marginal stability curves. We will
case should be deleted from the applicable parameter rangge these figures to express how to predict the morphology if
for our equation. We enlarge part of Fig. 9 and show it inghe gperating condition is designated, and to show the dis-
Fig. 10 to suggest the applicable critical wave numbers fogqyilibrium effects. Suppose we have three operating points
our equation. Note that we also show the curves)yfe0.01  , the (I, M%) plane atl'=0.61 with M~1=0.155, 0.120,

in both Figs. 9 and_lO only to emphasize the disequilibriumy, 4 0.07, respectively, which are indicated by the cross
effect on the amplitude, although very smallshould be  ,5/ks shown both in Figs. 3 and 11. ChoosMg® as the

considered in this analysis. _ bifurcating parameter, one should have the corresponding
In summary, if positiver is concerned with, we can pre- citical points on the marginal stability curves, as shown by

dict that two-dimensional cells can be found only in basinihe circle marks in Figs. 3 and 11. Detailed data of these
(5), where 6<,<p,, wheno>o, while three-dimensional  yitical points areM ;1=0.159 andw2=0.319 for y=0,
nodes can be found in basif#), where 8,>0>p3, and

B1+2B,>0, whereo>0 or in basin(5) when 06<o<o. In

Fig. 11 we have shown four marks on each marginal stability 0.50 3
1.95 43 0.40
0.30
1.30 M~!
28 ] 0.20
Bi1tB2| 1
0.65 _: 0.10
] 0.00 N . :
] 0.00 0.20 0.4 0.60 0.80 1.00
0.00
0.01

FIG. 11. Marginal stability curves and curves associated with
o=0y and o=0>, for kg=0.47, u=0. The solid lines denote the
marginal stability curves, the short dashed lines correspond to

FIG. 9. Variations of amplitude2s/(8;+28,)| with w2 for o=04, and the long dashed line;=0,. The cross marks and the
kg=0.009, 0.09, and 0.9, respectively. circle marks represent the same points as in Fig. 3.
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M - 1=0.149 andw?=0.310 for y=0.01, andM ;1=0.085 dimensional nodes are observable, while if the critical point
andw?=0.236 fory=0.1. Now, we have clearly seen thatin is located on area(5), where 6<p,<p,, then two-
Figs. 3 and 11 the upper critical point is located in baSih  dimensional bandlike cells, whenr>0o;, and three-

for y=0, the middle critical point is located in basi#), for ~ dimensional nodes, when<@r<o,, can be predicted.

v=0.01, and the lower critical point, basii) for y=0.1. From the discussion in the above section, we see that the
For the samd’, the disequilibrium effects can change the disequilibrium effect can stabilize the cellular mode, change
location of the critical point in the basins of bifurcation and the location of the critical point in the basin of bifurcation,
make the critical wave number smaller, as well. From Figs. 3and most importantly can make the wave number smaller
and 11 we also find that for the upper operating point theand cause the evolution equation to be more applicable.
morphology fory=0 is three-dimensional nodes, while for

y=0.01 and 0.1 the planar interface will be found; for the

middle operating point the morphology fe=0 andy=0.01 ACKNOWLEDGMENT

is three-dimensional nodes and fg=0.1, is planar inter- The authors wish to acknowledge with appreciation the
face, and for the lower operating point the morphology forfinancial supportGrant No. NSC 84-2212-E033-0ppro-

y=0 andy=0.01 is nodes, while foy=0.1 the equilibrium  yided by the National Science Council of the Republic of
solutions are unstable. These interesting phenomena are dgina.

to the disequilibrium effect which can lower down the mar-
ginal stability curve and the curves of=c; ando=0>.
Finally, if for an alloy the parameterg and I can be APPENDIX
fixed, i.e., if V andc,, are fixed in the realistic operation, in
the basin(5) andM %, or the G in the operation, is tuned
from above to below the correspondiy; *, then the mor-
phology which can be found will be, in order, the planar
interface, the nodes, and the two-dimensional cells. This
trend is the same as reported by Takahashi, Kamio, and
Trung®’ in studying the solidified aluminum alloys under

The dispersion relation of the system considered in the
present work is expressed by

11
5=5 (1+do+ 4w2)1/2—q

normal pulling speed which is so slow that the disequilib- key In(k/kg) y g
rium effects can be neglected. Indeed, the present result, X)o|ux— (ke+7)(ke—1)(1+ ) Tl =M
however, should be further verified by experiments in which E E
the solidification should undergo higher pulling speeds. kem(1) kem(1)

ke+y 1+y ke+y =0, (A1)

VI. CONCLUSION , ,
whereo is the growth rate ane is the wave number of the

In this paper we have considered the disequilibrium efdisturbance to the planar solid-liquid interface. Since the
fects in the directional solidification of a dilute binary alloy. principle of exchange of stability holds, by vanishiagand
We have used the model proposed by AZiand Jackson treatingM ~* as the bifurcation parameter, with the others as
et al?” for the velocity-dependent segregation coefficient anctontrol parameters, we then have the neutral stability curve
considered the velocity dependence of the modified Gibbswhich is given by
Thomson condition derived by Boettinger and
co-workers**2° The oscillatory mode due to the disequilib-

1 =
rium condition is ignored, since if the surface energy is small M 1= 11 (1+4w2)1/2_q kem(1)

and the pulling speed is not high enough then the Mullins 2 2 1+y

and Sekerka cellular mode is preferred. Meanwhile, since the kem(1)

latent heat release can only slightly affect the cellular insta- +-E -T2 (A2)
bility, we therefore ignored the thermal effects and adopted ket

the FTA.

We first derived an evolution equation by an integral tech-  For given control parameters, the critical wave numbgr
nique, then the amplitude equations were determined directly determined, fromdiM ~Y/dw?=0, by the relation
from it. From the amplitude equations, the equilibrium solu-
tions which are catalogued as planar, two-dimensional, and s _
three-dimensional structures were obtained. The stability F:[E_ E (1+40?) _q (1+4w?) 12 kem(1)
analysis of these equilibrium solutions to three-dimensional 2 2 1+y
disturbances has also been undertaken. The result of the (A3)
analysis shows that the marginal stability curve can be di-
vided into five basins of bifurcation structures, for both theThus, a marginal stability surface in the parameter space is
two- and three-dimensional equilibrium solutions. The pos-constructed by EqgA2) and(A3). On the marginal stability
sible morphology to be found depends on the location of thesurface, if we designate the critical wave numhbgrto be
chosen critical condition and how far the system parameterasymptotically small and denote it by a positive number
are exceeded from this critical condition. The result showgwhich should not be confused with the same symbol appear-
that if the critical point is located on are@t), where ing in Egs.(4.10 and(4.11)], then we have the long-wave
B1>0>pB, and pB;+2B3,>0, when ¢>0, then three- region which is given by
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— kem(1) kem(1) The second long-wave limit that we consider is the abso-
M1~ —(k+6%) 1 = = lute stability limit.2® In this limit t y=y5° and
1ty ket y ute stability limit.® In this limit, we set y=y6° an
ke=0(1), then consequently from E¢A4) we have

— kem(1) 6°
—(k+8%)73(1-28%) ——— —
et iy r~k‘1—k‘1[—2[7(1_kE)+1]+2+?}52
N E E ]
K4 52)-2 2, kem(1) e
~(k+6%)72(1-26% 11y (A4) (AB)
M~1~0(6%.

So, the scalings of the long-wave limits mentioned in Sec. Il

can now be discussed briefly. Thus, a numbee=Kk £ X{2[y(1—kg) + 1]/ke+ 2+ 71 & and

The first limit to be considered is motivated from the h h 0 din th ion for th
work of Sivashinsky* in which the segregation coefficient ;cZI?r:th rater=0(w ) are assumed in the section for the

ke is assumed to bkz= k8%, much smaller than the wave The final | imit i ding to Ril d

number. In the present work, the paramejes assumed to Davi 816 'nﬁ. hong-wave tITI |sthacc%r 'Tgt Ot bllety lz_an "

be y=74" then consequentim(1)~1 and from Eq(A4) we avis, - which comes out from [ne absolute stability fimit |
but emphasizes the requirement of small segregation coeffi-

have . .
cient and large surface energy. Here we reqijre Kgb?
T~«ke, and assume= &2, then from Eq.(A4) we have
(A5) -
M_l"" K_—E_ZKE52, FNKE(KE+ ’y+1)_25_2,
K (A7)
where k= kg+ y. The magnitude ofr should be meaning- . — _ —
fully assumed to be at the same orderkgf, i.e., s=0(5%), M~ ~ke(kety) "—ke(ket y+2)(kety+1) "%
from the dispersion relatioA1). Due to these, in Sec. Il we
have further assumed another numbe®«;8° and have the In this section we have made a number
scaling shown in the section which leads to the evolutione=(xg+ y+ 1)« ¢/ and then assumasto be at the same

equation(2.26). order ofw?, i.e., s=0(&).
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