Chapter i Calenlus of Variations
I Maxima and Minima of Functions
(a) I {(x) is twice continuously differentinble on [a,bj,

e, fla) €c?fa, b

then, | ;. ; ;
A e
ee comhition for a max. (min.) of f(\{) at Tn [fz b] is that [ (wg) =0 g

4 s\*f H(fonm toms for a max. {min.} of f(x) at 7o e la, blare that f'{zp) = 0 also &5

ﬂuw<obo)
J
(b) More geéem ily, i f{z) € ¢* over closed domain D). Then nec and self conditions for a

max. {rain.} of f(x) al 2o € D — 8 Dare that ~;
z?‘TL,t:xn =0 1=12,..,n andalso |
e thal ;_[,?—jz,[‘m—jlmzmo is a negative difinite (positive d}
| (c) I J{X) € ¢* on closed domain D
I we want to extremize f(:(/) subject to the constriants =~
gilry, o) =0, i=12 .k (k<n)
Ex.: Find the extrema ()If f{x,y) subject to g(x,y) =0
{1}1st method : by direct diff. of g
dg = grdz + g,dy =0
= dy = — gfdx
So to extremize [
df = fodr+ fydy =0
= {fe - fy%)dx ={}
we have
Jetty — fuge =0 and g=0
I
to find (x9, yo)which is to extremize [ subject to g=0

(i1)2nd method
Let  wle, 1 A) = fo, y) + Aglz, y)



=eaxtrema of v without ant constraint

<extrema of f subject ot g=0 e

=

To extremize v

= {352;11‘2;3} = fxGy — fy9: =0

g—ﬁ:‘ == 1)

We oblain the same eqgs. to extrimizing. Where ) is called The Lagrange multiplier.

Mehtod of Lagrange Multiplier

To find the stationary pts of {(x) in D — @D subject to constraints g;(z) = 0

N

L2 .,k (k<n)

< To find the stationary pts of

v{z; Ai) = f(x) + 35, Aigi(x) without constraints .

To extremize v{z; A;), we have the following eqgs.
7. =0 1=12..n
and subject to g{i =0 =Hg=0 {=12%..k

Example : consider the resl quadratic form

(21, 2a, ..., 7)) = XTAX

Ty
. 1. e ; _
where X = | ! | i3 a column vector and A is a real and symmetric matrix |
A S e
:Irn T

Define a fuc.

—
xT Ax

f{‘X} — f(xhx?«v'")mﬂ) — D%? - TXTX
= AmpZnZa (indicial nolation).
n

Thenif VYV =

Un

r yT Ay YAY
= fY) = piy- = yoy = A

and furthermore

. : > : : .
15 an eigenvector of A corresponding to eigenvalue .

m~—r

b

i



2/(X)

_(XTx) ﬁ&wf‘?@le
ey

dr; aimy = (Kz}g)f
_(ETY)20 - YTAY oy
— (}’r21}r7)2
=0

= [ is stationary w.r.t. small changes of X about V.

S

—> .
=suggests that the eigenvalues of A can be found by finding the stationary values of -

Assuming Ay < X < ... < Ay
Any vector can be expressed as linear combination of the normalized eigenvectors Y.
o O

X:C-i)\'}_

~

so that
57
f(xr)_cY ACJ _ e¥iT cJ/\Y
= K Y)- Cm m - C).Cm)."
Aicsei8; ) '\#‘1

= Ck('mgkm
now since Ay — f(X} =

therefore My — }) Fe ,z(jx
and A, — f{ X’)

Henee M < fIX) <An e ol
=> one can find A; by 'mivimizing f{X)
and A, by maxinizing f{X)

How to find A2 7 We minize f(X) over the subspace fo vectors orthogonal to ¥;

. " At
In this case [(X) = %’—3 —

=2

= A2 < f{X) < A,

Use the method of Lagrange multiplier, we can find all cigenvalues and eigenveetors
in one step.
re. {find the stationary value of Q(z) subject to the consi,
NV YTX 1 — 1‘
g(X)=XTX-1=0

= To extremize






[11-2 Maxima and Minima of Functionals

We wish to find fues depending on the entire range of one or more fucs rather than

on a number of discrete vars. In other words, the domain of a functional is a set of space

X)
of admissible ucs rather than a region of coordinate space. 'y_(_ .
The simplest prob. in calculus of variations 4 : ' "{‘. :ﬂz_
h 1 jhﬂ*?d:
Determine y(x) € ¢?[ry, 2] such that the fucl. l’;—\‘l ;‘: P
I= ffl’ Flz,y,y")dr as an extrema {1

where I" € ¢® over its enbire domain, subject to y{a¢) = 1, ylr2) = 32 at the end pis.
Assume a fuc. yiz) € 2z, 20] and ylzi) = y1,4(22) = yo, which makes [ take on ifs

minimum, then we have . f oo Wy L
Iy = [22 Fla,y +en,of + )z > 1(0) = [ Fla, u,y')dz
where ¢ is arb. small parameter and 5 is an arb. fuc. in the class of admissible fuc.
n(z) €c?lzy,22] and nlzy)=nylzz)=0. © "7 4
= from ['(0)=0
lim, g 1(—‘){—"@ =)

i 3 ' L} P v '
e lim,g J’:lz [F(I.y+u},y +(rr,‘ |=-F(r.y.g 1‘}3: =0

Ty

lim,_-_.ujj,_l HUF Az, y+ e,y + ep)ep + Fylz gy + epy’ +en'Yen/
: T dy g€t/
+terms involving higher powers in ¢jdx = 0

= f,f:[ﬁ‘yfﬂf} ny'm+ Bye(z 9" )" lde =0

On integrating by parts of the 2nd term % VR
= -
[Py [, 9, yr)"ll;_:f - f;?[f;‘}i,:[:l:, 1, 9') = Blz g yllgde =0 ———=—— (1)
since iz} =n(x2) =0
and sinee nlz) 1s arb.
H‘%_—lf;-(x, 4] = Bylz, y,9') =0 ————— {(2) Euler’s Equation

Natural B.C’s:



Il the unknown fuc. y(x) is not pressigned at one or both of the end pts. 7, 24, for

all admissible variation ey(z), 5(z1), n(x2) may be arbi. so il Euler eq. still hold, we must

have

DE ar _
9Ll =0 orfand [2F } =0
[’”]rl or/an [ 1 .

The above requirements are called national b.e's.
Transition Conditions:

For specified y(z;) = yi, or/and y(z2) = yo, or/and natural b.e’s, if 5 or/and

3‘!;{ g—g,) are discontinuous at some pt zo, 7 < 29 < 29

Then eq.( l] i3 replaced by
T a I 2 3
LA5 — & Gahde + 77155 — &30 nd=
aF >
+[g_;:r;(:r)]h + g0, =0

:rn.’.
\U’
(3, ) + (3 )ean(ea) + [(85), = (35), Julm)
If we require the fuc. y(x_) to be continuous at x = xg so is the admissible fuc, y4¢n
te. M2ry) = n{ro_) = y(z0)

Then for exteemizing the fucl [ we require

e

a. The Buler eq. holds in each internal (z1, 9)and(2q, 72)

b. Given y{z)) =y orfand y(z2) = yg,0rfand natural b.c's.
c.  The national transition condition holds

!

ul(zo-) = ylwos)

& =&

Y 5y OY ey
Example:Brachistochrone with fixed end points .

Finding the path joining two given points A and B along which a paritele starting
from rest at A should travel {(under gravity and assuming no friction) in order that

the time taken should be a minimum.

G



Let s : are length measured from A | then the eq. of motion.

: {
ms = mgsin f = myg ;E
since
W d .ds .d,.
§= (8} = Z(8) = = §-(4) e
= 1
d 1., dy 0 4
153" ) = 94,
gol.: o
I. .
532 =gyte mj"
wheny=0,8=0 =¢=0 . .
. : — V2> s5:2399
Special cases: [ gpe—
(i) Fd b contain y explicity, i.e. Fy =0 L
i taoes notb contain y e CILY, L€, = F
l}. explicity, re, fy :‘>J?jdt,='j-3-—
(2) = ?r:; = peonst, ———=—= (3) i y
(ii). I does not contain x explicity,
wsing WG =y &G vyl 2 -
- {H- i ﬁ-; )
(2) = Yoy "G = &V 35 %)
‘ Y ¥ : ¥ afp ’7'_/_5 y;’ I ;J
or 4 = 4y 3E) ax kg
= P~y 35 =const. ————— (1)

[x.: Show that the shortest path between two pfs. is a siraight line.

The differential length.
ds = [(dz)? + (d9)Y)' " = [1 + 9} e

YT o) da)
D T

(3) =
W__ ¥y
Wy

v =K+

=1

ﬁ:x;_;,;



yrﬁ(l _ k?) = kﬂ

or
Y= r_im const
= a straight Jine. |
et
5% = 2y
ar
Is
dt = _{z\/'ﬁ ————— (5)
since  (ds)? = (dr)® + (dy)*
o (ds)* = (d2)’[1 + (v)?]
(5) = 2 A2
VL= | 2 IU{TE—""—LJ dz

e TR iy'y3 12 : : . -
To minimize {, cousider #(y, ') = [ﬁ%l—] which doels not contain x explicitly.

Enler eq.=

p0F
fj y.}

const

0Ly o
dy ~ dz' Oy
now
dFf _ar , @ i
dz ~ 3y T ayY
d aF
=¥ (50
&, 0P
*EE(!’ W)
7 0L |
_. F=vggt
4 = P"~y’§’§ = const

= [I+”"3]I/2_yl’[ v

— 1 - |
AT = G (a convenient constant)



This eq. can be solved for y' and then integrated . However

follows:
put ' =cotp

(2) = y= W—qum@f

. it i3 easier to proceed ag ‘

k(1 —cos2p) —-(T7)

dr _ dx dy __ 2ksin2p — 2ksin2p _ ¢ 2k-2sinpcosp - ‘
also  JZ =gy = 7 cotp — = 2k(1 — cos 2p) ZEESRLCOSE — 9k . 9gip

= = =k(2p—sin2p) + ¢
But when y =0,z =01e. when ¢ =0,2=0=c=0
therefore = =k(2p —sin2p) ——— - — (8)

Thus the required curve is represented in terms of the parameler © by (3) and (4) , and is

a cycloid. The constant k is evaluated using the condition that the point Blxz, y2) lies on

the curve.

% ,’S’_ T A4

; a1 S aE -“H_‘ = = (k=) =& Led
a7 il & W AR e =0 *1

/-\,___,--_..f-_"““—h—_../'""‘_"‘_""_"_ﬂ_ s

37 Lo __%’_t_ T =5
= ) AR L

ning




1I[-3 The Va rinti(mnl' Notation

Imbed y(x) in a parameter family of fuc y(x)-+€y (x) , the variation of y is defined as
by = .

The corresponding variation of ¥, 67 to the order in ¢ Is,

since 6F = Fx +y+en,of +en') — Flz,y, ')

= %‘gf_q + %E,sn’ +(terms involving higher powers in € )

therefore 817 — g—ﬁy - %’;5;;’

It is easy to show that & satisfies the laws of differentiation and commute with Iiiz' and
frf'i?.

lMence 81 =46 [ F(x,y,y")dx

AT AT
e SF1: d St | tilt#_-
_le (Ilyly ] x T:\— FL

= I 56y + §rby')dz . LR s sptth
= [0 - et + Bl oyl e
Thus a stationary fne. for a fucl is one for which the firsi variation = 0
For the more general cases
{3) Several unknown fuc. with one variable
]Hf Fmy 22, s Yy w1y 02"y s )l
find yi(z),i =12, ..,n fo extremize 1
From
o1 = [72{(3hdws + Bodw) + o+ (3 + 2o bya') bdo
= [HELEE - 425 )8y} dz + E:'_. [51!1 =0
Hence the necessary coudition is
%—%{%})=O §=1,2,..,8
tapecified b'a: yifn) =y ,uilez) = yiz
or/and national b.c’s. g/ | Y

[='ffﬁ._ Fla,y, w1y, uy)dedy

where u(z, y)ee* on R—7

(h)One unknown fue. with several vars C
y F

1

1)



and  ufz,y) prescribed | or unspecified on .
we vary w(z, y) = u(z,y) + du(z,y)  with du= 0 or arb. on 7.
61 = [ (3E6u + L duy + ;?;‘E;ﬁuy)dxdy . g

now

ol FE 2 (bu) + g{lg‘i(ﬁu]]dfdy

:Lm%mﬂm+ymﬁm—&%ﬁ%J 53 (35 tady
= f, 6u( Gty — $Edx) - [ ou| 2 (2E)+ (G )| ddy
- aF 5
Hence 61 = f,’ du( mdy— 3“ F dr) (8] wodhioss L‘,_,,;q? i
+IR6“[%§H ‘ ?‘;‘65[3?{“ T g{—)}hd;— ~> f
* LS fh(d'f

Hence the Euler equation is T "

EIF (ar}_a(ar}_ﬂ -
Fz\Bus) ~ Fg\du,) =

+ b.c’s when u is precribed on 7 or/and natural b.c’s when u is not specified.

(¢} Several Unknowns with several vars

= fD(m,...:rn,m,.,.,uk,u]mi,...,u,_tn,‘u.gx,,..., Uiy ooy Uiy s -y Ui, )2

Ry the same procedures

ap ol - 5 -
iy — _J 17‘.1—‘;({_!3‘2 ) 1= 1.2 5 ‘

+ b.c’s where u; are specified on 9D or/and natnral b.e's when w; are specified on
f i

a{). ||\ i 5 Wi oy -'t-

Ty D P

% Flag, 1, 1) 19@Eg9q ww*%xﬁ”

SR AN 1P
F['}[IV}I"""‘)!\) '?a,a*'z'\ :tl»(d"a)

e I



T4 Contraints and Lagrangs Multiplier

(a) Find extreme value of
[= [ F(x, 00,05, v, )dz
where
wlzy) =wy,  ulzs) =y
viz) =vy,  viz) =1

and subject to the constraints

GlE w V) =0 = ==—— (1)
From
6L =[5 - ZFENsu+ (35 - £(3ENovida =0 ——— —— 2)

since there is a constraint on u, v, (1), the variations du and dv can not be both assigned
arbitrary, so we don’t get two Euler’s eqs.

; o IO 3GK, —

From &8¢ = B—Ec{uqt -h—tfu =]

=5 -—%ﬁéu = U_

So (1) =

<15% = &FN+ 15E - A(FENswdz =0

7)1 - 35135 -

l;x

(51 = {I""{—g
1 (Faz

= 9G[oF _ 4

ol e £(FE) =0

the above eq. together with (1) are to be solved for u v

(b) Simple Isop: l'tmf‘f!‘l(‘ Problem
| ; \J
To extremize
I = J:’ Fie,y,y' Mz
subject to the constraint
Jis= f:f Gz, y,9')dr = const
and ylz1) =, yle2) =y
Take the variation of a two-parameter family
y+ 0y =y +emle) + eana(s)
where 71(7), n2(z) are arb.fucs and satisfy

“mi#1) = n2(er) = nifr2) = n2(w2) =0

12



T
I{er, e2) = [ Pla,y + e+ cone, v +aom’ + cons)ds

Then R
Ier, e2) = [ Gz, g+ emy + eane, ' + oy’ + conp’)dar
clearly, ¢; and €9 'a.:r[ nob indep. since J is to he maintained at constant value
(€1, €2) has extremum at ¢; = ¢ = Osubject to the constraint.J (e, e2)|i,=e,=0 = C
make use of method of Lagrange mulliplier, this corresponds to I+ \.J has extremum
al €y = €9 : 0

“[{+ Afllmein =0

i.e. 3
KISV I—
f '3? - Tr ,’;E,)] + A[%:;z - T( JP)]}’?I‘{T - 1=1,2

So the Eunler equation is
I%{F-I— AG) — H‘%[H%;{F+ AG)| =0

This eq. is fo be solved for y(x) in terms of X and then substitute in J = ¢ to determine

If the term 5% — (g%} =0
then A is arh, = ihe constraint is trivial, and we can ignore A,
For more general isoperimatric problem
To extremize I'=[7"F(x,y,y')dz
where  y(z() =y, ylz) =y
and subject to Sy = [T2Gilz,y,9') =C k=1,2,..,N
This prob. corresponds to extremize
K= [ H(z,y,y')dz without constrainst
where  H=F 4+ Y, MGk
Fix.: Variatonal formulation of Strum-Liouville equation . Suppose it is required to ex-
tremize the fucl
[= [ (py™ + qy*)ds
subject to the constraint

J= [ ( )y*dr— const - ——— — (2)



where p, g, T are given fucs of x
Using the notation
Y T — (3)
where I' = py' + qy? — Ary?

ar...  [=__ 8F d OF
= §(1 - \J) = [éyay, & +fx 26::[35 = ggfwnd‘r

=t + 2t =)~ o

The boundary terms of the RHS vanishes in any one of the following cases
(a) Theend pls (z),11), (z2,y2) are fixed. ie. (6y),, = (6y),, =0
(b) The fiee end pt, case . ('), = py'),, =0
{c) a combination of (a) and (b) is satisfied. Under one set of these conditions,

I is stationary, if

#=0y') —qu + Ary =0

= Bolution of S5-I system are these fucs which under sationary the integral I subject

to the condition (2).

Returning to (3)
I =)= j py'*dz + [ -{q —Ar)ytdz

= lylpy")zz ~ [ b y{%(mﬂ + [Ar—glyjde

. z’
= [pyy'|5? when I is sationary '
(i.e. S.L. eq. is satisfied)

If im addition
(ruy'),, — (puy/ )z, =0 (i bcs on the ends are homogeneons)
then [ — AJ =0 |

x2 2 2y 4y = i
. _;_fel(” +au®)s = ok
Le. A=4 =

. T2y
g gy s, T
A 1s the extreme value of I subject to J=const

(C) Variable End points

If the bonndary of the region of integration is not completely specified, but is fo be
obtained together with the unknown fuction or fucs.

Fx: Determine y{x) such that

14



fuc.

bza.

Fx.:

o =4[ Flx,y,y)dz =0 ————— (4)
where z; i3 fixed and y(z,) = y; is given and z, is required to lie on y=g(x), a given

so that

y(lb'z) = g(:Eg)

since Tz may be varied, so (4) =

et 223500+ gov)da =0

or ‘%;% le
[Fleabzs + (3512, 0u(2) + [7(3E — £(3E)6yde =0 ——(5)

How to relate 6z, and y(xz2)?

Suppose the true y(x) is changed to y + 8y(z) and the corresponding change z, by

Thus y(zs + 822) + by(ea + 622) = g(wa + b22) RO o e
but  y{zs) = g(z2) ! 1\\:}5&?”\/‘})\7, “’\" )
= y(ra + b12) — ylza) + dylx2 + 622) = g2 + b72) — g(xs) k AT D{\\( A
= Y'{22)6z2 + by(z2) = ¢'(w2)6x2 4 higher order terms g,;\//
= 019 = ﬂ;‘%}' —T;'l(zﬂ (4, /u‘ v‘@
— \
(5) = R
7 = B lemaady(za) + [77|85 — (RO o o
This yields the Euler eq. \OJ"’) / ” .
7 — & (55 =0 oS “f\é

subject fo the b.c’s y(z) =y,

and [F'+ (¢ — o )g{;] =0 gt == zycalled fransversality condition.

Suppose that a brochistochrone extends from y = §,(z) to y = ga{z) then il its initial

point is A{zy, y;), the integral to be considered is now, say

12 1/2
S = Tarity” — B2 ul
t g fx] y ] dl’ fg;l F(y,y)d’l.'
The Euler eq. F' — y’% —const = ¢ — — — — — (6)

since this eq. holds in particular at r = x; and 13, so the transversality cond,

15



F+ (0"~ ¢) §lo=2, =0 and [F+ (02" —v') §Ela=z=0 (7)
aresimply ¢/ = ¢ = ga'(z2)
= tangents to the transversals y = ¢;{z}), ¥y = ga(z) at the pts where they meet the
bischistochrone are parallel.

The solution of (6) is still a cycloid which satisfies the transv. cond. at end pts.

) i 121/2 12\,,¢
Abpt A7) = (M + ety e

{9~

=1
=y’ +1=0
=> the broch. and the curve y = ¢y are orthgonal

A similar diductrin applier at pt B.

16



IIT-5 Variational Problems
We will illustrate the variational formulation by considering the following examples.
(a) Small deflection of a rotating shaft.
£ (EITH) + PEE — poly — f(z) =
where
p : axial compressive force L g e - B |
1(x) : transverse loading intensity |
8 [ BIELY"Y + py" — puPy — fléydr—
) 5 [(E") + pyYoy - w'éy’} +OL[FEIW") - bply') - hpuy? — fyldz =0
Hence if the boundary constrain are 1D Twﬁﬁm&k
() Eitherdy=0 (1) or {ETg") +py'=0 (@)

and .

(i) Eitherdy' =0 (3) or Ely"=0 (4)
Then the variational prob. reduces to

s LBEIW") ~ dply')” — bpu?y? — fuldz =0
{b) Forced vibration of a membrane.

-+ =fant) ————- (1)
if the forcing fuc. fis of the form

flz,9,t) = Pz, y) sin(wt +a) _

we may write the steady state disp u in the form

u = v(z,y)sin(w! £ o)
(1) = c?'(ag" + aﬁ”) + wy +p=0

L ] + W+ pllvdzdy =0 ————— (2)
consider

& f g Vezbudzdy

= ¢ [pl(vabv), — vab;|dady

= ¢? § vzévcosfds — [, 1c26(v;) dzdy
similary [, ¢?vy Svdzdy

CET€ =

E?::

zm,



.- . .'k

= § Fuybusinfds — [, 126(v, ) dzdy
(2) =

§. ¢*(vzcosl + vy sin 0)vds — [ §25[(v2)* + (vy)?]dzdy

+ [ Swad(v?)dzdy + [, Pévdzdy =0
= f cza"ﬁuds 6 [plze® Vu)
Hence:
(i) if v = f(z,y)is given onvy
ie. ov=0 on ¢«
then the variational prob =
§ [ol5(Vu) - Ly? ~ puldady =0 - ———— (3)
(i) if 3% = Ois given on
the variational problem is same as (3)
(i) if 2% = 4(s)is given ony
then =
8 [p133(Vv)* — fw?i? — puldzdy — f5¢ydz]
(c) Steady state Heat condition
V- (£VT) = f(z,T) iD
B.C's:

T=Ty onbB
—£n-VT'=g2 on B

jw?* — Pyldzdy =0

|

<5 D-Ei\gs?

fore
¥
y I

Li—

v

L35 [;‘5:‘ :\JS'U\L*‘%):}

—&kn-VI =h(T —-T3) on B;
multiply the eq. by 8T, and integrate over the domain D. after infegrating by parts, we find the

variational prob. as follow.

B (4=(VT) + JZ f(z, T")dT"}ds

+ Jp, @Tdo+ % fp, B(T —Ts)*do} =0
with T = Tl on By
(d) Torsion of a primatri Bar

D =-2 in R

¥

A

Ded ERIEY 4

i

4.'1}(..L‘5)

1\

S
E@ ] 4,






I11-6 Raleigh-Ritz Method

We have converted a b.v.p. to a variational prob. i.e. to find the solutin to extremize a
fucl T subjected to the required b.c’s.

When the exact solution is very difficult or impossible to obtain, the approximate solﬁtions
are discussed.

Raleigh-Ritz Method: assume the approx. solution as
u= 3 iy Gl
where U; are some a.pp?opriat.e fuc (complete set of orthugonal fucs) which satisfy the b.c’s
identically, then we can calculate

I =1I(¢cy,..., tn),and then to choose cj,~ ¢,, such that I is extreme.

el =..=2L =0 j?’ )
b 7 ,’."'.
Ex.: Torsion of a I-shaped Cross section shaft. a/
I=[(Ve)* - wldsdy  $=0 on 7 T R
Assume 1) = Asin(*Z) sin(* = Y S / 1
v (555) sin(F4) _ /L"/ ]
t

which satisfies b.c’s identically.
= I{4) = Jpl42(3F) cos®(£52) sin(32) + A3(%)" sin’ (45) cos® 432

4

HY

= A%16%° (L + ) - Heb+ A- & Lk »
2 ab _ oy Z[ 2 By ¥ #+BC
H=0 = RAP(L+4)eb+5=0 :éi e R
- _ 19 el
%l 77T +) : %L ' 9 T _\;L Donction a5 pia> ot
therefore  $ = — =22 sin(42¥) sin(4¥) R '
VERICLES ) a e _{ T I«ﬁ
Ex.2: J
V' +ay=—z
y(0) =y(1) =0

From' f; (3" + zy+z)dydz =0



= [v'8yly — 8 [y[3(v')? - L2v® — 2yldz =0
Hence the variation prob. becomes to extremize
I= [A)* - $ay? — syl
The appropriate assumption is
y=z(l —z)(es +e2z+ ez +..) = -1 wn
(i). one - term approx.

ey =caz(l-g)=cfz—22) Yy =0c(1—22)
Then I(e1) = [ [2e1%(1 — 4z + 427) — Z¢,2(22 — 22° + 7) — c17(z — 2%)]dz
12
175

=5 -24 - LG -1+ h —ali- 1

2 3 2
= 15t — 5
=0 = Pa-H=0
e, =52 %:%:D.z%

therefore  y(1y = 0.263z(1

ﬁ
\._.I

(ii). two - term approx

Le.
y=z(l —z){cy + c22)
=c¢y(z —27) + ca2” — 2
¥ =e;1(1 —2z) + ez(2z — 327)
Then

I{c1,¢2) = f;[%{cf" 1 —4z 4+ 42%) + 2ey¢0 (22 — 722 + 622)
c3?(d2® — 122° + 924} — F{e1*(2® — 22 + 25) 4 2¢; 0o (2* — 205 + z%)
+¢5° {:t = 22% 4+ 27)} — {c1 (22 — 2%) + ca(z® — 2Y)}dz
+ca?(3 -3+2)}

12
— 19 2. 11 107 . 2 _ &) _ e
= 12001+ 7ttt fegee” — B — 5



ar __ 19 1 — -1
a-‘-:*[—-o = 6'ﬂ'cf+ﬂljf'3'_m

t.e. 0.317¢ + 0.157¢, = 0.0833
HL=g = 76+ e = L
or 0157 ¢; +0.127 ¢, = 0.05
= ¢1 =0.177,c3 = 0.173
therefore  yy = (0.177z — 0.1732%)(1 — z)
I is noted that the deviation between the two successive approxs Y

to be smaller in magnitude than 0.009 over (0,1).

Ex.3:

¥+ Ay =0
y(0) =y(1)=0

the exact eigenvalues is the nth solution of
Jijs(3vA) =0
= A=189 818
From [ (y" + ,\zy)ﬁyié 0
= the variational prob. 6 =0
where  I'= [J[L(y')" - Lazy?]dz
or  I'= [J[(#) - Azy?)dz
(). one - term approx.
y=cz(l - z)
= IHa)=c?*(1-=2+ 3)— Xes?(% - F+ 4
+er*(3) — Aer?( %)

=0 = a3 -24)=0
€1 #0:‘-’;\:20
ie. AU =20

(ii). two-terms approx.
y=z(l-z)(c; + c21)

22

(1) and Y(z) is found



ar

(0.667 — 0.0333)e, + (0.333 — 0.01911A)ey = 0

(0.333 — 0.01911X)¢; + (0.267 — 0.0119))c,= 0

= (C.667 — 0.03331)(0.267 — 0.0119)) — (0.333 — 0.019113)% =@
=0,® =192 1®=102

Z5



II1-7 Estimation of Eigenvalues
From the above example, we find
' AW s AR 5y
/\&2) > A
= The Rayleigh-Riiz method yield the upper bound for the eigenvalues. Why ?

consider an example of buckling.

=
7 C.;mlfgL 7 2
y Y
EQ EIEE+PdI2-—O
e o4y -
B.C.’s ¥= = 0 at z=0
&y
B_ﬁ_ol
@y | pdy _ f _
EIE_I? PH—I'—O J at I—-L
From

[
f (Efy”” 45 Py”) Sydz =0
D

éI=0

: i
== I:/s [Ef(y’f"’ - P(y’)g]dz
where P appears as the character of eigenvalue, or
l o
1= [ [ -2wpes
0

where )\ = f]-

The exact critical loads is




and the exact equivalent deflection cirve is

y=5(1—c03£2—:1£)

approximation:

(i). assume the deflection is obtained from the curve of a cantilever loaded at the free end

ie. y= 213( —z)= 213( - z%)

=y = W(z:z 2%)

s %i(f-z)
!
1= (B0 [ [0~ +ey -2 Sa— a8 4 29 ac
0 4
388 [ 5 4 1
(p) [1(1-1+3) "I(E””g)]
— (ZEY2B 2
‘(13) J [3 15)“0]
al 51 P
BT AT E T
:»P=2.5—-Ef—,_,-{
(ii). assume the deflection is a parabola
e g=is =Sy=2%; =¥
=

I
I= (gf_ﬁ)ﬂfo (1= Az?)dz

26,5 B
? (T] (f - Ag)
al 3
therefore P = 3%

(iii). assume the exact deflection curve

Z25



= = %J%{ = 2.4674% exact]

The Rayleigh-Ritz method always gives values of the critical load which are larger than
the true values unless the assumed curve happens to be the correct one. This follows from the
fact that the true shape is the only one is equivalent . To have the column in equivalent with
an incorrect shape of buckling requires that additional constraints be introduced in order to
malntain that shape. The additional constraints naturallycan only increase the rigidity of the
column and hence the critical load becomes larger than its true value. Thus if several assumed
definition curve are used, the Jowest will be the most accurate.

Generally, how to find an upper bound for the smallest eigenvalue of the boundary value
problem?

Consider the Helmhotz equation

Vi6+X6=0 @D

dé _
T +ad=0 on B
From
f (V%‘a 2 Ags) Sddr =0
D
= & =0
assume



n

¢n=g=2c;u;

1=l
where u; js any set of linear independent function in the space of addimissible function.
Denote

QUL f3) = f (prVfJ-)dwr [3 af;f;do
NUs fi) =] Fifsdr

where
) =f (V4 -vi)dr+ f af*do
D ~
i\f(f) =/ fgd'f
D
Then
I(e:) = QT esus) = AN(Y ciwa)
=) i %iicici — A EL_J}‘:{,;.J.C.;C}_
where
a5 = Qlu;, uj)
bij = N(ui,uj)
From
% =0=|ay; = Aby;| =0

this equation gives roots, the smallest is the best upper bound for X; over subiSpace Spanad
by the functions u; CAy )
ie.

2,4 A< 9l)

N(g)
If we consider the K th stationary value in each of the successive approximation , we find

that they form a nondecreasing sequence. This can be seen from a definition of the stationary

value



A= mfn%%

where g is in the subspace S spanned by w;,---, 1, and N(g,v;) =0, i = 1,2,---,k—1, and
v; are any set of independent functions

Now

,\[24'”— Q(g)

| = mmm
where § is in the subspace § spanned by 4y, -+, 4, #pqs 20d N(3,17) =0, 1=1,2,+.- k-1
since any fuc In s can be written as a linear combination of u,, - “yUppg With up =0

= g iscontalned in §

= Jathc yin) k=12, n

= A <o <A < AP < A

So we have the Raleight-Ritz array of the eigenvalues *

. no. of admissible orthiginal funec. exact
eigenvalues |1 2 3 ...... n o+l .- eigenvalnes
1 ,\gl)lz i 3\ N > N0 maleltls 50y

9 Aéz) > )'-EPJ ______ > ’\gn] > A.E"H) > S ds

3 Aroe2 B2 20 50 | 3

¢ MY >l 20 >

28
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II1-8 Approximate Methods

L“‘w’-.-,\?
(A) Method of Weighted Residuals (MWR) consider a b.v.p. 4
{7 =0 L)
LW=0 in D WL Gy veny
& %
, 75
-+ homo. b.c's in B. .' L
. Ieaw, ¢y
assurme approx. solution T o
AAI —e=i 3
n o 30 ) e
v Zu, = Z Cids L
=1 E;f { (Al)_'dﬂ

where ¢; each satisfles the b.¢’s
The residual 7, = Lju,]
In this method (MWR) , C; are chosen such that R, is forced to be zero in an average

sense.
e (@nRy) =0, 9=1.3.0

where w; are the weighting fucs {orresponding to the different weighting fucs, there

,:zu:)_j:a

are subdomain methed, collecatien method least square method, Galerkin method, method
of moments efc.
(B) Galerkin Method

-y are chosen to be the trial fucs #; hence the trial fucs is chosen as members of a
complete set of fucs.

A continuous fuc is zero if it is orthogonal to every number of a complete set. Thus

Galerkin method fucs the residual to be zero by making it orthogonal to each of a complete
set. N0 3408 X 2h

L 1
,’F:‘J‘. L

T i i 1) MY

Rigidr =0, i=1,2,..n
Doa A

i ~ L-.;g,..r‘ﬁ{ i;'\- | - —
By variational principle: L “ B 5 !
R_,..R'.O ?‘1.1=%3
Assume 4, =)""_,Ci¢; which satisfies b.c’s L
Then

29



fD Lua]budr

Galerkin idea is to choose ¢; such that (1) is satisfied
(1) = Jy B Ysdibesdr =0 y
or Jo i Radibeidr =0 L

since f¢; are arb. =

/ Radidr=0 i=12 ..n
D

Ex: Torsion of a square shaft ‘.

Vi = —2

Yp=0 on z=-=ay=d2a

(i) one -term approx.

1 = ei(2? - &) (y* - a?)
Bi=Vi 4 8=%illz ~a)?+ [v—2)f] + 2
b= (2~ @)y - )

From [° [° R ¢,dzdy=0

— o1
=81 = gaT

therefore
1 = goz(z” — a%)(y* — a?)
The torsional rigidity

Dy = 2G [, {pdzdy = 0.1388G(2a)"*
The exact value of D is

D, = .01406G(2a)*

the error is only —1.2%

(ii) two - term approx

N



Vo= (2%~ @®)(y* - a?)[es + ca(2 + 42)]
§

By symmetry — even fucs.

=
Ry =Vipy +2

- 6= (2 - @) (y® - @)
b2 = (2% = a®)(y® - a?)(z® + )
From [, Ragrdzdy =0
and [, Regodzdy =0

we obiain

o, = 12951 _ 525 1
I = 231627 C2 = 33537

therefore
Dy =2G [, $odzdy = 0.1404G(2a)*
the error is only —0.14%

(C) Trefitz Method:

Seek the approx. sol. satisfying the eq. but not the b.c’s, then minimize the error on

the boundary.
For example, consider the Dinichlet integral V

|
I= f (Vu)2dzdy s
R

= 8I=2 [, Vu-V(bu)dzdy
=2 [p V- (Vusu)dzdy — 2 [Foudzdy %
=2 [l 00) + & (3% Su)dzdy — 2 [, VPubudzdy
=2 f,, ﬁﬂ[gﬁdy—%dz) -2 [ V*ubudzdy
= 2§, 4ds —2 [, Viubudzdy

From 6 =0

=Diridelet prob.

V2u=0 in G

3



v=f(s) on 4 (ie bu = 0)

Seek sol. u,, = Zfz 1 Gt

where v; be the number of a complete set of harmonic fucs (i.e. V3y; = 0)
Le. the assumed sol. satisfies the €q. but does not satisfy the h.c,
consider the integral

J:/‘[V(u— u,)] dzdy

R

and choose C; such J is minimum

From #£ =0 i=12.»n

=5 fR Viu—u,)- B%V(u —tp)dzdy =0

=% 8 fR Vio—uy) - Vosdedy =0

= —2 ﬁ/(u — i) 2Yidg 4 2 Jalt — 4} V20;dzdy

= fq(f = 2 =1 Git5) %t?'zidz =
i 1=12..n

. Torsion of a square shaft

W¢ =0 in R

s=He2 44 on 4

where @ is the complex conjugate of the warping fuc. and is

1
Y=g 5(1’2 +47)
Sol:
¢ is harmonic even in X,Y, X.y be interchanged.

Since Real and imaginarly of 2% are harmonic



Fe. Im.
n=1 i

Y
#i =3 7% — 2 2zy
n=4 z* — 6222 + yt dzy(z? — y?)

take 2 -term approx.

U1 =Y

92=c1+ ca(s* - 62%% — y¥) {
v2 =g* — 6zy? — y*
From §,[4(z? + 42) — 4] 31ds = 0
instead, we require mean error = 0
= LB +?) - galds=0

aad (a4 47) o] de2de = 0

we obtain  ¢; = Ea? ¢, = —r
= D= QGfR Ydzdy
= 0.1407G(24)*
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