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This paper focuses on the study of the spreading behavior of soluble surfactant in a thin liquid film
system. For the convenience of numerical calculation, the system coordinate of the evolution equation is
transformed. The generalized Frumkin model is used to simulate the adsorption/desorption process of
soluble surfactant. Nonlinear coupling evolution equations are derived using the long-wave
approximation and the cross-sectional averaging method. The spreading rate of a liquid film predicted
by the generalized Frumkin model is faster than predicted by the Langmuir model. When the prediction
using the generalized Frumkin model is performed at a smaller S (relative surface concentration), the
effect of solubility of surfactant will be enhanced. Consequently, a small g will lead to the acceleration of
spreading behavior; however, contrary results will come out while the value of 8 exceeds 2.0. The
dimensionless bulk diffusion constant D; (the molecular interaction parameter, K and the activation
energy of desorption, vg) will enhance (weaken) the desorption of surfactant and decelerate (accelerate)

the spreading rate of thin liquid film.
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1. Introduction

The monolayer spreading processes of a liquid film is one
of the important research subjects in recent years.'™ The
spreading process of liquid flow has been widely applied to
the research areas of medicine and general industry. For the
application in medicine, the surfactant replacement therapy
(SRT) saves many premature babies. The respiratory distress
syndrome is very common in premature babies. The
respiratory distress syndrome is treated with the delivery
of surfactant to the airway and alveoli. However, the
physical mechanism of interaction is not clear. Many
researchers indicated that it is important to clarify the
mechanism of the medicine or aerosol transport process in
the alveoli or airway.”™

The long-wave approximation was the method used by
most of previous studies, which assumed that the critical
wavelength of the liquid system is far larger than the liquid
film’s characteristic depth. This method used the lubrication
theory to derive the evolution equations for a liquid film
system."'™'> The adsorption process of surfactant on the free
surface is the main cause of the spreading behavior. The
absorption of surfactants causes the distribution of surfactant
concentration that will yield the surface tension gradient.
The monolayer spreading of the liquid film will not stop till
the easing of surface tension gradient.'®

Most reports concerned with monolayer spreading pro-
blems discussed a liquid film with insoluble surfac-
tants.®%18-2D However, the existence of soluble surfactant
is more common than the existence of insoluble surfactant.
The spreading process of a liquid film with soluble
surfactant has been studied by Halpern and Grotberg.*”
They mentioned that the gradient of surface tension will
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yield a spreading flow of the liquid film. They also reported
that the increase of solubility will decrease the surface
concentration of surfactant. This process will generate a
back-flow that is driven by adsorption. The slow and fast
sorption processes of surfactant molecules have been
discussed by Jensen and Grotberg.” They stated that the
process of fast sorption is created by the transient desorption
of surfactant molecules from the surface to the bulk. The
process of the slow sorption is created by the slow
movement of surfactant molecules. They also discovered
that the spreading rate of a liquid film with insoluble
surfactant predicted by fast sorption is much lower than the
slow sorption; and the liquid film will generate much larger
disturbance.

In the previous studies, researchers usually used a more
simplified Langmuir adsorption model to study liquid film
systems with soluble surfactant.”****’ However, the Lang-
muir adsorption model is not able to simulate the adsorption/
desorption kinetics of soluble surfactant on the liquid film
surface and in its bulk phase. Therefore, a more general
model is needed to simulate the adsorption/desorption
kinetics. Recent studies of adsorption theory have shown
that the effect of adsorption/desorption kinetics could be
expressed by the molecular interaction and its sorption
activation energies. The activation energies of sorption was
indicated to be a function of surfactant concentration on the
fluid surface,30_34) which was based on the Frumkin
adsorption model. Lin er al.**?® showed the Langmuir
and the Frumkin adsorption models can not describe and
simulate correctly the adsorption/desorption kinetics of the
soluble surfactant between the surface and the bulk phase of
fluid. After that, they proposed a more complete model, the
generalized Frumkin adsorption model which had been
shown to agree well with the experimental results. The
generalized Frumkin adsorption model assumes that the
behavior of absorption is governed by the interaction among
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molecules, which is the activation energy of absorption/
desorption. The relationship between adsorption/desorption
rate and activation energy can be expressed as the Arhenius
equation. A generalized Frumkin adsorption model pre-
sented by Lin e al.>” is used to further analyze the nonlinear
rupture behaviors of thin liquid films with soluble surfactant.

The objective of present study is to further discuss the
spreading process of a liquid film with soluble surfactant.
The study used the generalized Frumkin model to simulate
the adsorption/desorption process of the surfactant mole-
cules in the bulk and on the top surface of the liquid film.
The long-wave approximation and cross-section averaging
method was first utilized to derive a set of nonlinear
coupling evolution equations. The strip spreading property
was used to transform the nonlinear coupling evolution
equations to a much simplified coordinate system. The
numeric analysis was then used to solve the nonlinear
evolution equation. Finally, based on the result of present
study, the mechanism of dynamic kinetics of soluble
surfactant will be discussed. Besides, the results were also
compared with those obtained previously using Langmuir
adsorption model.”*?

2. The Physical Model

2.1 Governing equations and associated boundary condi-
tions in dimension-less form

The physical model used in this study represents soluble
surfactants on a thin film system, which is assumed to be an
incompressible Newtonian viscous liquid coated on a flat
plate. The liquid is assumed to have surface tension of the
thin film, op; kinematic viscosity, v; density, p; dynamic
viscosity, 4 = pv and other general physical properties. The
local thickness of the film, 4, is assumed to be thin enough to
neglect the gravity effect. In this study, the dimensionless
physical quantities are introduced using the following scales:
spatial scale kg, the average local thickness of the thin liquid

C.-K. LIN et al. 2709

film; Ly, the initial horizontal length of the liquid films;
parameter € = hy/Ly < 1; time uLy/ophy; velocity ophg/Lo;
pressure oy/Ly; surface tension oy; density uLy /ooh%. The
surfactant concentration on the surface and in the bulk of a
liquid film is represented by the uniform equilibrium surface
concentration Iy and the uniform equilibrium surfactant
concentration ¢y as a measurement unit of the dimensionless
physical quantities. In this paper we consider the spreading
is dominated by surface tension, the Marangoni effect, and
solubility. However, the relatively weaker van der Waals
attraction 1is neglected.7_9’2” From these definitions, the
dimensionless government equations and their boundary
conditions can be formulated to describe the proposed liquid
film system.

u +w, =0, (D
U+ uity + wit; = —px + (Uee + Uz2), @)
Wy + uwy +ww, = —p,; + Wy + wy), 3)
¢ +ucy +we, = Di(cyy + c22), @)

Where u and w are dimensionless velocity components in
x and z directions, respectively; p is the dimensionless
pressure. The dimensionless bulk diffusion constant is
denoted by D; = D/v, where D is the bulk diffusion
coefficient. Equation (1) is the continuity equation. Equa-
tions (2) and (3) are the momentum equations. Equation (4)
is the advection-diffusion equation for bulk concentration.

The boundary conditions (no-slip and no-flux) on the solid
surface, z = 0, are

u=w=20, 5)
c, =0. (6)
For the free surface z = h(x, t), the boundary conditions

(tangential shear, normal stress and kinetic) at the interface
can be expressed by

[(Wy + u)(1 = 1) = 2he(uy — W)l = (1 — k22 %, 7
—p+2(1 = ) ue(h: = 1) = he(wy + u)] = (1 — h2) 2y, 2, ®)
hy + uh, = w, 9)

The surface tension of liquid film is directly affected by the surfactant concentration. One could use Gibbs’ adsorption
equation” to describe the relationship between surface tension and surfactant concentration. The dimensionless equation can

then be expressed by (Lin ez al.*”)

2:T+MU+@P(

Where the dimensionless surface tension T = ophg/pv;
the Marangoni number M = RT*I"y/ov?; the dimensionless
parameter of relative surface concentration strength
B=1T0/(I'sc — I'g); n is the index of power law (obtained
by an optimal fit to the experiment data, detailed in Lin et
al®), when n=1 the generalized Frumkin equation
reduces to the Frumkin equation;35) and K is the molecular
interaction parameter. For cohesive interaction, the energy
barrier for desorption increases more steeply than that for
adsorption (v > v,) and K is negative. When the cohesive
interaction is disappear, K is zero and the generalized

1+/3—1“)_ nk ( r )"“
1+8 n+1\1+8 '

(10)

Frumkin equation reduces to the Langmuir equation® of
state. RT is the product of the ideal gas constant and the
absolute temperature. v,,vq are activation energy for
absorption and desorption to the change of slope of surface
concentration [™; The transport equation of surfactant
concentration I” along the free surface is given by (Tsai
and Yue23)):

=T+ (U4 ) WD), + hl(wD), ] + 2 Tw,)

(11)
= Do[(1 + h)) ' Ty — hoh(1 + B3 72T, ] + B,



2710 J. Phys. Soc. Jpn., Vol. 71, No. 11, November, 2002

Where I' is dimensionless surface concentration; D, is
dimensionless surface diffusion constant defined by D, =
Dy /v (D is the surface diffusion coefficient). B is the normal
diffusion flux of surfactant from the bulk phase, which,
according to Fick’s law of diffusion, can be expressed by

B=—Di[(n- V)] = % (1 + )2 (—hey + ), (12)

where A is the equilibrium rate between the surface and the
bulk phase of the thin liquid film, which is defined by
A = I'g/hoco. For a highly elevated cg, A will approach zero
since Iy is bounded by I". In this limit, diffusion is more
rapid compared with the surface convection, and the
surfactant transport is adsorption/desorption-controlled. For
an extremely diluted cy. A will increase to infinitely large. In
this limit, diffusion is slow compared to the surface
convective flux, and the surfactant transport is diffusion
controlled. Note that A measures the degree of solubility
(23): for decreasing A, the surfactant become more soluble in
the substrate; while for large A, the surfactant adsorbs
preferentially on the free surface. For the case of insoluble
surfactant, there is no surfactant in the bulk fluid, i.e., B = 0.
However, to solve the soluble surfactant transportation
problem, eqs. (4) and (12) are required and the diffusive flux
B must be known. The generalized Frumkin adsorption
model (Lin et al.>>) has been derived, which can be
normalized and expressed in a dimensionless mode by

1-r
B = J[c(l + T) - F} exp(val™),

The equation concerned with the equilibrium concentra-
tion of the surfactant, in the dimensionless process the
following equilibrium equation is introduced to simplify the
equation above.

_kd F()
R A

13)

€o exp[(Ea — Eq)/RT]
Ka L oxpl(E, — Eo)/RT "
= IBGXP[( a — Eq)/RT],
In eq. (13), J = ulokq/oyp is a dimensionless parameter of
the rate constant for desorption rate; If J = 0, there are no
sorptive fluxes, the bulk concentration equation the transport
of a passive scalar by a surfactant-driven flow. In the case
J — 00, the bulk and surface surfactant distributions arrive
at equilibrium rapidly according to the linearized Langmuir
isotherm.” and vy = I'yvi/RT* exp(—E4q/RT*) is a dimen-
sionless parameter of vj. As described in eq. (11), the
magnitude of B will be decreased as I is increased. The
surfactant molecules will diffuse from the fluid surface into
the bulk of fluid. In contrast, the adsorption rate will be
increased as the bulk concentration, ¢, is increased. And
therefore the surfactant molecules will diffuse from the bulk
to the surface. In the following we will use long wave
approximation and cross-sectional averaging methods to
solve the evolution equation that governing the fluid system.

2.2 Long-wave approximation and cross-sectional aver-
aging method

A long wave approximation method described in Williams

and Davis’s study”® is used to obtain successive approxima-

tions for the solutions of eqgs. (1) to (3). Here, we re-define
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the dimensionless variables that are scaled by a small
parameter ¢ in the following measures:

7=2¢, t:a’lr, h=H,
w=¢eW, p:e_lP, (p:e"qb.

X = 87157

15
s 15)

All the scaled variables and their derivatives with respect
to other variables are taken with the first order. Moreover, it
is assumed that the orders of the following parameters are

T=0(1), M=0(@E, D=0, D)= 0.
(16)

By introducing the following regular perturbation expan-
sion for U, W and P, which are expressed by

(U, W, P) = (Uy, Wy, Py) + e(Up, Wy, Po) +---,  (17)

into eqgs. (1)-(3), the governing equations and associated
boundary conditions in the leading-order can be obtained as
follows.

Uo: + Wy, =0, (18)
Use = Pog, (19)
Po: =0, (20)

and the boundary condition at the interface of solid and fluid,
£=0,1is

Uo =0, (2D
The boundary conditions at free liquid surface, ¢ = h, are
1 r \"
Uope = =M [+ Pk () ]F e (22
1+8-T 1+p
Py = —THg, (23)

H, + UoH; = W,. (24)

The cross-sectional averaging technique was used to solve
the transport eqs. (4) and (11). One could take x*>/D; < 1
and decompose c¢ into two independent components, as given
below once the leading terms in the average of C taken with
respect to z are given

2
c=colx,t) + —rci(x,z.1), (25)
D,

Finally, one can obtain the following evolution equations:

1 1 [ 1 I \"
h+1=Thhy — - M i +nkK Wt
3 2 |1+8-T 1+8) | .
(26)

1 1 7 1 I \"
e+ =ThPhy — =M Rl +nkK Wl e,

3 2 |1+8-T 1+8) |

_ Py, 2l DY STt B m, 27
—7( Cx)x+7|:c< +T>_ ]eXP(Vd )’( )

F—|—1Th2h M 1+ +nK r nhrr
t 3 Xxx 1+ﬂ—F n 1+/3 xx

=D, I, +J|:c(] + %) - 1"] exp(vgI™). (28)

Using the above coupling evolution egs. (26)—(28), one
could obtain the thickness of liquid films and the surfactant
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concentration in the fluid bulk and on the fluid surface.

3. Nonlinear Numerical Analysis Results

This article focuses on the spreading process of a liquid
film with soluble surfactant. The generalized Frumkin model
was used to simulate the film system. The results were
compared with those estimated by the Lanagmuir adsorption
model. The results of the spreading process were also
compared with those of a liquid film with insoluble
surfactant. At x = 0, it is assumed that there is no surfactant
flux (u = I'y = ¢, = 0). Otherwise, it is assumed that there
exists the flux of surfactant. As x — oo, it is assumed that
h— 1, ¢— 0, and I' = 0. From the mass conservation
rule, eqgs. (7) and (13), the total mass per unit length of the
surfactant can be obtained as Jensen and Grotberg:g)

1

1 1
TH, = — £H; + [— — THeeeH T3 EM*H2G§:| ,

3 3

1 1 1
Fr= 3 EF)+ [— 3 THeeH* t™'/% + EM*HGE]Fg +

JAT 1-Gt'3 .
(HF&): — 72 [F(l + T) — G] exp(vaG"T™""),
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00 1 h
m= [ Ix.t) + —/ c(x, z, H)dzdx. (29)
0 A Jo
In Jensen and Grotberg’s paper,” they proposed that the
monolayer spreading growth rate of planar strip system is
proportional to ¢'/3. Naturally, this condition can be used to
define the following forms:

X

&= YR =t H( 1) = h(x.1),

FE 1) =cox.t)'?, GE 1) =o', (30)

One can use the above definitions to transform the system
coordinates for the above three coupling eqs. (26), (31) and
(32). These equations consequently become:

— 1 _l —1/3 1 * 1/3
G, = 3 (gG)g + > THgggGT + 2M HGEG =+ DzG&g‘E

1 -G\
+JT|:F<1 g

where
. 1+8

=M -—
1+B—Gr1/3

The relative boundary and the initial conditions are given as
follows.

The boundary conditions are:

For the downstream, H(§, 1) =1,
F(,1)=0.

For the upstream, G¢ = 0, Fz =0, G¢ = 0, and Hgz: = 0.
The initial conditions are H(&,1) =1, F(&,1) = 0. and

G N) = % [1 - tanh(s ; E’"ﬂ

where &, = 0.5, &, = 0.1°.

After coordinate transformation, the numerical solutions
can be obtained. The finite difference method was used to
expand the coupling evolution equations into algebraic
equations. The center difference is employed for spatial
domain while the Crank—Nicholson method is used for time
domain. The Newton-Raphson iteration scheme is intro-
duced to solve the non-linear difference equations and the
convergence tolerance is selected to 107>,

G(E,7) =0, and

(34)

4. Results and Discussion

Previous studies have reported that many factors would
affect the spreading of a liquid film.>®*? This article
discusses the effect of solubility on the surface and bulk
concentration of a liquid film. It also discusses the factors
that influence the spreading of liquid film. For comparison,

(3D
&
Dt!'/3
(32)
) — G:| exp(vdG"r’"b), (33)
the same parameters used in previous studies®*> were also

used in this study, they are: 7 = 0.0001, D, = 0.01,
M=1.0,12=10,J=1.0.

Before starting to analyze the spreading process of a
liquid film with soluble surfactant, the spreading process of a
liquid film with insoluble surfactant will first be discussed.
For the latter film system, the surfactants on the surface and
in the bulk of a liquid film do not show the absorption/
desorption process. In this condition that the J is equal to
zero (J = 0), the surfactant exists only on the surface of a
liquid film system. The equations left in the evolution
coupling equations are eqs. (31) and (33). The predicted
spreading process of a liquid film system with insoluble
surfactant is illustrated in Fig. 1(a). The distributions of
surface surfactant concentration and shear stress are shown
in Figs. 1(b) and 1(c), respectively. In these figures, one can
observe that the distribution of surface shear stress is
induced by the given initial distribution of surfactant
concentration. This force will create a significant up front
shock at the surfactant distribution in a liquid film system.
This leads to the spreading of surfactant. This force will be
smoothed out by the spreading of surfactant.®’ Next, the
spreading of soluble surfactants in the liquid film system is
discussed. Here, the adsorption/desorption process at the
surface and in the bulk of a liquid film system is considered.
Comparing this prediction to that by the Langmuir model, it
is obvious that the surface concentration of soluble
surfactant predicted by the Langmuir model is decreased
faster than that predicted by the generalized Frumkin model.
This prediction will lead to a much faster decline of
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Fig. 1. (a) The predicted spreading process of a liquid film system with insoluble surfactant at different times, r = 1.05, 1.1, 1.2, 1.5, 2

and 5, respectively. (b) The predicted surface concentration of a spreading liquid film with insoluble surfactant at different ¢ times,
t=1.05,1.1,1.2, 1.5, 2 and 5, respectively. (c) The predicted shear stress of spreading liquid film with insoluble surfactant at different

times, T = 1.05, 1.1, 1.2, 1.5, 2 and 5, respectively.

concentration gradient and a slower spreading of surfactant.

Next, the effect of the solubility of surfactant on the liquid
film spreading process is further discussed. The initial
distributions of surface and bulk concentrations for the
present model are shown in Fig. 2, where the initial
surfactant concentration at designed locations for two
simulated models and the liquid film system with insoluble
surfactant are presented. These data indicate that the initial
surfactant concentrations for two models are lower than that
of a liquid film with insoluble surfactant. The concentration
at the initial location predicted by the Langmuir model is
dropping faster than predicted by others. The time required
for reaching the equilibrium concentration for both the
surface and the bulk predicted by the Langmuir model are
also shorter than predicted by other models. While, it took
longer for the generalized Frumkin model to reach the
equilibrium. This reflects that the Langmuir absorption

model will predict a stronger desorption rate for the
surfactant. Therefore, one may conclude that the solubility
predicted by Langmuir model is stronger than predicted by
other models. Resultantly, the surface concentration of a
liquid film at the central area is declined dramatically, which
will blunt the induced shear stress significantly. In this case,
spreading rate will be increased. Furthermore, the spreading
rate of a liquid film with surfactant estimated by the
generalized Frumkin model and Langmuir model are slower
than that predicted in the case of a liquid film with insoluble
surfactant.

Finally, the influence of important parameters, 8, D1, vq,
K of the generalized Frumkin model on the spreading
process is discussed B, denoted by (I'oo — I9)/[o is the
magnitude of dimensionless relative surface concentration.
A smaller B means the equilibrium concentration I is
closer to the saturated concentration I, which means a
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Fig. 2. The surface and bulk concentrations at initial location predicted by
concerning models.
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Fig. 3. The variation of surface concentration at the initial location

predicted by the generalized Frumkin model with three different values
of B.

larger surface concentration. From egs. (10) and (13), it is
evident that B will affect not only the adsorption and
desorption behaviors of surfactant, but also the shear stress
term of the surface tension. The variation of surface
concentration at the initial location estimated by the
generalized Frumkin model with three different B values
As shown in Fig. 3, a faster decrease in the surface
concentration G is found at the initial location (that is, the
desorption of surfactant will be enhanced) as the relative
surface concentration S is increased. However, the surface
concentration is increased (that is, the desorption of
surfactant will be weakened) when the value of B exceeds
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Fig. 4. The variation of surface concentration at the initial location
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Fig. 5. The variation of surface concentration at the initial location
predicted by the generalized Frumkin model with different values of vy.

2.0. Factually, the effect of spreading rate should be
discussed by considering the Marangoni effect. The
distribution of Marangoni flow estimated using small value
of B will be much well developed than that is estimated
using large . This means that a higher surface concentration
will induce a stronger Marangoni effect when g is small, but
there are contrary results while the value of B exceeds 2.0.
The variation of surface concentration at the initial location
estimated by the generalized Frumkin model with different
values of Dy, vq and K were investigated. As shown in
Fig. 4, the surface concentration at the initial location shows
a faster decline as the value of D; is increased. This means
D, will enhance the desorption of surfactant and decelerate
the spreading rate of the thin liquid film. From Fig. 5,
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obviously the surface concentration at the initial location
shows a faster decline as the values of vy and K are
decreased. That is vy and K will weaken the desorption of
surfactant and accelerate the spreading rate of thin liquid
film.

5. Conclusions

This article discusses the spreading process of a liquid
film system with soluble surfactant. The generalized
Frumkin absorption model>” was used to simulate the
adsorption and desorption processes of surfactant on the
surface and in the bulk of a liquid film system. The
important findings are summarized as follows:

1. The desorption (surface concentration) of surfactant
from the surface to the bulk predicted by the Langmuir
model is faster than that predicated by the generalized
Frumkin model. This is because the effect of solubility
is overestimated by the Langmuir model and leads to
the underestimation of spreading rate. As a result, the
prediction using the Langmuir model should be
properly corrected.

2. When the prediction using the generalized Frumkin
model is performed at a smaller § (a higher surface
concentration), the effect of solubility and the Mar-
angoni effect of a liquid film system will be enhanced.
However, the Marangoni effect is much more sig-
nificant than the other. Consequently, a small g value
will lead to the acceleration of spreading, but there are
contrary results while the value of f exceeds 2.0.

3. The dimensionless bulk diffusion constant D; will
enhance the desorption of surfactant and decelerate the
spreading rate of thin liquid film. But both the
activation energy of desorption vy and the molecular
interaction parameter K will weaken the desorption of
surfactant and accelerate the spreading rate of thin
liquid film.

The results of this study can be used for further detailed
discussion on other fields such as the chemical reaction*”
and evaporation or condensation of liquid films.*" the liquid
film with soluble surfactant.

Acknowledgment

The authors wish to acknowledge with appreciation the
financial support (Grant No. NSC 88-2212-E-231-002)
provided by the National Science Council of Republic of
China.

6)
7
8)
9)
10)
1)

12)
13)
14)

15)

16)
17)
18)

19)
20)

21)
22)
23)
24)
25)
26)
27)
28)
29)
30)
31)
32)
33)
34)
35)
36)
37)

38)

39)
40)

41)

C.-K. LIN et al.

N. D. Di Pietro, C. Huh and R. G. Cox: J. Fluid Mech. 84 (1978) 529.
N. D. Di Pietro and R. G. Cox: J. Mech. Appl. Math. 22 (1979) 355.
N. D. Di Pietro and R. G. Cox: J. Fluid Mech. 96 (1980) 613.
M. Foda and R. G. Cox: J. Fluid Mech. 101 (1980) 33.
J. B. Grotberg, W. A. Mitzner and S. H. Davis: J. Biomech. 13 (1980)
905.
. S. Borgas and J. B. Grotberg: J. Fluid Mech. 193 (1988) 151.
. P. Gaver III and J. B. Grotberg: J. Fluid Mech. 213 (1990) 127.
E. Jensen and J. B. Grotberg: J. Fluid Mech. 240 (1992) 259.
E. Jensen and J. B. Grotberg: Phys. Fluids A 5§ (1993) 58.
. P. Hoult: Ann. Rev. Fluid Mech. 4 (1972) 341.
C. C. Hwang, S. H. Chang and J. L. Chen: J. Colloid Interface Sci. 159
(1993) 184.
J. L. Chen and C. C. Hwang: J. Colloid Interface Sci. 167 (1994) 214.
C. C. Hwang, J. L. Chen and L. F. Shen: Phys. Rev. E 54 (1996) 3013.
C. C. Hwang, C. K. Lin and W. Y. Uen: J. Colloid Interface Sci. 190
(1997) 250.
C. C. Hwang, C. K. Lin, D. C. Hou, W. Y. Uen and J. S. Lin:
ASME J. Fluid Eng. 120 (1998) 598.
P. Joos and J. van Hunsel: J. Colloid Interface Sci. 106 (1985) 161.
J. Ahmad and R. S. Hansen: J. Colloid Interface Sci. 38 (1972) 601.
A. Oron, S. H. Davis and S. G. Bankoff: Rev. Mod. Phys. 69 (1997)
931.
K. D. Danov, N. Alleborn, H. Raszillier and F. Durst: Phys. Fluids 10
(1998) 131.
T. Gurkov, K. D. Danov, N. Alleborn, H. Raszillier and J. Durst:
Colloid Interface Sci. 198 (1998) 224.
O. K. Matar and S. M. Troin: Phys. Fluids 11 (1999) 3232.
D. Halpern and J. B. Grotberg: J. Fluid Mech. 237 (1992) 1.
W. T. Tsai and D. K. P. Yue: J. Fluid Mech. 289 (1995) 315.
A. Sharma and E. Ruckenstein: AIChE Symp. Ser. 82 (1986) 129.
A. F. H. Ward and L. Tordai: J. Chem. Phys. 14 (1946) 453.
K. Sutherland: J. Sci. Res. A 5 (1952) 683.
R. Hansen: J. Colloid Sci. 16 (1961) 459.
L. Miller: Colloid Polym. Sci. 259 (1981) 375.
R. P. Borwanker and D. T. Wansan: Chem. Eng. Sci. 38 (1983) 1637.
A. Z. Frumkin: Phys. Chem. (Leipzig), 116 (1925) 466.
V. B. Fainerman: Kolloidn. Zh. 39 (1977) 113.
J. Chen and K. J. Stebe: J. Colloid Interface Sci. 178 (1996) 144.
Y. Pawar and K. J. Stebe: Phys. Fluids 8 (1996) 1738.
J. Chen and K. J. Stebe: J. Fluid Mech. 340 (1997) 35.
S.-Y. Lin, K. McKeigue and C. Maldarelli: Langmuir 7 (1991) 1055.
S.-Y. Lin, K. McKeigue and C. Maldarelli: Langmuir 10 (1994) 3442.
C. K. Lin, C. C. Hwang and W. Y. Uen: J. Colloid Interface Sci. 231
(2000) 379.
M. B. Williams and S. H. Davis: J. Colloid Interface Sci. 90 (1982)
220.
A. De Wit, D. Gallez and C. 1. Christov: Phys. Fluids 6 (1994) 3256.
J. P. Burelbach, S. G. Bankoff and S. H. Davis: J. Fluid Mech. 195
(1988) 463.
D. Gallez, A. De Wit and M. Kaufman: J. Colloid Interface Sci. 180
(1996) 524.



