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Abstract

In this article, an analysis of nonlinear three-dimensional (3-D) morphological instabilities in chemical vapor deposition (CVD) is
presented. We establish a set of mathematically governing equation and boundary condition for the system of CVD and derive a weakly
nonlinear evolution equation by considering a diffusion-limited growth condition to study the morphological instabilities in the CVD
process. This evolution equation not only can predict the behaviors of interfacial growth of films, but can also be a basis of weakly
nonlinear analysis. The analysis from critical condition is adopted to investigate the two-dimensional (2-D) band-like cells and the 3-D
hexagonal structures. © 1997 Elsevier Science S.A.
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1. Introduction

In producing modern electronic devices, chemical vapor deposition (CVD) is one of the main processes for thin-film
growth. A CVD process is designed to supply reactive gases to the surface of substrate under conditions that encourage
surface reaction and discourage reaction elsewhere. CVD processes exist for a vast variety of films, but they are particularly
useful for forming refractory, nonmetallic films that are not easily evaporated. Nowadays, due to higher demands on the
property of the electronic device and the corresponding increasing cost for equipping, theoretical modeling or numerical
simulation of the film, morphology has become more important in the research of CVD processes.

Normal CVD process is undertaken under high pressure circumstance (typically 0.1 to 1 atm) since the mean free path of
the gaseous particle is much shorter than the typical length of morphological features and the value of the Knudsen number
[1]is very small (Kn << 1). Therefore, transport of the reactants to the surface is diffusion-driven and a continuum model is
appropriate. van den Brekel and Jansen [2,3] studied the stability of the planar gas-solid interface during CVD processes.
They considered a stagnant boundary layer of the gas and assumed the surface reaction to be proportional to the
supersaturation. In the model, a reversible reaction is taken into account and the Gibbs-Thompson relation is used to relate
the equilibrium concentration on the surface to the curvature of the interface; however, the important effect of surface
diffusion is neglected. Therefore, the only stabilizing factor in their model is capillarity. They showed that vapor growth is
essentially an unstable process. The study was then extended to nonisothermal conditions, and they found that the results
remained qualitatively the same. What is most important, their study showed that, as the process is diffusion-limited, the
effect of nonisothermal conditions was most dominant. Bales et al. [4] undertook numerical simulation to the van den
Brekel-Jansen model and considered both the diffusion-limited and the reaction-limited processes. They found the
morphology to be fingerlike and very similar to what has been found in the Hele-Shaw problem [5] for diffusion-controlled
process. The morphology was also similar to the results predicted by Kardar et al. [6] for reaction-controlled growth.

Palmer and Gordon [7,8], neglecting temperature gradient, included the effects of surface diffusion, gas diffusion and
reevaporation in the growing film. By assuming that the reaction took place in the gas phase and only adsorption and
reevaporation took place on the surface, they found that gas diffusion is the destabilizing factor, while both surface diffusion
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and reevaporation are the stabilizing factors. Ananth and Gill [9] investigated the case including the effect of heat transfer in
the solid film, but they neglected the effect of radiation and the temperature dependence of material properties. They
concluded that heating from below the substrate tends to stabilize the film in a cold wall reactor and that capillarity may
have a significant stabilizing effect.

Viljoen et al. [10] investigated the controlling effects on the morphology of CVD film. They included the effects of
surface diffusion, gas diffusion, capillarity, the surface reaction and the curvature of the film into consideration. Viljoen et
al. considered a planar interface as the basic solution and its linear stability under the influence of the substrate temperature
and reaction chamber pressure. They found that an increase in temperature stabilizes planar film growth if the deposition is
diffusion-controlled, but destabilizes it if the process is reaction-controlled. Also, the reactor pressure has a destabilizing
effect on planar film growth during a typical CVD process. Further, Thiart and Hlavacek [11] focused on numerical solution
of governing equations under a wide variety of conditions and with different initial interface shapes as the starting point.
This work may be the first attempt to simulate interface evolution during CVD process for long deposition times from
various initial interface shapes. The results revealed several morphological phenomena observed experimentaily in previous
studies [12,13]. They concluded that film uniformity could be improved by choosing conditions for which a Damkdhler
number of deposition Da would have the lowest value.

In this work, we intend to investigate three-dimensional (3-D) morphologies during CVD growths. The continuum theory
developed in the mentioned researches is adopted. We will focus on diffusion-controlled film growth. An evolution equation
governing the dynamics of the interface will be derived first. It will be as a nonlinear partial differential equation (PDE)
with the interface position being the dependent variable. Then, if a spatially periodic disturbance is assumed to the planar
state, eventually one will obtain a set of amplitude equations from which we therefore can evaluate equilibrium solutions of
the disturbance. Linear stability analysis to these equilibrium solutions can be further undertaken to identify some stability
basins in which a particular morphology, either two-dimensional (2-D) cell or 3-D structure, can be predicted. In the final
part of this article, a brief conclusion will be addressed.

2. The CVD model

A typical high-pressure (normally at 0.1 to 1 atm) CVD growth is considered in this work. Under the high-pressure
condition, the mean free path in the gas is very short compared to the typical length of surface features, so the continuum
theory for the transport of reactant is appropriate. Fig. 1 shows the physical configuration of the CVD model considered. In
this figure, the Cartesian coordinate system is introduced to describe the spatial position of the subject. As can be seen, the
substrate is below z =0, between z=0and z= 8+ V¢ is the film with growth rate ¥, and the stagnant boundary layer of
the gas fluid, above it is the bulk fluid. Since the thickness of the stagnant boundary layer is much larger than the length of
the surface features, a planar interface is assumed between the bulk fluid and the boundary layer. Meanwhile, since the
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Fig. 1. Physical configuration of the chemical vapor deposition.
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scalar for morphological features is typically much smaller than the dimensions of the substrate, periodic boundary
conditions are in order. Moreover, the range of the horizontal coordinates x and y are taken as indefinite. Furthermore, to
decouple the temperature field from the reactant concentration and to make the problem more tractable for analysis, we
simply assume that the substrate, film and gas immediately above it are in thermal equilibrium and that the temperature
remains a constant parameter.
Before describing the mathematical model of the problem, we first introduce a transformation which allows the origin of
the vertical coordinate to move with the growing film, by:
z¥=7— Vol‘, . : (1)
and nondimensionalize the system based on a characteristic length L which, for convenience, can be chosen as the capillary
length I'. The dimensionless variables are: ‘ N S
(4.7, 2y = (x 3 2), 0 =0 S S e
B y y L ) }’7 9 L . )

The reactant concentration in the boundary layer is governed by the mass balance equation: (with the prime symbol dropped
all below)

ac 1 ac o . R

—=—(V2C) + —, 3
at Pe( ‘ ) 9z ’ ©)
with boundary conditions: o

1
C= 1atz=;, ' (4)
and
(VC-#H) =mDaC(1 + k)atz=h, ' o ' (5)

In the above equations, C is the dimensionless concentration based on the constant concentration of the bulk fluid Cy,
V? is the Laplacian operator and the parameter Pe is the Peclet number, indicating the relative magnitude of convection
and diffusion effects, defined as:

Pe = —, o - (6)

where D; is gas diffusivity. The constant 7 is a dimensionless parameter defined as n=1I/8, and Da denotes the
Damkdhler number, indicating the relative magnitude of gas diffusional and surface kinetics resistance, defined as:
kK, 8 o o } '
Da = N ) : 7
a=— ()

where k is the chemical reactive rate and K, is the adsorption /desorption equilibrium constant. The height of the film is
denoted by A(x, y, t), and 7 is the unit vector at the curved surface of the growing film, defined as:

~h, —h, 1
N A T e T T

-
n=

(8)

Kk is the x and y components of the local curvature, defined as:

o (L+5) = 2hehyhyy + (1+ 1)k, N 7 , )
(1 +hz+hz)3/2 '
X ¥

In Eq. (5), the gradient operator V is expressed as:

v da aJ 9
= ‘a,a—y,—a—z . (10)

According to Thiart and Hlavacek [11], the evolution equation of the height of the film is given by:

BC, - ¢ ,
ht+1=—E(VC‘IZ)V1+hi+h§,—'P—eVSZK, (11)
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where S denotes the molar volume, ¢ is a dimensionless parameter representing the form of effective surface diffusivity
and V. is surface Laplacian, defined as:

! L+ 12k, —2h b
Viec —— (1+h§,)6xz—2h'h aa’+(l+h§)a‘/2_( + >) xx x Ty ay

+ {1+ 1),
ol R 4R S 1+h+h

= (h 8.+ h,d)|.

(12)

The dynamics of the film surface can be completely described through evolution Eq. (11). However, obtaining its exact
solution is quite difficult because it is coupled with the surface gradient of the reactant concentration. Even so, our strategy
for analyzing the problem is to seek for an approximate solution of the concentration and substitute it into the evolution
equation to predict observable surface morphologies. In this work, we intend to analyze the diffusion-limited CVD process
for this mathematical purpose since the reactant concentration is dominated by the basic solution, corresponding to planar
surface, from which the approximate solution of the concentration at the surface can be easily chosen. The basic solution
corresponding to # = 0 is given by:

Pe + nDa
nDa

1
Co(2) = 5C —exp(—Pez)].

b

In a practical system, such a solution is not easy to achieve. However, if only a small disturbance is allowed at the surface,
i.e., by letting h = H, where H is the first order term of the surface disturbance:

C(H 1 Pe +nDa Poll 3
= —exp{ —PeH ) |.
o) = g || | ~ e~ er) (13)
Substituting Eq. (13) into Eq. (11), the evolution equation becomes:
dH mnDa|{ Pe+ nDa b
—= - —PeH)|(1+ )yl +H:E +HE, — 1 — —V%. 14
— =1 ( e ) exp(—Pe) |(1+ )T HE ], =1 = = Vi (14)

3. 3-D morphological instability

Eq. (14) is only an approximate form of the evolution Eq. (11), but now it is found that it is actually a PDE with H
being the dependent variable. In the following analysis, the equation will prove to be an application to the problem. We can
further simplify Eq. (14). For most physical cases PeH < 1, and if the weakly nonlinear form of Eq. (14) is considered, we
reduce Eq. (14) to the following:

SN |
H,— V*H — nDaH + Pi V*H=~(H, H}+2HH,H, +H,H!)+nDaHV *H + SIVHI‘ + EnDaHIVHIZ
- yHey T H,y, 8,

¢ 1 >
* g A Hy Ho 4 SHIH o + 8H HY o+ 12H H H,

Xxxx
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yyxx o " Haxxx
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XYyy
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+—HH
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yyyy

1
2
+4HxnyHyyy+EHxH -+ SHM},H},H),), +2H”HyH”y

yyyy

+HLH,.], (15)

which contains linear terms and nonlinear terms up to cubic nonlinearity.
The evolution Eq. (15) is basically similar to those found in directional solidification (see Refs. [14,15] for examples).
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Therefore, in the present work, we can predict that, besides the 2-D cells, the hexagonal structure might be one of the 3-D
surface morphologies in the CVD system. To do this, we apply to the planar surface an assumed disturbance expressed by:

B(xo30) = {4+ ady &, + DAL A, + dA (14, +1 437 Jexp(i, - 7)
{4+ 0k, & + 043 &, + sy (1 A5 + [ 4,P) bexp(ih, - 7)
Ay A+ bAL K, + Ay (|4, +] A fexp( i - )
+f{A1A_Zexp(z’[171 — i) F) + A, Aexpli] @, - @] F) + A Ayexpi] 8, — 'F’)}
+ e Alexp(2iit; - F) + Adexp(2iii, - F) + Alexp(2.d; )} + %g{(lAllz +14, P +14,%)} +ee.  (16)

where c.c. represents complex conjugate, A; is the complex conjugate of A, (i =1, 2, 3), ;= w(l, 0), it,=w(-1/2,
V3 /2), i, = w(-1/2, -3 /2), and F=(x, y). It is clear that if only one of the amplitudes is nonzero, the expression of
hexagonal structure (Eq. (16)) will recover the band-like cell. We examine Eq. (16) and expect that small amplitudes A;s
satisfy the following amplitude equations to third order:

dA,/dt=0A, — BAA; - B ATA, — BzA1(|A2|2 + [A3|2),
dAy/di=0A; = BA A, — B AT A, — B, A,(| A5 +14,P), ’ (17)
dA;/dt=0A,— BA A, — B, A} A, _:32A3(lA1[2 ‘HAzlz)’

where o is the growth rate of the amplitude; B, B, and S, are the solvability constants that are to be determined. The
evolution of A;s is ensured by Eg. (17) if all the constants in it can be evaluated.

We simply substitute Eq. (16), with the amplitude equations in Eq. (17), into the evolution equation (Eq. (12)) and
compare the amplitude in every independent periodic mode. At this first order of A ;» we obtain the dispersion relation
which is expressed by:

a‘+w2+Piw4—77Da=0. - (18)
e

This relation can be equivalently derived from the linear stability analysis on the original problem, if the relation w > nDa
is designated (see Eq. 18 of Ref. [11]). Since from the dispersion relation, the exchange of stability holds; we can find a
neutral stability curve by simply letting = 0. Thus, the neutral stability curve is expressed as:

¢ :
24 % — yDa = 0. 19
w*+ 4 w* = nDa (19)

As can be seen, on the neutral stability curve, if the parameters w, (¢/Pe) and nDa are fixed, then the final one can be
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Fig. 2. Neutral stability curves in the w-nDa planes for ¢ / Pe = 10X 10'!, 9 10!! and 8 101,
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determined from Eq. (19). For example, if the values of w and (¢/Pe) are given, then the critical value of nDa is given
by:

(nDa), = o + (Pi)w (20)

where the subscript ¢ denotes the critical value. We show in Fig. 2 some neutral stability curves. In the figure, the area
below each curve is the linearly stable region. From this figure, or equivalently from the dispersion relation, it is clear that
larger mDa tends to destabilize the planar interface. We also can see that larger ¢/ Pe, which stands for the ratio between
swrface diffusion and reactant flux, tends to stabilize the basic planar solution.

In the following, however, we will allow the critical condition to be slightly exceeded. If the quantity nDa is chosen as
the bifurcating parameter, then

nDa = (nDa), + €, (21)
where € < (nDa),. Substituting Eq. (21) into the dispersion relation (Eq. (18)), one obtains
o=¢€, (22)

which approaches zero.
So, going forward to the second order of A;, one finds:

1
—(nDa), w® — -2—w2

e=e(oc—0)= % , (23)
40* — (nDa), + 16(—)404
Pe
!,
——w
f=fc—=0)= P , (24)
3w~ (nDa), + 9| — | &*
w”*— (nDa). (Pe)w
g=g(o—0), (25)
and
B—oa=r(0), (26)
where
1
r(o) =2w?[(nDa), + o] ~—2—w3. (27)
We should take
1
B=lim r(o) =2w*(nDa), — sz’ (28)
o—0
and
—-r(o dr(0
a=limB ( )=— ()=—-2w2. (29)
o—0 g do
Finally, going to the third order of A;, one will arrive at:
B —20b=r(0) (30)
and
B,—20d=ry0o) (31)
where
1 ) 7(
r{o)= wz(—Se-l- E)[(nDa)C+ ol +20le+ o'+ E(P—)wﬁ, (32)
e

ry(o) = 0*(4f+ D[(nDa). + o] + éw“—l— %wz(a+3f) +4(%)w6. (33)
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Similar to the determination of (3, we obtain 8, and B8, by letting o approach zero and have

1
Bi=r(oc—0)= 602(—5@'|' E)(nDa)c+2wze+ w*+ ;(%)w(’, (34)
1 1 ¢
Br=13(0=0) = (4f + 1)(1Da), + s ' + S @ (a+3f) +4(;;) °. (35)

If a hexagonal structure is expected in the CVD process, we simply assume A, =A, =A /2 and A, = A—é =A;=A;=
B/2 and the amplitude equations in Eq. (17) will reduce to:

1 1 1
dA/dt= oA~ 2 pB*~ TP A =SB, AB"=F(A.B),

1 1 1 (36)
dB/di=0B=—BAB =, AB— —(B,+B,)B>=G(A.B).

For the case wherein B = 0, the solution will further become a 2-D structure. If A = B = 0 then the film surface will be
planar. The equilibrium points (A4, By) of Eq. (36), which are those solved by F(A,, B,)=G(A,, B,)=0, can be
catalogued as follows:

a: A,=B,=0;
Q- Ag=*2y0/B, ' B=0;
-y Ao=[-Bi/ﬁ2+40(31+232)]/(,81+2Bz), By =2 Ay; (37)

a3 5 A= [_Bi\/32+40'(ﬁ1 +2ﬁz)]/( Bi+2B,), By=—24,.

Apparently, the equilibrium points of «; correspond to a planar surface, the equilibrium solutions of «, represent
equivalent 2-D cells, and the equilibrium points of a5 ; and a;, yield equivalent 3-D hexagonal morphologies. Since the
stability analysis to the solutions of a;, and a;_,, which will be seen later, depend on Bg and will reveal identical results,
we, therefore, will only discuss the steady state of solutions of ;). For the hexagonal structure, the solutions with A, > 0
correspond to cells with dome-shaped centers projecting into the boundary layer and higher reactant concentration at the
centers. On the other hand, those solutions with A, <0 correspond to a close-parked arrangement of nodes into the solid
with higher concentration at boundaries. Fig. 3 shows the configuration diagrams displaying evolutions of the hexagonal

X X

Fig. 3. Evolution of hexagonal structure: (a) node and (b) cell.
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2-D cells

Fig. 4. Bifurcation diagram of 2-D cells, for 0 < 8; < B,. The solid film represents stable solutions, while the broken line represents unstable solutions.

cells and nodes. The equilibrium solutions of Eq. (36) also include cells bounded by some closed nonhexagonal contour, but
these are not what we are concerned with in this work. Meanwhile, for conventions of discussion and equilibrium solutions,
we will use superscript (1) to derive the “*+” solution and (2) for the **—" solution.

To study the local stability of these steady-state solutions due to 3-D structure, we assume solutions of Eq. (36) be in the
form:

A(t) = Ay + uXexp( pt) + O 1),

B(t) = By+ uYexp( pt) + O( u?), (38)

where | u| << 1. Substituting Eq. (38) into Eq. (36), neglecting terms of O( u*) and cancelling the common factor u
exp( pt), one will obtain two linear homogeneous equations in the constant X and Y. To ensure the existence of X and Y,
we should satisfy the p requirement

p*+Pp+0=0, (39)

where:

1 1 1
P= =20+ BAo+ (38, + By) A} + (38, + 58,) B,
3 5 1 2 1 1 2 3 2 1 2 2 (40)
0= U'_ZBIAB_ngBG) U'_EBAO_Zﬁon_Tg('Bl"'BzBﬁ) _§86(18+)8?.BO)'

The equilibrium point (A4, Bg) is said to be locally stable if the real part of B is negative. Moreover, the criterion for a
stable ( A;, B,) is simply

P>0and 0> 0. (41)

From the above section, we realize that the stability of equilibrium solutions depend on the parameters P and Q, which
are functions of o, B, B, and 8,.

hexagonal nodes ™~

Fig. 5. Bifurcation diagrams of 3-D structures for 8, >0, 8, > 8, and 8,+28,>0.
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hexagonal nodes ™™ - _

Fig. 6. Bifurcation diagrams of 3-D structures for 0 < 8, < j3,.

We now discuss the corresponding values of P and Q for the individual morphologies. For the equilibrium point a,, we
have ' . oo o

P=—2cand Q= co?. o (42)
Obviously, the planar solution is stable for o< 0. For the equilibrium point «, (the 2-D cell), we find that:

1
P= ZAO[( B, +32)A0 +2:3]’

1 ®)
Q= gﬁle[zﬁ_ ( :31 _BZ)AO]'

According to Eq. (43), we have stable 2-D cells only when 0 < 8, < B, and o> o, where o, = 8°8,/( 8,-B,)*. The
corresponding bifurcation diagram is shown in Fig. 4. Note that near o = 0, the 2-D cell is unstable to 3-D disturbance. As
to the hexagonal structure «,_ |, we have P and Q rearranged as:

1
P = A[(2B8; +B2) Ao — B].
1 (44)
Q=7 A3[( By +28:) Ag— BI[( 81— B2) 4, —28].

Therefore, the hexagonal structures c; are stable when 8, >0, 8, > ,, B, +2B,>0and o> 0, or when 0< 3, < 3,
and — oy, <o <0, where o, =p%/4(B,+28,) and o, =228, + B,)/(B, — B,)*. The corresponding bifurcation
diagrams are displayed in Fig. 5 and Fig. 6, respectively. To our knowledge, so far, there is no other paper concerning the
prediction of 3-D structures. In the analysis, we have restricted in the case of 8> 0 without losing generality, since if 8 <0
then the stability will be the same (see Eq. (37), Eq. (43) and Eq. (44)). Furthermore, in this work we will discuss the case
of o> 0 only.

In summary, in Fig. 7 we show in the w-nDa plane the neutral stability curve (where o=0), the o =0, and o=,
curves for ¢/Pe=9X10". On the neutral stability curve, we have marked the area for B;>0, B,>p, and
B1+2B,>0 as zone I and the area for 0 < 8, <3, as zone II It then is easy to read from this figure that, given the

o/Pe=9e"’

9.6 ]

7.2

nDax10* ]
48

Fig. 7. Neutral stability curve and curves associated with o = o, and o = ¢, for ¢ /Pe=9xXx 10!,
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operating parameters nDa and ¢/ Pe, the corresponding wavenumber of stable, observable morphologies can be predicted.
As can be seen in the figure, if the operating nDa is 2.4 X 10™*, then hexagonal nodes with the wavenumber corresponding
to the circle marks will be found stable, or observable. As nDa increases, i.e., as the CVD process is more diffusion-con-
trolled, but not over the one corresponding to the lowest point of the o, curve, the wavenumber of the stable hexagonal
nodes gets larger.

4. Conclusion

In this work, we have undertaken a weakly nonlinear stability analysis to predict observable 3-D features of the film
surface in a CVD process. We adopted the continuum theory developed by [10]. We first substitute the basic state of the
reactant concentration in the boundary layer right above the film into the surface equation and let it be in a form of
nonlinear PDE with the film height as the dependent variable. Then we assumed that the planar surface is disturbed by a
3-D periodic wave and supposed that the related amplitude equations are governed by the parameters o, 8, B, and S,,
which in turn are functions of the critical condition. Finally, the stability of the solutions of the amplitude equations was
achieved to predict the observable morphologies including 2-D cells and 3-D hexagonal structure. The result shows that a
larger Damkdhler number will cause the planar interface to be more unstable, while the ratio between the surface diffusion
and the reactant flux should be large to stabilize the planar interface. It is also shown that, as the critical condition is slightly
exceeded, a higher Damk&hler number tends to make the wavenumber of the stable hexagonal mode larger.

Acknowledgements

The authors wish to acknowledge with appreciation the financial support (Grant No. NSC 86-2212-E033-008) provided
by the National Science Council of the Republic of China.

References

[1] 8.X, Friedlander, Smoke, Dust and Haze, Wiley, New York, 1977.
[2] C.H.J. van den Brekel, A.K. Jansen, Morphological stability analysis in chemical vapor deposition processes I, J. Cryst. Growth 43 {1978) 364.
[3] CH.J. van den Brekel, A.X. Jansen, Morphological stability analysis in chemical vapor deposition processes 11, J. Cryst. Growth 43 (1978) 371.
[4] G.S. Bales, A.C. Redfield, A. Zangwill, Growth dynamics of chemical vapor deposition, Phys. Rev, Lett. 62 (7) (1989) 776.
[5] P. Delce (Ed.), Dynamics of Curved Fronts, Academic Press, Boston, MA, 1988.
[6] M. Kardar, G. Parisi, V.C. Zhang, Dynamics scaling of growing interfaces, Phys. Rev. Lett, 56 (9) (1983) 889,
[7] B.J. Palmer, R.G. Gordon, Local equilibrium model of morphological instabilities in chemical vapor deposition, Thin Solid Films 158 (1988) 313.
[8] B.J. Palmer, R.G. Gordon, Kinetic model of morphological instabilities in chemical vapor deposition, Thin Solid Films 177 (1989) 141.
[9] R. Ananth, W.N. Gill, Criteria for making uniform films by chemical vapor deposition, J. Cryst. Growth 118 (1992) 60.
[10] H.J. Viljoen, 3.J. Thiart, V. Hlavacek, Controlling the morphology of CVD films, AIChE J. 40 (6) (1994) 1032.
[11] J.J. Thiart, V. Hlavacek, Analysis of interface evolution and pattern formation during CVD, AIChE J. 41 (8) (1995) 1926.
[12] CH.J. van den Brekel, Characterization of chemical vapor deposition processes: I and II, Philips Res. Rep. 32 (1977) 118.
[13] W.U. Schmidt, The development of chromium diboride fibers by CVD for use as reinforcement material in metal matrix composites, PhD. Thesis,
Sunny at Buffalo, NY, 1991.
[14] F.C. Flemings, Solidification Processing, McGraw-Hill, New York, 1974.
[15] D.S. Riley, 8.H. Davis, Long-wave morphological instabilities in the directional solidification of a dilute binary mixture, Siam J. Appl. Math. 50 (2)
(1990) 420.




