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II-1. Introduction -rj_( utg) [Fant

Consider a b.v.p. v
oo QRN A AOA LY el wpn c f i nak g_z;ff\_
Blup=plc)u']' +qle)u(z) = f(z) a<z<b \
with b.c's ; B{a)=HU(b)=0
we wish to show the existence of a so-called Green’s fuc G(€,z) for this prob. such that

the sol. is

Let’s evaluate the integral

/01 G(§,z)f(E)dE= fol G(.E,:r)u“df

= 1
:[G(E,x)“f - uGE(E,x’]}) - ./0 4(€)Geel€, r)dE
:}G(l, z)ue(l) — u(1)Ge(1, :;)j —EG(O, z)ue(0) — u(0)Ge(0, xl
- [ w(©Gedte e
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If we choose G(¢, z) clearly, this eq. can provide us with the sol. to an original prob.

Speciﬁca]]y, if we require that

1'G=Gedl6a) =86 -1) 60,5 =G5 =0 —--—(2)
Then our solution is J L) $T0d T =0 i)
o) = [ cle e -
Sol. of (2) =

Ge=H(E—1z)+ A
G=(¢—z)H(E-1z)+ AE+ B

where H(€ — z) is the unit step fuc., defined a

HE-0={5 for 25

~ and we have utilized

H'({ - z)=6({ —z)
By be's== 0=18B

O0=(1-g)+A+B=A=z-1

therefore G(€52) = (€~ ) H(E ) + (s —1)¢
_f(e-1)¢ forf<z
_{(f—l}:c for (>«

Some Remarks:
(1)since

Gey(€,7) = 6(€ - 2) G(0,2) = G(1,2) =0

) J
G 14) = S04 :

), Qo) =6ui 20



physically, G(¢, z) is the defection at £, due to a pt. load of unit strength acting at the pt.
=g
6 1 5 T

= 1

ot

Giy x) Guex.3)
we observe G(z, §) = G(¢, z)
Le., G(§,z) is symmetric ;/2' {2, W LR =,:§\
= the defection at ¢ due to a unit load at x is equal to the defection at x due to a
unit load at £.

(2)Clearly, Gfz5:€) £ (£)d€ is the.deflection at x due to an.incremental load:£(£)d& % at ¢,
8o that the solution represents the superposition of the resulting incremental deflections.
from(2)

1
F&‘?‘%)?T(‘E-)df

1 -
v BﬁG( z,:€) f(€)dE -

(3JAdjoint Green’ fuc:
Green’s fuc. for a system satisfies
f2G(&, ) '=:6(§~ z):+ suitable homo: b.c's say BC
The adjoint system is
(L*)*G*(¢,2") = LG* (£, ') = §(€ - 2*) + B.C*
If the operation L is self-adjoint, we have
(Lui;v) = (u, L* o)
letu=G*,v=G
= [3 0(6 — #)G(¢, 2)de = [} G*(€,2')5(¢ — 2')d¢
=Gl 51 =G (z.7)
So if the system is self-adjoint = \(i(i,- 7) =Gz, €) 3% 'ﬁ ) #\ MX-M\}& ! “FEJ

"-\\JW



II-II. Construction of Green's Fuction AV
Liu) = () ()] +a(@)ulz) = (@) HRET% -~ wing
Ba[u] = ayu(a) + az4’(a) = B, i
Bylu] = Byu(b) +B4'(b) =
Consider
e f, )L [uld
= [; G(&, ){Ip(E)w'(&)] + g(€)u(€)}de
- [GP“e ~ Gepul + [* w(E)L *G€, 2)de
Consider the boundary term
G(b, 2)ue(b) - Ge(b, z)u(b)
= SB2)(Brue(b) + Bru(b)- %%H}
=(3:Glb, 2)Bu (i1 B #: Oy gyt =1)
or BGl= ,6'1G(b,u_I-).:ﬂ:..,B?Gf(b)-c—
FCelb,n)Bs (FEBF=0G(52)=0)
or GG =hiG(b;z)=0+7
Similarly, G(a, z)ue(a) — Ge(a, z)u(a)
= LG(e,2)Bs (ifos #0,BulG] = 01G(a, 7) + 22Ge(a, 2) = 0)
= =G 5 (7em =031 = 1006 ) =9

with b.c’s:  Bg[G c——Bb[ é(j

= au(z)=f; G(& 2)f(6)dE
.) 75.16:(&, 2)Bs — 221G (a, 7)B. (ifdeto,B,%0)
(i) B G (b, 2)Bs + S (HaF0pmx0
(i41) — BGe(b, 2)By + ELlGe(a,2)Ba  (if @z =0, B2 =0)
9 B0l 9B, - (o, e (10205 #0)
(A)First Method-

Since 6(¢ — z) = 0 for all £ # z, it will be conveinent to split the interval into two parts
¢ < <z and z< <D (in each interval L*G = 0) plus two ”matching conditions”

=0
which blind the two parts suitably at £ = z. L s L ) Byh)=o
— gt
24 = VX b
9
(&) =0

B.(&)=0



By integration the eq. from ”x-0" to ”x+0”
z40
7 800 + aerare, e - f 3(€ - g

p() 28Dy 4 [ 5175 (6 2)dg = 1

=0

We demand that G(&, z) be a continuous fuc. of £ a.t § =z, then

Gz +0;z)=G(z-0,2)

1st matching condi.

and since p(£), ¢(£) are
expresses the 2nd condition.

out; hence the 1st term

@]ﬁﬁgﬂl—ﬂ
Hence =
— BEG=0 m each interval — — - ———— (1)
BEGa2)} = BilG(b, )] =0 —— - ——- )
Gz 0;rf=C(z~0,7)7 ——————— (3)
FlEH0 ) =R r=00) = 5k~ ————(4)
{B)Second: Methiod:

(1) #1f L*[u] = 0,+Ba[u] = Bs[u} =0 ~has no nontrivial solution. (only have trivial sol.
u=0)
Then, consider two fucs u;(z), v (z) which satisfy
Liu] =0 Boun= Bycdy3= o
Lluz] =0  which are indep. const”.. the Wranskian.
W, u2) = uy(z)us’(z) — uz(z)uy’(z) #0
Then the Green's fuc is given by



S ETw for{ >z
Verify: It is obvious that (1).(2).(3) are satisfied.

now %%(3: -0,r) = &£ o= stia(pul) (z)

Ll = 2 for <z
(f’z) {“1 z)ug(€

(pw}*
%%(2: +0,z) = P"“‘l“?(;‘:]l“ﬂ(?wl (z)
=> 8 (z+0,7) - G (z—0,2) = (ﬁlﬂgpw{ulu'g' — uy'ug)
= puw _ 1 {4y
pu

Bx: Liu] = £[Kz) ] = f(2)
bds: u{0)=u(l)=0
Sol.:1st find L*[u] = [ku']' =0
=% bl = e=builg f k—f-—,dx

To satisfy the b.c’s, = the trivial sol. ¥ =0

2nd, const  two linearly indep. fucs
=Jieith
= f; ,ﬁj which satisfyus,(0) = u2(1) =0
The Wranskian of uy,u,
w= —glys(z) — ghyua(e)
—%[ui(z) + va(z)]
s I
= —k_‘:(lx_j .
where ¢, = fol ﬁ%

So the Green’s fuc. is

G(§ )= fﬁﬁf st for <z
fﬁ‘xsfg.

<t

16u) for E>=x

{2) When L{u] = 0+ B,|u] = Bi[u] = 0 has at least one nontrivial solution, then the

"usual” Green'’s fuc. does not exist.
Ex.: Llu] = v" + u = f(z)
u(0) = u{w) =0



clearly, the homo. eq. L[u] =0+ b.c’su(0) = u(x) =0 has a nontrivial sol. sinz
The Green's fuc. satisfies
L'G = Gee+ G = §(€ — )
G(0,z) = G(m,z) =0

As in the previous procedures, the Green’s fuc. is in the form

G(€,z) = Ax)siné + B(z)cosf (<z
: C(x) sin{ + D(z)cosé &>z
However, we will show G(&, z) does not exist for satisfying the b.c’s and the matching

conditions.
Forthedds = B=D=0
For G to be continuous at £ =z
= A=l

For the jump conditon

= (Ccosz— Acosz =1

Unfortunately, two unknowns A.C are incompatible! = our "usual” Green’s fuc. does
not exist!

Actually, this situation does not arise very often in practice. Nevertheless, it is well
worth discussing not only for the sake of completness, but also some important feature of

linear eq. will be brought in the discussion.



II-3 The Generalized (Modified) Green’s Functions
For the example discussed above, to get the source of difficulty let ©(€) be the
nontrivial sol. of the homo. system.
= [7 v(€)(Gee+G)dE = [ v(€)8(¢ - z)d€
[uGe — veGly + f Gluge+v)dé v(z)

= 04+0=v(r) = Contradictionsl

One might say, then, the difficulty is due to the fast that v(§) = siné is not
”orhtogonal” to 6(&;z). This provides us with a clue as to how we can patch things up.
Let' s require that
*G=Gu+G=6E—~2)+F
@il x}=Glrie] =0
where F is s0 chosen that sin £ is orthogonal to §( — z) + F. We will demonstrate
that a suitable general form for F is F = av(z)v(&), the const. « can in fact be choosen
so a3 to obtain the desired orthogonality.
since [ v(€)[6(¢ — 2) + aw(z)v(€)]d¢
= vEl+afy A =0

ﬁa:—m

So we conclude that G satisifles

L*G =Cav(z)v(€) + 6(6 - =)
By[G] = By|G] =0

G(¢, )is continuous até =
G¢ has jumpﬂlﬂ at £=1z
where v(§) is the nontrivial solution of the homo. eq. + b.¢' and o = m
If there are two (lin. indep.) nontrivial sols. say v;(€) and vy(€), then we would

require that
L*G = 8( — z) + ayvy(2)vi (€) + agua(z)v2(§) where oy, agare chosen so that
I3 56L& = 2)-+ aavs ) (€)-+ aavaleval e = O
g=1.2



I-IV Green’s Fuction By Eigenfuc Expansion
Liu] = f + homo. b.c’s
where L is a self-adjoint 2nd order o.d.e.
Solve the associated homo. prob.
L{u] + Ay = 0 4+ same homo. b.¢.
and find the eigenvalues )\,
eigenfucs ¢,
Seek the solution in the form
z) = Y andn(z)which satisifiesb.c’s
Expand  f(z) = 1%, fdnl2)
where f, = (%%
Then EQ = L ¥ upn =Y anhadn = T fadn
= o
u(z) = = T2, ($2)4n ()
-J%ﬁzm %ﬁ%@wwwe

= £)d¢
where G(EJ ) Eﬂ"' §n(‘?n #n)
Conclusions:

(1) If all the eigenvalues ), #0 then both the sol. and the Green' s fuc.
exist. v
) If one of the eigenvalues, say Al,- = ( then the Green’s fails to exist.
(i) If f;=(f, ;) #0, sol. of u fails to exist.
)

If f; \_ 0,an 1nﬁmtely many sols may exist.
Q}; é L ?

W = f(z)
4(0) = (1) =0
The associated S-L prob. is
w4+ du=0,u(0) =u(l) =0



we have found A, =n°7" n=12,..
on(z) = sinnnz

(¢n: ¢ﬂ) = fc‘l Sillz nrrdz = %

=0 G(E,I]=— o Rsinnxfsinnrz _________(1]

n=1 niws

On the other hand, we find

_ [ (e1)§ §<z
l6d={ 0 *65s - 2

These two forms of G are, of course, in agreement, since (1) is simply the

* & L4 . 1 P '{ &.
Fourier since series expansion of (2). WM 2 s s same AR W)

/0



II-V Green's Function Method of P.D.E. S

Consider 5

¥

L|u] = Augs + 2Bugy + Cuyy + Dug + Euy + Fy = f(z,y)

; A g7 @
LSt

where A B,C,... are fucs of x.y only in R. + general form of linear b.c
!

Blul=au+fu,=¢ on v
From

B

JvLudo = bndy terms+ [, ul’vdo

Y
for example // /
—

fR vAufgzdxdy =
= [y UG v A ddd dy
= [yH{[vAus - (vA) W2 + [720) (04); udz}

y1 /?
+§ [vAur — (vA) u]i - pds + Jg ¥(vA) . do
Similar procedures applied to other terms
= [pvLudo = § (Mi+ Nj) - nds + Jpul*vde ————— (1)
Where L*v = (Av)__ + 2(Bv),y +(Cv)yy — (Dv), — (Ev), + Fu
M = Avu; — u(Av), + 2v(By), + Duv 1y J 2

so that M = vy, —uv,, N = YUy — YUy

N = cvt, — u(cv), + 2v(Bu), + Euy 7z /‘—’\
fi] L= g; + E] 1.e. A=C=1, B=D=E=F=0 Z,03) Zi’ g "

= (Mi+ Nj)-n= [U(Uxi‘[' ﬂyﬁ{') _"(”zw'.“"yi” g Al
/

= (vVu —uVv) T= Vp — Uty

(1) = —
Jp vLudo = f,f[vu,, — 8vp)ds + [ ultvdo
Boandam, o i 1 5
(2) L=}y —gm Ty e T AR g
Then (1) = [ vLudo = §_[(vvs - vuz)i + zuvs] - nds + [ ul*vdo Buusdeg "o 5 U, m,
where L* = -k . ,% = ,g, ¥ ol
(6) U=~ . TS F

(1)= [, ulydo = f’r |c* (vuy — uvy)i — (vuy — uvyy] - nds + fR ul*vdo

11



where L* = L
In (1),If we choose v to be ours Green's fuc G.
Refining that G satisfying
*G=6(-z,n—y) over R ————— (2)
and subjecting G tob.con 4  which result in the elimination of any "unwelcome” terms
in the boundary terms. In general, it is conveinent to seek G into two parts
G=F+¢g
where F is a particular sol. of (2) which neek not satisfy the b.c and g is a sol. of homo.
eq. L*G = 0 such that the combination F+g does satisfy b.c's and F is called principal
sol, or fundamental sol., or elementary sol., or free-space Green's fuc.
Ex.: )
[*G=Gge=6(§ — =)
G0, 2) =G(1,2) =0
Set G=F+g
where Fge=68({ —z) = F = ({ - 2)H({ ~z)
gec=0=>g=A{+ B
= G=({-z)H({-z)+A{+B



II-VI Fundamental Solution
(A)For Laplace operator

;?p+a% (Eay o ty=BlE - g~y ————= (1)
From potential theory, F can be regarded as the potential induced at a fixed point

(¢, 1) due to a point mass of unit strength at (x,y). It should therefore be symmetric about

the pt (x,y) and will depand only on the radial var.
r=y/(E=2f+ (-9’
For r>0,6(r)=0

Eq. (1) = PPF=}{(rgr) =0
therefore F=A In( r+ B

From [ _, WPFfg=/[._6(r)=1 —
= §,_ i@ Fds =1 | o
therefore §r=5,=5a‘3 =1 e
>4  do= i-2';'rﬁ‘E':1
= A=5,Bisarb=0
=>F=2L In r

(B)For Diffusion Operator

L*F = 4y - Fee=6(( —zT~t) ———— - (2)

In this case, no symmetric property is available. Consider if F*  were governed by
LF* = gF;* — Fe¢" :;g(l;’ -z, 7T—t =———- (3)

Physically, LF* = 0 for all time 7 < ¢, at 7 = {, a unit heat source is applied at
¢ =z, and F* would describe the subsequent diffusion of that heat source for 7 > ¢. Now
retruning to (2), we see that the situation is identical except that time 1s reversed. Thus,
our principal sol. will be zero for all 7 > t. At heat pulse 18 applied.at ¢ = | g F
describes the diffusion of this pulse a.si' decresases.

Whethere or not this situation is physically possible is beside the point since (2) 1s

only a formal mathematical formulation.

13



Take F.T. w.r.t. £ of (2) =

We obtain F:{Ae* for 1>
Bes" 1<t
and then apply

:_"‘é}( kF, + w? F)df = :4'00 b(r — t)ezdr
= —KAe€ o +nB:L"" = g
but F and hence F iszeroforr>t=>A=0
T O ) N

therefore ~ B=Le” = B w O
30 that F— 1H(‘h/ )?/%S__L__L-«E:‘—i

and then
IE L —..J'2 -
F = H t-—f}.}‘fo e ( 5)‘ ( ‘C_)dw

=5 —a)?
— H(‘-—t]cﬂ'&‘-ﬂl‘
[4mx(t—r)]2
(G) WNE gy ed o
[*F=eFg— Fg=6({ —T—-1) ————— )

For all 7< ¢, F is identically zero; at 7 = ¢, a unit impulsive force is applied to the
string at ¢ = z and F describes its subsequent disp.
Let  F(Em,t) = [, d [, duf (k,)e*(E= el

Take\F.T. of (4) =

(—c?k? + w?) f(k,w) =

b3

(27)

= [the) = grr o

g0 that

F(&, 1;z,t) = Lg[ dke"‘(f_’}f dw——73 L gmiwlr—t)

4 w? — c2k2

14



Consider the integral [ = [0 %dw
which has singularities at w =% ck

To evaluate the integral, there are two possible contours as shown
(i) forr >t, F is diverging wave so  R.(~iw) =wy <0

hence the proper contaur is along ¢
(i) for 7 < t,F =0,= the contaur is along ¢’

In other to make F =0 7 <t, we mustimagine that the poles at w =+ck must
be displaced below the real axis. Thus the integral along ¢’ will vanish and the integral

along ¢ will make contribution.

so [ =%, atr—amdw where T=1-t
By Cauchy I.theorem
I = —2mi[Res (w = —ck — i9+ Res (w = ck — ig)

__21_’[ E:ehT E-t:;l']
= =271 sin ¢KT

Hence F = _E}E j‘-’" dke‘k(f—r)slnc"gT—‘)
f{) kf‘OSk )aanck!f—t)
since [ sosnksinmk jk

_{ﬂ/? for m>|n|>0
—30 for |n]>m>0

therefore F = —-HLC%H[C(T b —1€—z|]
g Hl(r = 1) = |§— 2]

_ [ V2C when 15-2] L cr-t)
therefore F = {0 when |€—1]> c{r — {) (5)

Another Principal Solution

We will prove that if some fuc. f(§ —z,7 —1t) is sol. of (4), then so is f( —z,t —7)

proof:
Let 7—-t=t-171
now since f{{ —z,7—1t) satisfies (4)
= P feel€ — ot =1') = frr (§—m,t = 7) = (€~ 1t ~7)

'35



But  frr(E—m,t—7)=

[rire (E == T’)

and -z, t=7)=08(E -z, 17" —t)

so that ¢®fee(§ — z,t — ')
—"'.*szee(f—:r,t—'f) =

= The replacing of 7 -t 1n

(=

[E=z|<c(t=T)

for |6—z|>c(t—T1)

-1
s - Ze  for
F {0

Source Frofagate
’-)Co‘r ward

6

g t=1m)=06E—-z,7" =)
,t—1)=6(6-z,7—t) Q.ED.
(5) by t—71, =

cce///// ;x- i

ProPc»go\,lior\- backwawo{ _



[I-VII Green’s Function Method for the Laplace Operator

(A)2-dim i +
Lu=V3u=p(z,y) in R P
B.C.:Bly|=au+fu,=f on 7o . -~ ”N\ —
from  fgvLudo = § (vun — uvn)ds + JpuL*vdo ‘ 4
If we choose V=G, where G satisfles / = —
\ 240 7
G g
e .

[*G = V3G = 6(¢ — 2)8(n — ¥)

then u(z,y) = [z G(&,m =, v)p(€ - m)d€dn = §,(Gun — uGrlds ————~-

(i)
I B#0= Cu, —uGn = G(L5Y) ~uGhr

- Gi(§) — 2G4pn
Hence we require that G sa.tisﬁes
BlGl=aG+fGn=0 o 7 —==——~— (2)
and solution becomes (1) = |
u(z,y) = — ﬁr —};Gfds + fR Gpdo - ———-— (3)
which is applied to Neumann prob if a = 0.
(i) , |
B a#0=Guy, qu,;, = Gup — 2(f — Bua)Gn
= aG8Cay, — LG,

we require G satisfies B[G] =0 on 7
Then (1)

u(z,y) = [, Gpdo + § 1Gnfds
which is applied to Dirichlet prob. if =0

Ex.: potential in half-plane

17



. |
The Green’s fuc satisfies ‘ :
f |

VIG = b(¢ - 2)6(n — 1 A B
G=0 on 5=0 | !
The fundamental sol. for V2 is A
F=dur= dlal(c —o + (- o7 A
=ghle-afro-o) |
Seek G=F + ¢ S e

with V2g=0 and g=-F on ~
By the method of image, we find that

= g5lnlE - P+ (1= 9F] Sl =27 ¢ r 4571
and then
Coly= <38 mg= ey
= ulzy) = &[0, nde + & [ [, nEEEERo ¢, n)dgdy

Ex.: Dirichlet prob. for a circle
Vu=0 in r=g¢
u(a, ) = f(9)

we require V3G = §(x' - k)
Gla,0%r,0)=0

The fundamental sol. is g Inr’.

A point source is located at (r, #), we shall seek the potential such that it vanishes
at ' = a. By image method, the symmetry = the image source will lie on the ray from

the origin to the some at @(r,d).

if set od0f; = a® ————— (1)
let p: any observing pt.

if p— p’ on the boundary we require the potential vanishes.

18



In AopQ, and&on'

from (1) —Q-: =
O%q %— = Nop'Q = NoQyp’

2%

L et B, = ¥ : sl
@ ', 0;r, 8) = gl;ln(a;%‘_) for v.:hl‘jch whenp — p

S0 we can construct the Green 3 fuc.

o1 b
:> p, =1 % “.-:.g-':ﬁ’
2
= G(a,8';1,8) =0 7 a4 S i)
: f—k’ ‘;r — r r _}_ J ZYF"‘ rinig-§)
. —_— 1 a s -
therefore G(r',0;1,0) = 52 In A==
“f a ( r
= (:2, + —
e 31'$ In “3+L;J_:af3—2rr cos(8'—9) ax rriance- &)
— 27 7T rT=2rr’ cos(f'—¢)
= 98| = 9G] o g al—r?
Fnir'=a = Grrir'=6 — 2z g[aZar cos(If)+r]

Hence the solution 1s

_ a3—ypd 27 §')de’
u(r,0) = &5 Jg raT—:Za{(cns)(B’—E)-Q-r?]

In particular

u(o,0) = gz s Jy f(ﬁ')d

o f(g'

— (mean value theorem)

Green’s fuc. (' /3 *"“/!1

(B) 3-dim
N
(A) 3-dimensional P iy
s BN
P*u=p(y) in D

Lty +fun=f on B
From Green’s theorem (
[p(01%% — 9 B2 g)dr = (935 - ¥g)de N
If we choose v =G ¢=u
with B*G=6(z'-g) in D
B*u=p(z) in D

{

and




= = [, p(=")G(#',z)d7’ + §p

For Dirichlet prob. 8 =0,u = f. on B we demand that G(z,7') = Oﬁfor z' on B then

the sol. is ”:\;5 V’G‘;-", Legalng

= [, o()G(e!, 2)dr + §5 f1 35 do’ -

For Neumann prob. a =0, -31 =f, on B

The obvious b.c on G seems to be §5 =0

But from [, 2Sdo’ =0+ [}, V'zGd‘r

= -4 [ Viimdr
= —p(=4m) =1
= the simplest allowable b.c on G is
gﬁqué fgr Y on B 5 @ arew c—"fU 13 )'uf/f—/d‘ue )

Then the solution is
= [, p(2")G(a', 2)dr’ — §5 f2Gdo’ + <u >
where < & >, = §p ugSdo’ = 1 f uds’ s the average value over the whole surface.

For infinite space 8 — oo therefore <u>,—0

(ﬂI] 3-d. Fyee Space Green’s Function
VaF(a'2) = 8(z' — )
F(a, ) = F(z’.—f}
Let’s tra.nsla:e 5 coapute F (ﬁ"g)
i.e. VzF(E’,O) = §(z')
By 3-d. F.T.
= [ [ [F(e,0)ek 2 d®z
= —k2F =1
therefore F(k,0) = —7x
Inverse T. =
F(',0) = —rrp [ | ] #re e— 5T d3k

where & = |&]
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choose spherical coordinates in k-space with k, axis along 5

then d>k = k?sin 6dydddk

k- 2" = krcosd J;fé
therefore F = (ﬁ)“ fnz’r ay fﬂm dk fo’ dé sin fe—trkrcoad ! v ﬁ'\['
=@y b 0 5 [, dK z \,«-‘
= _(Eolr'j’ fom Sk [gikr _ e~ ikr) :

=-grfy o L=~y Jy degine ‘ X,
-;r fO ELE?IL TJ’_-L’J &; ]

==—a £ ?7
therefore  F(z',0) = &
= 2, z) = “'%,]?l_—x[
Ex.: Dirichlet prob. for a sphere K,

Viu=0 in Ir| <a
(a,8,) = f(6, )
By the method of image.

The Green’s fuc.

G[If! IJ = _#[Ir-'l—r[ i r}r'—aﬂv;':-r]]
= i 1 — 1
AT (,-2.1.,-1_2,-,-'.:037]& (Lfaz-i-az—er'caﬂq}a 2= P
; [

= 88| me = 8G)pmy = L —(r'=d%)
Fn?lr'=e = Frllr'=e = 3z a(r9+a“-—2arcoa'ﬁ‘§_

Hence the sol.

3 2
= —-a*)
un b, ) = £ [ S o)ttty
where d()' is the element of solid angle on the surface, and

cos Y = cos ff cos§’ + sin f sin 6 cos(p — ')

(D) Green’s Function Expanded by Spherical Harmonics ey
If we require  V2G(z/, z) = §(¢! ~z)
with b.c's G(z',z)=0 for &' on B
From  6(z' — z) = J26(r' — 1)6(¢’ — ©)6(cos b’ — cosf)
for 1= [6(z! — g)r'*dr'd(cosf)de

rd r
E I
€ fze .00

<8



By using the completeness relation
o2’ —2) = b - 1) TR ozm_-tylm (0", ") Yim (8, p)
Expand
G(z',2) = T2 Lt Aim (8, 0)a1 (7, 1) Vi (¢, ¢)
By the substitution of &6 and G, we have
Aim (0, ) = Yim (6, )
and  Jr g (r?dy) - Mg — _ 1§ —y)
therefore
a(r',r) =(Ar" + BA-(+1)  for ¢ <y
{Cr" + DY) for >y
where A,B,C,D, are fuc. of r and to be determined by b.c’s. Suppose that boundary
surfaces are concentric spheres for ' =a and " =b respectively.
ie. @ r)=0 for r'=a,b.
The associated h}omo. prob. has the trivial sol.  g(r,r) = 0  consider the two
linearly indep. sols.

2
lr) =" =515

1 't
ga(r') = S R VTR

which satisfy g¢,(a) = g2(b) =0
The Wranskian of gy, g =
W g1, 921) = guga’ — gagut’
= ~(2+ 1) (1 - (§)**]
and p(r')=r" let pw=—(2+1)[1- (2 8)2+1] = O Hence
G(e!,2) =72y e, Lo )y 1 oy (6, )

for a <rf<r’

/ 1r_9£+1
EE e e
l

£l




( for r<y!<b

or

00 (re!- m+1)(, = : )
O, ) = T T ot BT By g oy )

where re= min (rr)
rs= maz (r,r)
For the special cases
(i) Infinite space a — 0,5 — oo
G(e!,2) = = T2 Yome i s 7efir Yim* (6, ) Yim (6, )
(ii) Exterior prob. with a spherical boundary r=a,b — o
el =it 5 e L
(i) Interior prob. with a spherical boundary r=b,a — 0
G(#',2) = = T2 Tome—t pren it = $(5) ™ Yim*Yim
Ex.:

Potential inside a sphere of radius b

Sol.:
u(z) = §, ufSdo’
now 28 |ims = {8y = [— 5020 Dt ey ol e — 305 i am]
= % Ytm (5) Yim*Yim
therefore u(z) = f5 & T 1 (5)'Yim* (0", @) Yim 8, ) £ (0", ) 0200V
= Yimlf FO,0)Yim* (0", ')4)(5) Yim (6, )

r’=b

Ex:

A grounded sphere with a uniform line charge of total charge Q on the z-axis.

A3



B3l

!. .:w_f_-{gf?ir £
V24 = —4xp! —~ D
~&_ g
Blr=p =0 |
oy ﬁ\%f

where p/(2') = 8 L2 [6(cos’ —1) + 6(cos’ +1)]

The factor 277  in the denominator assurs that the charge density has a const.
linear density
Sol.:

fo G(z',z)d%z
but p(m ) = —41rp’ = — & [6(cos’ —1) + b(cos’ +1)]
therefore ¢(z) = [3 dr' [27 d¢! [ df'r'* sin 0'(— @) L [6(cos 8 — 1) + 5(cos 6" + 1)]
Tt wrilr< (b = 2] Yim* (€, 1) Yim (6, )
now [ eme dp! = 2n6(m')

and ho—};o-.,/" Pi(cosd)

therefore _szr“ b7 o{fo cos6’)[6(cos 6’ — 1) + 8(cos 0" + 1)] Py(cos ¢*)

Rlesst) [ . (isher — i) dr

= F20lP(1) + P(-1)]Pi(cos) i r<t (ke = fr)dr
The last integral

= (e = gn) Jy e 4+ 7 [ (ke — o)’
= - (5)]

For £=0, 1 is indeterminate
apply L’Hospital rule

2 B i) _
) L
also using  Py(-1) = (-1)}
B(l)=1

%{hl + ZJ 1 27(%%_—1)[1 — QJ]PQ‘; COS 9)}

B



II-VIII Green’s Function Method for the Diffusion Operator

(A) 1-d: Consider a semi-infinite conducting rod.

Kty — Uge = I'(z, ) % N
. ! —
e B f+ b 2= -
u(z,0) = ug(z) nz-L
B.C.
40,010 T

I we choose L*G=-kG— G ;E
=6¢-z7—t)
Then  u(z,t) = [ GTdo — § (uG¢ — Gue)i + kuGjl - nds —(1)
Betla sonsifer a/fime Guraiion &, sl ot will besesw o be immateril, & o 5
it exceeds any particular value of t at which the sol. is sought.
(1) = f(;+ Jo Gldo + faH("Gf — Gug)|e=od7
+Jo kuGlr=od€ — [fidr=t+d€ —(2)

Since g is not prescribed on £ = 0, and u is not prescribed on 7 = t*, so let’s require that

G=0 along both {=0 and 7=1{"

1.e. require Glomeb=0 = (3)
Glenell=0 foralls 5
Then (2 ) => .
u(z,t) = i [° GIE 1y 2, )T (€, 7)dsta [} F(r)Ge(0, 732, 8)dT Hpr Ginies
Seek G in the form o RS
G=F+yg
where F = H“'T;;;“:;?zm i 7%, B~

To satisfy(3), we can constant g by a simple image system g = F(£,7; z, ), a negative unit
heat pulse at {-x,t). 7
le. G=F(§ 1;2,t) = F(E,7; -

3

4) >
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Similarly, if B.C. is $£(0,¢) = g(¢)

we require G to satisfy

oG

B—g(O,T;x,t) =)

and

Gl 2.8 =0 for ol 751

then the sol. is given as

fo fn (&2, )T(E, T} d7
_fo g(1)G(0, 7; z, t}d7+f0 ruo(&)G(&,0; z, t)dE

Ex.: Linear heat flow in semi-infinite soid z >0

LC : u{2,0) = f(2)

B.C : u(0,t) = ¢(%)
In this case

Q¢ 7z, t) = ﬁ(f—:%[ e=R(z=EP[4(t=1) — e—K(z+EP[4(t=1)]

H(t=r
(f’ T’ z t) 2[7”" (: f ]1}2[4 t— T}}

R(z = £)e=*(=€F/4(t=1) = )(g 4 £)er(=+EF/4(t=)]_,

f?(t)‘;"} e (A=)

Then (4) =

w(z, 05 /5 Jo° F(E)le o= tF /4 gmmlat P ot ge
+§\/rf ¢' e dr
(B) 3-dim
kG ~Viu=T(z,t) in Dt>0 "
LG “(E: 0) =two(z) in D+B
26



B.C: (f)either u[g, S f(i’ t)for x on B
(#)or gx(ﬁ f) = 9(5 {)for x on B
(i) Require G such that
—k%E -V :G=§(€ —Kk;7 1)
G(¢,7;2,6)=0 for € on B
and Gﬂif,;x,t)z() foraif >t
Then the sautigl is
= [ kG| £,0;2, t)uo(§)dv
fo fs J(&r aj {7z f]d"d"/
+[ 1;6{{, 7;2,8)I'(€, 7)dvdr—(5)
(i) Require G such that
-£48 -V G =§(¢ — ;7 1)
Gt r2,t)=0 for §on B
ait

l‘a?'l 3

ty=0 for allr >
Then the Znd term in (5) is replaced by
Js [y 96, 1)G(E, 732, t)dodr
Ex.: Heat conduction in the rectangular parallel piped
0<z<ea 0<y<h 0<z<e
kug — Viu =Tz, 9, 2,1)

1.2 1 u(z,y,2,0) = f(z,y,2)
B Given u on the boundary.
we require

~kGy ~ V3G = b{r ~ )6(¢ — 1)6(n - 105 - 2
and G(57,7,4 % 42,7) =0 forZ,)on B
Gle e,z 2t =0 forall >
Let

; 00 00 iné l 7 o : ; Tz
GlE. et 2020 =5 12,“_12“ 1 Almn(7, 1) sin = sin 2 sin 772 sjpn 2TY gjn 22€ gjp 72

A

also expand i\ \ :
A



5(r = )6(€ = 2)6{n = y)6(s = 2) = 31 yu p Bimn(7; %, 9, 2, ) sin € sin T sin =5
EQ =

—K(Amn); + 72(Ly + Br + 7) Atyan = 6(7 — {) o5 sin & gin BT gjp 022
let 7—=7-t
and the I.C. for Ajppn =0
2
Aimn = E%;e["(’_t)”z(g+‘?;+?7)]sin 12 gin MY gip 872
Hence the Green’s fuc. becomes
G, n, 5,12,y 2,8) = 502, Eﬁ_lzz" ; 8in 28 gin 412 gip M0 g M
sin 2L gin 22 Zezp{ -kt — 7)[4 + B + 27])

B.C.: If the face x=0 is specified g{x,y,z) and the other faces are zero.
Then the solution is

u(2,9,2,8) = 5 37 i B2 gim BTY i ez (¥[8 (D [
sin —5 sin BF7 sin BIST (€, 9, ¢, 7)e~ %, (=T )drdEdnde
3 i SiD Z sin ™I sip 072 [ 0 1€ gip 1€ g —5—'1 sin 225
f({;', 1, ;)e‘“‘m"‘dfdug‘+ B Y s X 8in Z gin
sin 8% [ [* [ sin % sin “X<g(€, 5, 7)e~ 2mn (=) drdyde

where Qmn = k12(L7 + 2L 5

b dow Twestom  ZER

18



II-9 Green’s Function Method for the Wave Onsrator

BERR
(A). 1-dim. % |
Figr — Uy = ¢(z,1) tr | %?“ =
1.C7s : u(z,0) = f(z) /o )\ Q //
w(z,0) = gf2 —
If G such that: ' v:: -

LG = C"JG'(Ef ~ Gy =88 —z,7— t)
we have

gt = JFR Gl&, 7z, 8){&, 7)dEdr
{Gug — tmrf): — {Gu; — uG; lj] nds —i)

‘-.

'1
Yor simplicity, et ¢ =0

(1) =ulxt) == (CGur — G, )|r=odé + [& (Gu, —uG,),_ . dE
Now we see that u,u, are not known at 7 = ¢+. To remove the unwelcome terms, we
therefore subject G to
€=G.=0 or r=tt

or simply require G =0 for all7 >t

= ulz, ) = [, ()G (&,05,8) - (E)C(E, 057, ]¢F —(2)
We observe that our Green fuc. is simply the ”backward running” principal sol, ( 7 Z
Gl riot) =L Bt olt—1) - - Hlp—clt=r) - g} 7
and then -
G, (6,7;2,8) =[ZE=TVi5lr 4 et — 1) — €] + bz — e[t ~ 1) — €]}
(2) =

u(z,t) = [0, FEELb(x +ct —9) +8(z — ct — £)}d¢
+ 2 o {%{H(m+rt—£]—f{(a‘—ct— £)}d¢
=glflz+et) + flz—ct]+ L f*“ g(€)dg - & [ glé)ae
R UGN P A L

(B.) 3-dim

l\.J
o
“oenrd



L.
Viy — i = —dr f(z,1)

The Green’s fuc. G(i 7L, t) satisfies
e 2)5(r 1)
[ ooty & ~/
homo. b.c’s demande& by physical consideration
Make use of Green’s theorem, and integrate over time from oo to L (> ¢)
= Jotdr [p PESVh-yV 2g) TV i
=[itdr [pdal¢ g6 ~028) ()
let 9 = u, ¢=G »
LHS of (2) = o )
hotdr [ PG (—4xf + LT %) — u|—4x8(€ — 2)8(7 — 1) + L LG
= [{r [, @ ¢{4xu(€, 7)5 (€ —z)o(7 — 1) — 4n G + L(GEs
= 4mu{z, i) -n:'hrf;*';"r [p ®EFLE,T)G(E, 7; 3,0)
+a [p PECE — u B2t

since u, g%, G,%S  are not known at 7 = t+ > {. Hence we require G(§, 7;2,t) = 0 for all
7 > { and hence (2) =

= fy d1 [ BEJ(E,7)G(E, 732, 1)

'*'Tw?!fo PEGTE — ud Frlr=0

+& [y dr [ do(G 2% — uS)
as to the b.¢’s for G, we can choose the proper one for eliminating the unwelcome terms
in the 3rd integral of RHS. |

\J;a
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