Tensor analysis HW?2
1. Determine g; and g’ in(a)cylindrical and (b) spherical coordinate.

. Determine the metric tensor in (a) cylindrical and (b) spherical coordinates.

(a) As in Problem 7, Chapter 7, ds? = dp2+ p2d¢u2+ dz2,
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In matrix form the metric tensor can be written F gl BT o = 0 p2 0
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(b) As in Problem 8(a), Chapter 7, ds? = dr2+r2 d6%+ r2 sin26 dng.
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In general for'b@‘coordinates, g;, = 0 for j#k. ' .
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Determine the conjugate metric ten in (a) cylindrical and (b) spherical coordinates.
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Similarly 5-7 ", 0 if j#k. In matrix form the conjugate metric tensor can be represented by
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(b) From Problem 30(b), g = |0 r2 0 = rAsin?2@

0 0 r2sin?@

As in part (a), we find' g1 =1, g22=%, gm=r2 1’
)

7 and g/*=0 for j#k, aad in matrix form
this can be written -
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2. Find(a) gand (b) g’ correspondingto



ds? =5(dxt)” +3(ch) +4(ch¢ ) — Bebxiax? + 4axax

Find (@) g and (b) gjk corresponding to ds? = 5(dx?)” + 3(dx2)° + 4(dx®)° — 6 dx1dx? + 4 dx?dx®
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(@) g,=5,8,,=3. 8,,=4 8,,%8,,=—3, 8,,56,,= 2, 8,,,, 0. Then g = —z ; 2] = 4.
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(b) The cofactors G(j,k) of 5jk are
G(1,1)=8, G(2,2)=20, G(3,3)=6, G(1,2)=G(2,1)=12, G(2,3)=6(3,2)=-10, G(1,3)=G(3,1)=—6
Then gll=2, g2=5, g8=3/2, gl2=g2A=3, gB=g%2=0_5/3, g18=g81=_3/9
Note that the product of the matrices lgjk) and (gjk) is the unit matrix I, i.e.
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and the result follows on replacing r,k,i,j by p,q,n,n respectively.

4. Determinel“i'j in (&) rectangular, (b)cylindrical, and (c) spherical coordinates.
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“Determine the Christoffel symbols of the second kind in (a) rectangular, (b) cylindrical, and
(c) spherical ceordinates.

We can use the results of Problem 48, since for orthogonal coordinates g - =0 if p#q.

(¢) Inrectangular coordinates, g

4= 1 50 that {;q} = 0.

(b) In cylindrical coordinﬁes, 2t =p, x2=¢, 2 = z, we have by Problem 30(a), g g, = =p? 8y5=1-
Th' only non-zero Christoffel symbols of the second kind can occur where p 2e These are
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(c) In spherical coordinates, x'=r, x2= 6, x®= ¢, we have by Prob. 30 (5), Ak r2, [ r2 sin26,
The only non-zero Christoffel symbols of the second kind can occur where p=2or 3. The'se are
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5. Provethat the covariant derivativesof (a) g, (b) g’ (c)5] arezero.

. Prove that the covariant derivatives of (a) 5jk , (b) gjk, (é) Skj are zero.

(@) _ .a,gﬁe - s} _fs
o T 38 T Uaf St T \kef G
9, ‘ v
= B [ig.k] — [kq,jl = o by Problem 45(a).
%) .
. o~ .
Jk _ agJ i 'y k - .
® g 7 " el ” & 0 by Problem 45().
i .
j 98 i . ;
- L K iles _ ¥ i _
(c) Gk.q s {kq} 5, + {qs}sh 0 - {-"q}_ + {qk} 0



