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Electroosmotic Entry Flow in a Microchannel
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The entry flow induced by an applied electrical potential through
microchannels between two parallel plates is analyzed in this work.
A nonlinear, two-dimensional Poisson equation governing the ap-
plied electrical potential and the zeta potential of the solid–liquid
boundary and the Nernst–Planck equation governing the ionic
concentration distribution are numerically solved using a finite-
difference method. The applied electrical potential and zeta po-
tential are unified in the Poisson equation without using linear su-
perposition. A body force caused by the interaction between the
charge density and the applied electrical potential field is included
in the full Navier–Stokes equations. The effects of the entrance
region on the fluid velocity distribution, charge density bound-
ary layer, entrance length, and shear stress are discussed. The
entrance length of the electroosmotic flow is longer than that of
classical pressure-driven flow. The thickness of the electrical dou-
ble layer (EDL) in the entry region is thinner than that in the
fully developed region. The change of velocity profile is appar-
ent in the entrance region, and the axial velocity profile is no
longer flat across the channel height when the Reynolds number is
large. C© 2001 Academic Press

Key Words: electroosmotic flow; entrance length; Nernst–Planck
equation; Navier–Stokes equation; CFD.
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INTRODUCTION

Microchannel flows are often used in the separation of
ological or chemical components, such as the separatio
DNA in genetic engineering. In practice, the process is ca
electrophoresis (1, 2). It uses the principle of different mo
ity of charged particles to move them in opposite directi
under an applied electric field. The induced flow motion
also called electroosmotic flow. When the flow enters the
crochannel, there is a developing region called the entry re
where the velocity distribution and skin friction show sign
icant variations in the streamwise direction. There is a f
developed region where the velocity and skin friction show
variation in the streamwise direction. The electroosmotic
try flow physics has not been reported in the literature,
it is the purpose of this work to study the entry flow in
microchannel.
1 To whom correspondence should be addressed. Fax: +886-6-276-65
E-mail: rjyang@mail.ncku.edu.tw.
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Several factors affect the microchannel flow physics. They
the electrical charge density, the electric field, and the zeta
tential of the microchannel. Theoretically, the classical Navi
Stokes equations have to be modified to include those
tors for the case of microchannel flow. Yanget al. (3) and
Arulanandam and Li (4) used numerical methods to simu
fluid flow through a microchannel. Their physical models w
based on (a) the Poisson–Boltzmann equation for the ele
cal double layer (EDL) potential, (b) the Laplace equation
the applied electrostatic field, and (c) the Navier–Stokes e
tions modified to include effects of the body force due to
interaction between electrical and zeta potential. Their num
cal results of the model are in qualitative agreement with t
experimental observations. They studied the microchannel
in the fully developed region and neglected the entry region
fects, and the charge density was assumed to be in the Boltzm
equilibrium distribution. Patankar and Hu (5) employed a sim
model to investigate 3-D microchannel flow.

The electrophoresis separation usually requires injectio
the sample into the microchannel. The entry region of the in
tion will influence the separation efficiency. To investigate
effect of the entry region on the flow characteristics and with
assuming the Boltzmann equation for the charge density d
bution, we performed calculations using the full Navier–Sto
equation and the Nernst–Planck equation. Our physical mod
different from those in previous studies; namely, (a) the com
tational domain is from the entry region to the fully develop
region, (b) the effects of the charge density on the fluid flow
considered without the assumption of Boltzmann distributi
and (c) we unify the applied electrical potential and zeta poten
instead of using the superposition method. This physical m
is believed to be better in describing the physical phenome
of electroosmotic fluid flow in microchannel.

NUMERICAL METHOD

In this paper, our physical model is based on a combina
of the Poisson equation for the applied electrical poten
and the zeta potential of the fluid–solid boundary, the io
concentration (n+, n−) for the positive and negative ions o
fluid, and the full Navier–Stokes equations modified to inclu
effects of the electrokinetic force. By introducing the referen
quantities,L ref,Uref, pref, andρref and defining ¯ρe= ρe/n0ze=
0021-9797/01 $35.00
Copyright C© 2001 by Academic Press
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(n+−n−)/n0, ψ̄= zeψ/kbT, t̄= tUref/L ref, ū= u/Uref, v̄= v/
Uref, x̄=x/L ref, ȳ= y/L ref, p̄= (p− pref)/(ρU2

ref), ρ̄=ρf/ρref,

n+ = n+/n0, andn− = n−/n0, the dimensionless form o
governing equations after dropping the head symbols ca
written as

∂2ψ

∂x2
+ ∂

2ψ

∂y2
= −κ

2

2
ρe [1]

∂n±

∂t
+ u

∂n±

∂x
+ v ∂n±

∂y

= 1

Sc Re

(
∂2n±

∂x2
+ ∂

2n±

∂y2

)
± 1

Sc Re

[
∂

∂x

(
n±
∂ψ

∂x

)
+ ∂

∂y

(
n±
∂ψ

∂y

)]
[2]

∂u

∂x
+ ∂v
∂y
= 0 [3]

∂u

∂t
+ u

∂u

∂x
+ ν ∂u

∂y

= −∂p

∂x
+ 1

Re

(
∂2u

∂x2
+ ∂

2u

∂y2

)
− Gxρe

∂ψ

∂x
[4]

∂v

∂t
+ u

∂v

∂x
+ ν ∂v

∂y
=−∂p

∂y
+ 1

Re

(
∂2v

∂x2
+ ∂

2v

∂y2

)
−Gxρe

∂ψ

∂y
,

[5]

where κ =W × K , K = (2n0z2e2/εε0kbT)1/2 is the Debye–
Huckel parameter, 1/K is the characteristic thicknes
of the EDL, L ref=W,W is the channel height,Uref=
ψinletεε0ζ/µL, ψinlet is the activated potential at the inlet, a
Re= ρfUrefL ref/µ = ρf (

ψinletεε0ζ

µL )( L ref
µ

) is the Reynolds numbe
For the coordinate system of the microchannel, thex-coordinate
is the fluid flow direction, they-coordinate is perpendicular t
thex-coordinate, andL is the length of the microchannel. Oth
variables and their definitions are listed in the Appendix.
most of the electrophoresis experiments, the microchann
filled with aqueous electrolyte solution. The sample is injec
into the channel, and then the electrical potential is activa
to separate the sample. Consequently, the initial conditions
assumed to be that the velocity is static everywhere and the
potential of the wall isψ |wall = ζ . The ionic concentration an
potential are assumed to be in the Boltzmann equilibrium
tribution initially. The boundary conditions are given as

(In flow)
∂u

∂x
= 0

∂v

∂x
= 0

∂p

∂x
= 0

∂ψ

∂x
= C

n+ = 1, n− = 1

(Out flow)
∂u

∂x
= 0

∂v

∂x
= 0 p(L , y) =

∫ y

0
Gxρe

∂ψ

∂y
dy

+ −
∂ψ

∂x
= C

∂n

∂x
= 0,

∂n

∂x
= 0
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(Walls) u = 0 v = 0
∂p

∂y
= 1

Re

∂2v

∂y2
− Gxρe

∂ψ

∂y

ψ = ζ + Cx n+ = e−ζ , n− = eζ ,

whereC is a constant. For the present problem we adoptedC =
(0− ψinlet)/L, where the outlet electric potential is grounde
The pressure boundary conditions along they-direction are ob-
tained from they-momentum equation. They are not simp
∂p/∂y = 0. Surface potential consists of zeta and applied e
tric potential. We assume that the surface potential is a s
ple superposition of the two potentials. Boundary conditio
for n+ and n− at wall surfaces are assumed to be the v
ues of nondimensional Boltzmann distributions. Discussion
other boundary conditions has been reported in Yanget al.
(6). The governing Eqs., [1]–[5] must be solved simultan
ously. We apply the artificial compressibility method (7,
by adding a time derivative pressure term to the continu
equation. To solve these equations, the finite difference me
and alternative direction implicit (ADI) (7, 8) scheme a
used.

RESULTS AND DISCUSSION

In the previous section, the general equations and boun
conditions were discussed. Here, we assume that the microc
nel is made of silicon, the working fluid is water, and the ele
trolyte solution is KCl. The physical and electrical properties
liquid are the concentration of electrolyteC = 10−5–10−6 M (9),
the bulk concentrationn0 = 6.022× 1020–6.022× 1021 m−3,
the dielectric constantε = 80, the zeta potential of the chan
nel wall ζ = −75 mV, the double-layer thickness parame
κ = 3–32, the viscosity of the fluidµ = 10−3 N · s/m2, and
the Schmidt number of the charge density Sc= 105. The ionic
concentration and velocity fields are influenced by the elec
field intensity. Therefore, it is obvious that the Reynolds nu
ber and velocity are functions of the electric field intensity. T
entry length is determined by the interaction between the
plied electrical potential and the net charge density. Hence,
discussion is directed to the influence of the charge densit
velocity variation in the entry region.

The electroosmotic flow is fluid motion driven by an a
plied electrical potential, which quite differs from the tradition
pressure-driven flow. In pressure-driven flow, when the vel
ity field is in a steady state, the velocity profile is parabolic
shape in the fully developed region. Many discussions have b
recorded in classical fluid dynamics. In electrically driven flo
an applied electric field acts on the net fluid charge near the
to produce a body force that drives fluid motion. Figure 1 sho
typical plots of the velocity vector and net charge density c
tours at different time instants in the electroosmotic flow wh
Re= 2. Recall that the following initial conditions are use
the fluid fills the channel and the fluid is static everywhe

At this time, the zeta potential of the channel wall influences
the fluid charge distribution to form an electrical double layer
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ELECTROOSMOTIC ENTRY

FIG. 1. The velocity vectors and charge concentration contour at time
stant (a)t = 0.1, (b)t = 1.0, and (c) steady-state flow when Re= 2 andκ = 32.

(EDL), and the potential is a Boltzmann distribution. The flu
charge is therefore already attracted near the channel wal
fore the electrical field along the channel is activated. No
that the interaction between the fluid charge of the near w
and the electric field is the main factor driving the fluid m
tion. There is no driving force near the center of the chan
The fluid motion therefore starts near the wall in the electro
motic flow as shown in Fig. 1a. The velocity profile and n
charge density field are gradually formed in a transient man
as shown in Fig. 1b. Since the fluid contains no charge far fr
the wall, as shown in the net charge density field, there is
driving force in this region. The fluid motion in this region
dragged by the viscous effect. Figure 1c shows the velocity
net charge density distributions at steady state. As the ve
ity field grows, the EDL at the entry region becomes thinn
due to convection effects. The growth of the net charge d
sity boundary layer along the streamwise direction is clea
seen. The boundary layer of the net charge density distribu
influences the velocity distribution in the entry region. At t
entry pointx = 0, the velocity profile is similar to a paraboli
shape. The fluid charge density is diminished by the conv
tion effect at this location. Consequently, the cross-sectio
not influenced by the body force but is affected by the dow
stream fluid motion, which produces a suction effect at the i
entrance. This effect is similar to a pressure-driven force
produces a parabolic velocity profile. Meanwhile, the charg
boundary layer gradually grows along the downstream of

channel and the velocity profile changes from parabolic to fl
stage by stage.
LOW IN A MICROCHANNEL 175
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To distinguish differences between the electroosmotic
pressure-driven flows in the entry region, we plot contours
streamlineu- and v-velocity components for both flows un
der steady state in Fig. 2. Both flows have identical mass fl
rate and Reynolds number (Re= 2). The value of thev-velocity
component is about one order of magnitude smaller than
of the u-velocity component in the entry region. Prior to th
fully developed region, thev-velocity component appears i
the entire cross section. However, thev-velocity components
show opposite directions in the two flows. Thev-velocity be-
comes zero in the fully developed region. In the case of e
troosmotic flow, the streamlines bend toward the wall s
face in the entry region and then keep parallel to each o
in the fully developed region, while the streamlines bend
ward the channel center for classical pressure-driven cha
flows.

Figure 3 shows detailed streamwise velocity profiles at sev
x-locations and their comparison with respect to the analyt
solution atκ = 32 obtained by Patankar and Hu (5). The an
lytical solution is based on linear superposition in the appl
electrical potential and zeta potential. Note that, in our pres
study, the applied potential and zeta potential are unified in
flow field except the wall boundary conditions in which zeta p
tential and electrical potential are superimposed. In practice
magnitude of the zeta potential is much smaller than that of
electrical potential. The present result demonstrated that re

FIG. 2. Comparison of the streamline andu- and v-velocity contours

atwith the same mass flow-rate in the entry region: (a) electroosmotic flow and
(b) pressure-driven flow when Re= 2.
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FIG. 3. Comparison between the computed result and analytical solu
of the velocity distributions in the fully developed region whenκ = 32.

obtained from both methods of superposition and unification
potential agree well with each other in the fully developed
gion. The figure also shows variations of velocity profiles in t
entry region.

In the electrophoresis separation, the flow vorticity influenc
the efficiency of separation due to fluid mixing. The flatter t
velocity profile is, the better the separation efficiency will b
It is very important to control the entry length and the veloc
distribution in the cross section. The Reynolds number (e
tric potential) is a very significant parameter for controlling th
factor. Figure 4 shows a plot of the velocity vector and the
locity profile in the cross section with the different Reynol
numbers in the fully developed region. In Fig. 4a, the veloc
field attains the fully developed stage very soon when Re= 0.5.
The entry region effect shows nearly no impact on the vel
ity distributions, and the computed velocity profile is flat
the fully developed region. However, there is a clear differen
in velocity distributions in the entry region when Re= 5 and
the velocity profiles have a concave shape in the fully dev
oped region. Figure 4b reveals the velocity profile in the cr
section in the fully developed region at Reynolds numbers
tween 0.5 and 5. From this figure, it is obvious that the vel
ity profiles are flat when Re= 0.5 and 2. The profiles have
concave shape when Re= 3 and 5. When the Reynolds num
ber is small, its viscosity effect is larger and the viscous
teraction between fluids is stronger. The fluid near both w
drags the fluid of the central channel, and the velocity pro
becomes flatter. In contrast, when the Reynolds number is la
(i.e., corresponding to a larger electric field), the electrokine
force drives the charges in the boundary layer to move fa
than the fluid away from the boundary, which has less or

charges. Therefore, the velocity profile will show a conca
shape.
D HWANG
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Figure 5 presents a plot of the net charge density bound
layer for various Reynolds numbers. The thickness of the
charge density boundary layer is constant in the fully develo
region because the EDL thickness and zeta potential of the
are constant. The thickness is taken at the place where the
of the net charge density equals 1% ofn0. This figure shows
that the entry length of the charge density field is depend
on the Reynolds number. The fluid contains no charge be
the entrance (x = 0) of the microchannel. But the liquid ion
near the wall will form a net charge density boundary la
after entering the microchannel. The growth of the net cha
density layer is similar to that of a classical velocity bounda
layer, and the entry length is a function of the Reynolds nu
ber. From Fig. 5, it is clear that the entry length increases
FIG. 4. (a) Comparison of the velocity vectors for Re= 0.5 and
(b) Comparison of the velocity distributions for various Re values.
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ELECTROOSMOTIC ENTRY

FIG. 5. Comparison of the thickness of net change density boundary l
distributions for various Re values.

the Reynolds number increases. There are very importan
lations among the fluid viscosity, electrical potential, and z
potential of the wall. Figure 6 shows the entry length of vario
Reynolds numbers for electrical potential and pressure-dr
flows with the same mass flow rate. The entry length of a c
sical fluid dynamic flow is aboutL ≈ 0.06Re. In an electroos
motic flow, the entry length is approximatelyL ≈ 0.11Re. The
difference is because, in addition to the viscous drag in press
driven flows, the attraction between the zeta potential of
wall and the charge of the liquid in electroosmotic flow m
be overcome as well. Consequently, the entry length mus
FIG. 6. Comparison of the entry length between the electroosmotic
pressure-driven flow with the same mass flow-rate.
FLOW IN A MICROCHANNEL 177
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FIG. 7. Comparison of the wall shear stress between the electroosmotic
pressure-driven flows with the same mass flow-rate.

a longer distance to complete the fully developed phenome
for electroosmotic flows. In Fig. 7, the wall shear stress as giv
by

τW = µ∂u

∂y

∣∣∣∣
y=0

was computed with the same mass flow rate for thr
cases, namely, (1) the electroosmotic flow with a Boltzma
equilibrium concentration model, (2) the electroosmotic flo
with a Nernst–Planck concentration model, and (3) the pressu
driven flow model. For the case of pressure-driven flow, t
flow starts with a uniform axial velocity profile and then pro
gresses to a parabolic shape in the fully developed regi
The shear stress changes dramatically in the entry region
then remains constant in the fully developed region. For t
cases of electroosmotic flows, axial velocity profile distrib
tions have significant variations near the wall resulting
higher shear stress than the pressure-driven flow in the fu
developed region. Due to the charge density being assum
to be the Boltzmann distribution and the constant EDL thic
ness for the first case, the change of the velocity profile
not apparent in the entrance region. The entrance length
shorter for this case, compared to that of the second ca
The shear stress has identical results for both the first
second cases in the fully developed region. But in the e
trance region, the variation of the velocity profile is very co
spicuous for the second case, as discussed in Fig. 1. C
sequently, the shear stress changes from a small value
and
region.
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FIG. 8. Comparison between the computed result and classical super
tion solution of the velocity distributions in the fully developed region wh
ζ = 5ζ0 andζ = 10ζ0.

The present approach is novel in two aspects; namely
applied electric potential and zeta potential are unified with
using linear superposition and the Nernst–Planck equatio
solved instead of the Boltzmann equation being used for ch
density distribution. It is therefore interesting to investigate ca
where the zeta potential can no longer be regarded as s
FIG. 9. The velocity vectors and charge concentration contour at time
stant (a)t = 0.1, (b) t = 1.0, (c) steady-state flow when Re= 2 andκ = 3.
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FIG. 10. Comparison of the concentration distributions between the Ner
Planck model and the Poisson–Boltzmann model: (a) ionic concentra
(b) net charge density whenκ = 3.

and the Boltzmann distribution is not valid when the EDL
overlapped in the channel. Figure 8 shows steady-state ve
ity comparisons between the present approach and the clas
theory with several zeta potentials. We usedζ = −75 mV= ζ0

as a base, which gives a result nearly identical to that from
classical method as shown in Fig. 3. In Fig. 8, whenζ = 5ζ0 and
ζ = 10ζ0, results for theu-velocity different from those of the
classical superposition method appear near the walls. The s
zeta-potential is therefore an inherent restriction on the class
superposition method. With the present unified approach, t
is no such restriction on the magnitude of the zeta-potentia
in- As indicated by Qu and Li (10), when the EDL is overlapped in
the channel, the Boltzmann equation for charge density may lead



r

l

n

r

n

v
n

e

t
s

d

e

t
d
s
a
s
a

z
i

fl

c

ts

try
ELECTROOSMOTIC ENTRY

to an inaccurate result. To demonstrate this issue, we perfo
a calculation forκ = 3 (corresponding toW equal to 3/32 of
the case ofκ = 32). We assumed the surface zeta potentia
be the same as in the case ofκ = 32. In such a short separatio
distance of the parallel plates, the EDL is overlapped in
channel. Figure 9 shows velocity vectors and net charge de
contours at several instants during the calculation. The net ch
density is full of the channel, which produces electrokinetic fo
when the applied electrical potential is activated in the inlet. T
driving force therefore appears in the entire cross-section
contrast to the case that the EDL has no overlap in the cha
The steady-state velocity profile shows a parabolic shape sim
to those of the classical pressure-driven flows where the dri
force also appears in the entire cross-section of the cha
Figure 10 shows results for ionic distributions ofn+, n−, and
net charge density1n = n+ − n− across the channel from th
two different approaches. It clearly shows that the net cha
density is full of the entire cross-section of the channel. Cer
differences are observed in the predicted results. The re
show a similar trend reported by Qu and Li (10). With the pres
physical model by solving Nernst–Planck equation, there is
restriction on the EDL being overlapped or not.

SUMMARY

The flow physics in the entry region of an electroosmo
flow is numerically simulated. The model we have presente
based on the combination of the Poisson, Nersnt–Planck,
full Naver–Stokes equations to allow the calculation of flow
trance length and charge boundary layer distribution and to
fluence parameters such as the Reynolds number. The trea
on the applied electrical potential and zeta potential is unifie
the Poisson equation without using superposition. The pre
physical model provides more general applications comp
to the classical superposition method and restrictions on u
the Boltzmann equation. The results showed greater entr
length of the electroosmotic flow than for classical pressu
driven flow. The thickness of the electrical double layer (ED
as calculated via the Nernst–Planck equations grows from
at the flow inlet to the Boltzmann equilibrium distribution
the fully developed region. The velocity profile is no longer fl
when the Reynolds number is large. With the same mass
rate condition, electroosmotic flow has higher skin friction th
pressure-driven flow. The solutions may provide useful inform
tion for designing biochips in today’s microelectromechani
systems (MEMS) technology.
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APPENDIX: NOMENCLATURE

D Diffusion coefficient of ions (m2/s)
e Electron charge, (C)
Gx The ratio of the EDL energy to the mechanical

kinetic energy= 2n0kbTρfW2/µ Re2

K Debye–Huckel parameter (m−1)
Kb Boltzmann constant (J/K)
L Channel length (̄L = L/L ref)
n+, n− Local concentration of positive and negative ions

(m−3) (n+ = n+/n0,n− = n−/n0)
n0 Average concentration of positive and negative

ions (m−3)
p Pressure (Pa)
Re Reynolds number= ρ(ψinletεε0ζ

µL )( W
µ

)
Sc Schmidt number=µ/ρf D
T Absolute temperature (K)
Uref Reference velocity= ψinletεε0ζ

µL

u Velocity component along thex-direction
(ū = u/Uref)

v Velocity component along they-direction
(v̄ = v/Uref)

W Channel height (̄W = W/L ref)
z Valence of ions
ζ Surface zeta potential (V) (̄ζ = zeζ/kbT)
ψ Electrical potential (V) (̄ψ = zeψ/kbT)
ρe Electric charge density= (n+ − n−)ze, (C/m3), (ρ̄e =

(n+ − n−)/n0)
ρf density of fluid
µ viscosity (Ns/m2)
ε dielectric constant, dimensionless
ε0 permittivity of vacuum (C/mV)
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