高等工程數學作業
繳交日期：97/1/15
1. Obtain the Euler equation relevant to the determination of extremals of the integral 
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The upper equation can also be written as 
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(d)
2. Determine the stationary functions associated with the integral
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where    and    are constants, in each of the following situations:

(a) The end conditions y(0)=0 and y(1)=1 are preassigned.

(b) Only the end condition y(0)=0 is preassigned.

(c) Only the end condition y(1)=1 is preassigned.

(d) No end conditions are preassigned.

Note the exceptional cases.

Sol:(a)
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(b) If only y(0) = 0       y = Ax
Transversality condition at x = 1
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Substituting
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(d) No end condition
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3. Determine the stationary function y(x) for the problem

[image: image10.wmf]{

}

1

22

0

[(1)]0

(0)1

ydxy

y

d

ì

¢

+=

ï

í

ï

=

î

ò


Sol:
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By the Fundamental Lemma, an extremal solution, y, must satisfy the Euler equation
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Solving this ordinary differential equation via standard integration results in the following:
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Given the fixed left endpoint equation, y(0) = 1, this extremal solution can be further refined to the following:
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Additionally, y must satisfy a natural boundary condition at y(1). In this case where y(1) is part of the functional to minimize, we substitute the solution           into the function to get:
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Differentiating I with respect to A and setting the derivative to zero, we have
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And the solution is 
4.  (a)Derive the Euler equation of the problem.
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In the form
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Subject to the requirement that u(x,y) is prescribed along the closed boundary “b” of the region   .
Sol:
Determine the natural boundary condition for the multiple integral problem:  
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Let u(x,y) be a minimizing function for I(u). Consider the one parameter family of function                  where       over R and 
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a necessary condition for a minimum is       
[image: image200.wmf](0)()

xy

uxuyu

R

ILLLdxdy

hhh

¢

=++

òò


Now,                                    ,where the arguments in the partial derivatives of L are the elements (x,y,u,ux,uy) of the minimizing function u. Thus,
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The second integral in this equation is equal to 
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where   and    are the direction cosines of the outward normal to     and    is the arc length of the     . But, since           on    ,this integral vanishes. Thus, the condition        which holds for all admissible        reduces to
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Therefore,                              at all points of R. This is 

the Euler-Lagrange equation
5. Use the Rayleigh-Ritz method to obtain an approximate solution of the problem
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In the form 
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6. (a)If 
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be stationary, for a prescribed A, takes the form
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Deduce that the requirement that the quadratic form 
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, where 
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 is a constant to be determined. [ Notice that the same is true of the requirement that B be stationary, subject to the constraint A= constant, with a suitable redefinition of 
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(b) Show that, if we write
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the requirement that 
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 be stationary leads again to the matrix equation 
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. ] Deduce that stationary values of the ratio (xTAx)/(xTx) are characteristic numbers of the symmetric matrix A.
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Sol: (a)
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Since A is symmetric
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implies (by differentiating with respect to xk,            )
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(b)
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To minimize   we require
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7. Verify that the Euler equation relevant to the problem 
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is of the form
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and that the relevant natural boundary conditions at x=x1 and x=x2 are the following:
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 or y prescribed and 
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先用以上的方法獲得
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                        是                         的 Euler’s Eq.
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由題目中
[image: image235.wmf]22

22

()()()0

ddyddy

spqry

dxdxdxdx

l

++-=

[image: image236.wmf]1

exp(10)exp[10(2)]

(){}

1exp(210)

yy

cy

---

=

--


[image: image237.wmf]11

()()(1)

uxcyxx

=-

則假設
將F代入證明出的式中
即得Euler’s Equation
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8. Solve 
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using a trial function of the form 
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. Apply the MWR and the Kantorovich method to derive an ordinary differential equation for 
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由邊界條件可得
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由原式 
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MWR即
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代入
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整理後可得       的ODE 解完後即得
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