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Electronic states of carbon tori in electric and magnetic fields are studied by the tight-binding model
with the curvature effect. Electronic properties, such as electronic states, energy gaps, and density of
states, are very sensitive to the changes in the direction and the magnitude of the external fields. The
electric field can widen the �-electron energy width; furthermore, there are more low- and extreme-
energy states. Energy gaps are drastically modulated by E. The zero-gap transition (Eg 6¼ 0! Eg ¼ 0)
happens more frequently when E deviates from the symmetric axis, or its magnitude is sufficiently large.
The electric field could change the state degeneracy. Moreover, the modulation of electronic states is
enhanced by the magnetic field.
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1. Introduction

Since carbon nanotubes were discovered in 1991 by
Iijima,1) they have attracted a lot of theoretical and
experimental studies because of their particular geometric
structures2,3) and electronic properties.4–9) Due to the nano-
scaled size and the diversified conductivity, carbon nano-
tubes have bright prospects in nanoelectronic devices. A
single-walled carbon nanotube (SWCNT) is formed by
rolling a graphite sheet from the origin to the vector Rx ¼
ma1 þ na2. a1 and a2 are the primitive lattice vectors of a
graphite sheet. The parameters (m; n) specifically define a
SWCNT. From the theoretical calculations,8) carbon nano-
tubes are divided into three types: (I) gapless metals for
m ¼ n, (II) narrow-gap semiconductors for 2mþ n ¼ 3I and
m 6¼ n (I an integer), and (III) moderate-gap semiconductors
for 2mþ n 6¼ 3I. Electronic structures are predicted10–12)

to be strongly affected by the transverse electric field (E?)
perpendicular to the nanotube axis. The electric field
significantly changes the low-energy bands; furthermore, it
could induce the semiconductor-metal transition (SMT).

A carbon toroid (CT), which was recently found by
Liu et al.,13) is closely related to a straight SWCNT. The
scanning force microscopy image shows that a CT has
height or width of 1.0 –1.2 nm and diameter 300 – 500 nm.
Carbon tori have stimulated many studies, such as electronic
properties,14–18) magnetic properties,18–24) and optical prop-
erties.25–27) Experimentally, the low-temperature magneto-
resistance (MR) measurement on carbon nanotube ring was
performed.28) The coherence length, determined by the
measured MR, revealed characteristic of dephasing through
weakly inelastic electron–electron interaction at the low
temperature. Moreover, the small carbon nanotube rings on
the Si substrate exhibit the characteristics of the field-effect
transistor with the sharp switching behavior.29) This result

means the high potential in the nanoscaled electronic
circuits.

A CT is formed by bending a cylindrical SWCNT along
the tubular axis and further connecting the origin to the
vector Ry ¼ pa1 þ qa2 (the axial periodic vector of a
SWCNT). That is to say, a CT corresponds to a rolled-up
graphite sheet which satisfies the transverse (kRx) and the
longitudinal (kRy) periodical boundary conditions simulta-
neously (details in ref. 14). The geometric structure is
characterized by the parameters (m; n; p; q), such as height,
radius and chiral angle. The height and the radius are,
respectively, 2r ¼ jRxj=� ¼ b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðm2 þ mnþ n2Þ

p
=� and

R ¼ jRyj=2� ¼ b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðp2 þ pqþ q2Þ

p
=2�. b ¼ 1:42 Å is the

C–C bond length. The chiral angle of a ðm; n; p; qÞ toroid
is � ¼ tan�1½�

ffiffiffi
3
p

n=ð2mþ nÞ�. It is confined to �30 �
� � 0�. A CT has a lot of discrete states which are described
by the longitudinal (L) and the transverse (J) angular
momenta. According to energy gaps, there are four types of
carbon tori in the presence of the curvature effect:14,17) (I)
Eg ¼ �0b=r for 2mþ n 6¼ 3I (�0 � 3 eV), (II) Eg ¼ 0 for
m ¼ n, (III) Eg ¼ �0b=R for m ¼ n, and (IV) Eg / �0ðb=rÞ2
for others. Only a little armchair (m;m; p;�p) carbon tori
are type-II gapless systems. When carbon tori exist in the
magnetic field parallel to the symmetric axis (Bk), the
longitudinal angular momentum L would become Lþ �=�0

(� is magnetic flux and �0 ¼ hc=e). The theoretical
results14,23,24) show that Bk causes the drastic modulations
of energy gaps and destroys the state degeneracy. The
perpendicular magnetic field B? leads to the coupling
of different L’s. The effect of B? on energy gap is weaker
than that of Bk. However, the state degeneracy is recovered
for B?.

In this work, we use the tight-binding model to investigate
electronic properties of achiral carbon tori in the presence of
electric and magnetic fields. The curvature effect is included
in the calculations. Electronic properties, such as electronic
states, energy gaps, and density of states, are strongly�E-mail: fl.shyu@msa.hinet.net
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affected by the direction and the magnitude of electric and
magnetic fields. Our study shows that the electric field could
induce the zero-gap transition (ZGT), i.e., energy gap
changes from a finite value to zero, or vice versa. Such
transition happens more frequently, when the electric field is
oriented closer to the toroidal plane or its magnitude is
sufficiently large. The �-electron energy width is widened,
and there are more low- and extreme-energy states. The state
degeneracy is destroyed by the electric field. The modulation
of electronic states is enhanced by the magnetic field.

2. The Tight-Binding Model in Electric and Magnetic
Fields

Achiral carbon tori, ðm;m; p;�pÞ armchair tori and
ðm; 0; p;�2pÞ zigzag tori, are chosen for a model study.
The �-electronic states are calculated from the nearest-
neighbor tight-binding model with the curvature effect.
There are N ¼ 4pm carbon atoms in each armchair or zigzag
toroid. The Hermitian Hamiltonian matrix is built from the
subspace spanned by the N wave functions of 2pz orbitals.
Under electric and magnetic fields, the nearest-neighbor
Hamiltonian is given by

H ¼
X
i

�iðEÞcþi ci �
X
i; j

tijðBÞcþi cj; ð1Þ

where �iðEÞ is the on-site energy due to the electric field, and
tijðBÞ is the nearest-neighbor hopping integral associated
with the magnetic field. {cþi ,cj} are creation and annihilation
operators of fermions. Due to the curvature effect (the
misorientation of the 2pz orbitals on the cylindrical surface),
tij’s would be different along the longitudinal and the
transverse directions: �1 ¼ �0ð1� b2 sin2 �=8r2Þ, �2 ¼
�0½1� b2ðsin � þ

ffiffiffi
3
p

cos �Þ2=32r2�, and �3 ¼ �0½1�
b2ðsin � �

ffiffiffi
3
p

cos �Þ2=32r2�. �0 (� 3 eV) is the resonance
integral without the curvature effect.14,17)

For ðm;m; p;�pÞ armchair carbon tori, there are 2m atoms
along Rx and 2p atoms along Ry. The atom position is
represented by the coordinates ðxi; yiÞ in a graphite plane,
where i ¼ 1; 2; 3; . . . ;N. The distance between the ith atom
and the jth atom is �ij ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�x2 þ�y2

p
, where �x ¼ jxi �

xjj and �y ¼ jyi � yjj. The Hamiltonian matrix elements in
the absence of E or B are given by

Hij¼
��3 ¼ ��0ð1� b2=8r2Þ if �ij ¼ b; �y ¼ 0,

��1 ¼ ��0ð1� b2=32r2Þ if �ij ¼ b; �y 6¼ 0,

0 if �ij 6¼ b.

8><
>: ð2Þ

As to ðm; 0; p;�2pÞ zigzag carbon tori, the Hamiltonian
matrix elements are

Hij¼
��1 ¼ ��0 if �ij ¼ b; �x ¼ 0,

��2 ¼ ��0ð1� 3b2=32r2Þ if �ij ¼ b; �x 6¼ 0,

0 if �ij 6¼ b.

8><
>: ð3Þ

When carbon tori exist in an electric field, its main effect
is to change the on-site energy. The effective electric field
is assumed to be E ¼ E cos�EẐZ þ E sin�EX̂X ¼ Ek þ E?,
where �E is the angle between E and the toroidal axis (ẐZ).
The unit of E is �0=Å, here and henceforth. It is convenient
in using the rectangular coordinates (X;Y ;Z). The center of
toroid is chosen as the origin. The coordinates (xi; yi) of the
ith atom in a graphite plane are transferred to (Xi; Yi; Zi).
Such coordinates are further expressed as Xi ¼ Ri cos �,

Yi ¼ Ri sin�, and Zi ¼ r sin �. Ri is the perpendicular
distance between the ith atom and the toroidal axis. � ¼
yi=R and � ¼ xi=r are azimuthal angles of carbon toroid and
carbon nanotube, respectively. Due to the electric field, the
diagonal elements of the Hamiltonian matrix are changed
from zero to

Hii ¼ �E cos�EZi � E sin�EXi: ð4Þ

In the presence of magnetic field, the hopping parameter
is modified by the Peierls phase (Gij).

30) The magnetic field
is assumed to be B ¼ B cos�BẐZ þ B sin�BR̂R ¼ Bk þ B?. �B
is the angle between B and the symmetric axis. The
cylindrical coordinates ðR;�; ZÞ are used for simplicity.
The vector potential is chosen to be A ¼ RB cos�B=2�̂�þ
RB sin�B sin �ẐZ. It causes the magnetic phase factor G ¼R

A � dR. Therefore, the hopping parameter tij would change
into tije

iGij . The magnetic phase is Gij ¼ Gk þ G?, where

Gk ¼
�

�0

cos�B
yi � yj

R

� �
; ð5Þ

and

G? ¼

2� sin�BðZj � ZiÞ
�0ðyj � yiÞ

cos
yi

R

� �
� cos

yj

R

� �� �

if �y 6¼ 0;

2� sin�BðZj � ZiÞ
�0R

sin
yi

R

� �

if �y ¼ 0:

8>>>>>>><
>>>>>>>:

ð6Þ

Electronic state energies of achiral carbon tori could be
obtained by diagonalizing the 4pm	 4pm Hamiltonian
matrix. They could be expressed as Ec,vðM;E;BÞ, where
M ð¼1; 2; 3; . . . ; 4pmÞ represents the discrete state. c and v,
respectivley, correspond to unoccupied and occupied states.
The low-energy electronic states can be further understood
from the density of states (DOS). It is defined as

Dð!; �Þ ¼
X4pm
M¼1

2

�

�

½Ec,vðM;E;BÞ � !�2 þ �2
; ð7Þ

where � ¼ 5	 10�5 �0 is the broadening parameter.

3. Electronic Properties

We first see the electronic structure of the ð5; 5; 100;
�100Þ armchair toroid (R ¼ 39 Å and 2r ¼ 6:8 Å). The
discrete states in the absence of E are simply reviewed.
Each state is described by the longitudinal and transverse
angular momenta ðL; JÞ.23,24) The low-energy electronic
states are doubly degenerate [Fig. 1(a)]; that is, EðL;mÞ ¼
Eðp� L; 2mÞ. Also noted that the high energy states might
have fourfold degeneracy [EðL; J1Þ ¼ EðL; 2m� J1Þ ¼
Eðp� L; J2Þ ¼ Eðp� L; 2m� J2Þ; not shown]. The occu-
pied and unoccupied states are symmetric to the Fermi level
(EF ¼ 0). It might have an energy gap between the lowest
unoccupied state (LUS) and the highest occupied state
(HOS), e.g., Eg ¼ 0:04 �0 at E ¼ 0. The total �-electron
energy width (Ew), the energy difference between the lowest
occupied state and the highest unoccupied state, is �6�0.

The low-energy states in the presence of E are detailedly
investigated. For the electric field E ¼ 0:02 �0/Å, the
maximum electric potential differences along the toroid
diameter and the toroid height are about 4.6 and 0.4 V,
respectively. For the parallel electric field (�E ¼ 0�),
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electronic structures are hardly changed for E < 0:02 �0/Å
(not shown here). That �iðEkÞ at E < 0:02 �0/Å is much
smaller than the typical hopping integral �0 is the main
reason. On the other hand, state energies are gradually
affected by the large electric field, e.g., E > 0:05 �0/Å (not
shown). Only the large Ek have a strong effect on electronic
properties, such as state energy, energy width, energy gap,
and wave function. From the perturbation point of view,
each state is mainly characterized by the superposition of
the wave functions jL; Ji, jL; J þ 1i, and jL; J � 1i in the
absence of electric field. However, the state symmetry
about EF ¼ 0 is not destroyed by Ek. This result remains
unchanged even for other electric and magnetic fields.

As for the perpendicular electric field, electronic states are
drastically modulated even for the weak field, as shown in
Fig. 1(a). State energies would become large or small in the
increasing of E?; therefore, there exist state crossings. Such
crossings happen more frequently at large E?. Energy gap is
vanishing at certain electric fields. More electronic states are
grouped into the low- and extreme-energy regions. E? would
make the longitudinal angular momentum change from the
separate L into the superposition of L, Lþ 1, and L� 1. The
coupling amplitudes are different for Lþ 1 and L� 1. The
perpendicular electric field has different effects on the doubly
degenerate states (jL;mi and jp� L; 2mi) so that state
degeneracy is clearly destroyed by E? at sufficiently large
field (E � 0:05 �0/Å) [Figs. 5(b)–5(d)]. The effects of E? on
electronic structures are much stronger than those of E?,
since the electric potential difference is large in the equatorial
plane. This result clearly reflects the geometric feature, i.e.,

the radius is much larger than the height.
Electronic states of carbon tori are further changed by

the magnetic field. For the applied magnetic flux � ¼ 0:25

�0, the corresponding magnitude of the magnetic field is
about 21 T . It could be effectively reduced as the toroid
radius increases. The parallel magnetic field causes the rigid
shift of the longitudinal angular momentum from L to
Lþ �=�0. The doubly degenerate states are split up by Bk,
as shown in Fig. 1(b). The energy spacing between two
electronic states is reduced. The modulation of energy
spectra is enhanced by Bk and thus leads to more state
crossings [Fig. 1(b)]. The vanishing energy gaps would
occur at the smaller electric fields. On the other hand, the
perpendicular magnetic field induces the coupling of differ-
ent L’s. B? has weaker effects on changing electronic states
[Fig. 1(c)], compared with Bk. B? strengthened the modu-
lation of electronic structures [Fig. 1(c)], while it does not
destroy state degeneracy.

The external electric and magnetic fields induce the
similar effects in zigzag carbon tori [Figs. 2(a)–2(c)], as seen
in armchair carbon tori [Figs. 1(a)–1(c)]. However, there
are two main differences between zigzag and armchair
tori. At vanishing fields, a zigzag carbon toroid has fourfold
degeneracy [EðL; J1Þ ¼ EðL; 2m� J1Þ ¼ Eðp� L; J2Þ ¼
Eðp� L; 2m� J2Þ] except for the doubly degenerate HOS
and LUS. The electronic-state modulation due to the
perpendicular electric field is stronger for a zigzag carbon
toroid. There are more state crossings [Fig. 2(a)], and energy
gap vanishes at the smaller electric fields. Moreover, state
degeneracy could be destroyed at (� ¼ 0 and E? ! 0) or
(� ¼ 0:25 �0, �B ¼ 90� for any E).

Fig. 1. The low-energy states of the ð5; 5; 100;�100Þ toroid at �E ¼ 90�

and (a) � ¼ 0, (b) (� ¼ 0:25 �0, �B ¼ 0�); (c) (� ¼ 0:25 �0, �B ¼ 90�).

Fig. 2. Same plot as Fig. 1, but shown for the ð9; 0; 55;�110Þ toroid.
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The total �-electron energy width is drastically changed
by the electric field. Ew strongly depends on the magnitude
and the direction of E, as shown in Figs. 3(a) and 4(a) for
armchair and zigzag carbon tori, respectively. Ew linearly
grows with the increasing electric field. The perpendicular
electric field could widen energy width very effectively. This
result clearly illustrates that electronic states are grouped
into the two extreme-energy regions in addition to the low-
energy region (close to EF ¼ 0).

In order to understand the zero-gap transition, the
variation of energy gap with the direction and the magnitude
of the electric field is investigated. Fig. 3(b) presents the
electric-field-dependent energy gap for the ð5; 5; 100;�100Þ
armchair toroid at E � 0:02 �0/Å. At �E ¼ 0�, energy gap is
hardly changed by the electric field (the light solid curve);
that is, the energy-gap modulation is negligible for the
parallel electric field. When the electric field gradually
deviates from the symmetric axis, the energy-gap modula-
tion is getting stronger. The zero-gap transition occurs at the
electric field with larger perpendicular components (the
heavily solid and dashed curves). In general, there are more
ZGT’s for the large E and the corresponding threshold
electric field is reduced as �E increases. The energy-gap
modulation is greatly strengthened by the magnetic field, as
shown in Figs. 3(c) and 3(d). The spin-B interaction,
g	�=meR

2�0, is included in the calculations. The g factor
is equal to 2, 	 ¼ 
1=2 is the electron spin, and me is the

bare electron mass. The Zeeman splitting and the parallel
magnetic field might make ZGT’s happen more frequently
[Fig. 3(c)]. The similar energy-gap modulations could also
be found in zigzag carbon tori, e.g., energy gap of the
ð9; 0; 55;�110Þ zigzag toroid in Figs. 4(b)–4(d). At B ¼ 0

and �E 6¼ 0�, Fig. 4(b) shows that energy gap has stronger
dependence on the electric field than that in armchair tori.
However, the ZGT’s hardly survive in the magnetic field for
the weak electric field, mainly owing to the widened energy
gap at E ¼ 0 [Figs. 4(c) and 4(d)]. It is worth noting that the
contribution of the zero-gap transition mainly comes from
the orbital magnetization. But the Zeeman energy, at
sufficiently large magnetic fields, could increase the times
of ZGT-occurrence. The predicted energy gaps could be test
by the transport measurements.11)

The above-mentioned features of electronic states are
directly reflected in density of states (DOS). The low-energy
DOS of the ð5; 5; 100;�100Þ armchair toroid is shown in
Figs. 5(a)–5(d). DOS exhibits many delta-function-like
symmetric peaks because of the zero-dimensional discrete
states. The height of peak corresponds to the state degen-
eracy. The double degeneracy remains unchanged in the
presence of the parallel electric field, as shown in Fig. 5(a).
The sufficiently large electric field only changes the state
energies (the light dashed curve at E ¼ 0:05 �0/Å). The
number of the prominent peaks grows in the increasing of �E
[Figs. 5(b)–5(d)]. This result clearly illustrates that a lot of
discrete states are grouped into the low-energy region. The
peak height could be reduced to half as �E or E increases.
For example, a lot of singlet states exist at E ¼ 0:05 �0/Å

Fig. 3. (a) The electric-field-dependent �-electron energy width of the

ð5; 5; 100;�100Þ toroid for different field directions. The electric-field-

dependent energy gap at different field directions for (b) � ¼ 0, (c)

(� ¼ 0:25 �0, �B ¼ 0�); (d) (� ¼ 0:25 �0, �B ¼ 90�). The Zeeman effect

is taken into account.

Fig. 4. Same plot as Fig. 3, but shown for the ð9; 0; 55;�110Þ toroid.
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[Fig. 5(d)]. It might also have fourfold-degeneracy states,
e.g., DOS at E ¼ 0:02 �0/Å and �E ¼ 90� [Fig. 5(d)]. Such
states come from the higher energy states at E ¼ 0, as shown
in Fig. 1(a). That is to say, the perpendicular electric
field could make the higher energy states approach to the
Fermi level. The magnitude and the direction of the electric
field play a similar role on the low-energy DOS of the
ð9; 0; 55;�110Þ zigzag toroid, such as the increase in the
peak number and the reduction of the peak height with the
increasing E or �E [Figs. 6(a)–6(d)].

The mixing effects of E and B on the density of states
deserve a closer investigation. The field directions of E and
B are assumed to be parallel or perpendicular to each other.
Armchair tori quite differ from zigzag tori in state
degeneracy. For the former, (I) the double degeneracy at
�E ¼ 0� is destroyed by the parallel magnetic field [solid
lines in Fig. 7(a)], (II) the double degeneracy at �E ¼ 0�

remains unchanged for the perpendicular magnetic field
[dashed lines in Fig. 7(a)], (III) the double degeneracy at
�E ¼ 90� is destroyed for the parallel magnetic field, or the
fourfold degeneracy keeps the same for the parallel magnetic
field [solid lines in Fig. 7(b)], and (IV) the perpendicular
magnetic field does not affect the double degeneracy and the
fourfold degeneracy at �E ¼ 90� [dashed lines in Fig. 7(b)].
As to the latter, (I) the fourfold degeneracy at �E ¼ 0� is
changed into the double degeneracy by the parallel magnetic

field [solid lines in Fig. 7(c)]. The double degeneracy exists
in other cases [Figs. 7(c)–7(d)]; that is, zigzag tori exhibit
the double degeneracy for four kinds of cases. (II) The
perpendicular magnetic field [dashed lines in Fig. 7(c)] or
the perpendicular electric field [Fig. 7(d)] could also lead to
the destruction of state degeneracy.

4. Conclusion

In this work, we have studied electronic properties of
carbon tori in the presence of electric and magnetic fields.
Electronic states, energy gaps, and density of states strongly
depend on the direction and the magnitude of the external
fields, and the geometric structure. The electric field leads to
the broadening of the the �-electron energy width, more
low- and extreme-energy states, the strong modulation of
energy gap, the state crossing, and the destruction of state
degeneracy. The zero-gap transition happens more frequent-
ly when the electric field deviates from the symmetric axis,
or its magnitude is sufficiently large. The modulation of
electronic states is largely enhanced by the magnetic field.
The predicted electronic properties could be verified by the
transport measurements.
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of the Zeeman splitting at E ¼ 0:02 �0/Å, � ¼ 0:25 �0, and (a) (�E ¼ 0�,

�B ¼ 0�, and �B ¼ 90�), (b) (�E ¼ 90�, �B ¼ 0�, and �B ¼ 90�). (c) and

(d) are same plots as (a) and (b) but for the ð9; 0; 55;�110Þ toroid.
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