Chapter I Eigenfunction Expansion

I-1. Introduction:

Consider the eq.:

y'"' +di(z)y +da(z)y=0, a<z<bh
with the b.c’s:
y(a) =y(b) =0
The g.s. is y(z) = cyui(z) + caus(z) where uy,u; are linearly indep. fucs. and ¢;,c;

are arb. consts.

For b.c’s:

= caui(a)+ cua(a) =0

c;ul(b] + Cg‘ug(b) = 0

The condition of nontrivial sol. of ¢;,c2 to be existed if =

uy(a) uq(a)

alh) ()

]
In many cases, one, or both d;(x). da(x) and hence the sols u; (x), ua(x) depend upon

=0 (char. eq.)

a parameter A which may take on various constant value. In such cases, the char. eq.
may be satisfied for certain value of A, say A = Aj,\o,..., and for each A, a sol. is then
obtained. Prob. of this sort are known as char-value problem (or eigenvalue prob). The
value of A for which nontrivial sols. exist are called the char.-value (or eigenvalue). And

the corresponding sols are called the char. functions (or eigenfunctions)

Ex 1:The Euler Column

d*v 2 s P
F-I_AU:O 'I.UhET’E )'=:-E_f

The g.s.

v(z) = ¢y sin Az + €5 cos Az

For the b.c’s: v(0) =v(l)=0= ¢ =0



and ¢; sin Al = 0 for nontrivial solution ¢; # 0

= sm Al =0

seM =nmns 1,200
so that we obtain the eigenvalues A, = 2F, n =1,2,... and the corresponding eigenfucs
(nontrivial sols) are va(z) = sinA,z = ¢a(z) say.

" According the analysis, we will have v(z) = 0 unless the end force P such that

2__1_":”:
M=t =

P
Er [t

in which the delection is given.

Physically, P, = 25BL  are called the "buckling loads” and ¢n(z) = sin 2§ are
the "buckling modes”.

For design purposes, the lowest buckling load P, = 33;{5‘1 is of most interesrt and is
called the ”critical buckling load”, (Euler load)

Ex2: Temperature distribution in a slab
Eq:

du u _
—éf——&@- (U<I<I,t>0)

LC.: wufz,0)= f(z), 0=52<i
B.C: u(0,t)=0, wu(lt)=0, 1>0
By the separation of variables, assume
u(x,t)= X(x)T(t)
Eq. =

XT' =aX"T
Tl XH
+aX — = =k
aXT = T X k  (const)

= the separated egs.

X"~ kX =0 with X(0)=X()=0

T'—akT =0



Sel, of X(z):
(i) £k >0,let k=A% (A\:real)

= X(z) = c1€** + cpe™>*

For b.e’s =
¢ +e=0
t:.‘llﬂ)d -+ Cgeﬁ)'l =0
since
i 1
0
eAI e—Al ?é

= only trivial sol. of ¢;,c; is obtained.
Hence this is'not the case!
(ii) Hk=0 = X(z) =c1 + c2z
For b.e’s= ¢y =0 , c¢i=0
= only trivial sol. is obtained.
(iii) I k< 0, let k=-A? (A:real)
= X"+XX=0
X0)=X({0=0

From previous example, we have the nontrivial sols., the eigenfucs are

nmw

A = Fi Ka(z) ='sin e

The determination of the separation const. may also .i)e obtained from tl1gé?;@..'-’
consideration.

(a) Special dependence : From X(0) = X(I) = 0, it behaves some kind of periodic
phenomenon = the exponential fucs. may not exists, and the trigonometric fucs.
may exist = k is negative.

(b) Time dependence : The heat conduction is itself a diffusion behavior, and it will

present a exponential decay character in time history = k is negative.
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Solution of T(t)

T:z + Q’\n!Tﬂ =: O

= Tﬂ(f) — CnE—aAnlt

Hence we have the g.s

(o}
MTE _ _fnxqz
u(z,t) = ch sin € o(5)%e

n=1

For the I.C. = w(x0)=fx)=Y """ . @, 5in sz

n=1 !

It is to expand a fues. f(x) in terms of the eigenfucs X,(z) and it likes to expand a

vector in a linear vector space,

Now question arise:

(a) Is the set X, (z) = sin “F=,n=1,2, .. complete in 0< z < [?

(b) How do we compute the coeffs. Ca?



1-2. Linear Vector Space:

A system of n real numbers z,, Z3, ..., T, is called an n-dim vector or a vector in n-dim

space, and denoted by the letter z, the number z;({ = 1,2,...,n) are called the comps of

the vector z.
o~

(A)Abstract Def. of Linear Vector Space L

(1) For every two vectors z and y in L, there is a sum z +y in L. Vector addition is
required to satisfy the following laws:
B gt y=y+g
@) ety +z=z++2)
(iii) There exists a unique vector 0 in L such that
z+0=2z forall zinL.
(iv) For every vector z there is 2 unique vector -z such that
z +i-g) =0
(2) For every a in scalar field F and every z in L there is supposed to be a vector az in

L and we require:
(i) e(Bz) = (af)z
(i) lz =1z
(iii) oz -{-?") =az+ay

(iv) (a+f)z = az + Bz

(B)Linear Dependence, Independence:

Let u,...,un be vectors in L. A sum ) .., @u;is call a linear combination of the

vectors uj.
These vectors are said to be Linearly indep. if
Yimioui =0 only whenall o;= 0—(1)
These vectors are called linearly dep. when (1) has some sol. other than o;=0.
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(C)Gramian:

Suppose that a; do exist such that (1) is satisfied

=>(‘r1(u'}.llt"l'l) + 052('”-1.1&?) + e o:..(g_:[.w EL_\ — N

0!1(}}'2,21) + 0’2(}}_2_,22) + oo an(gz,y_n) =0

a1(Un, u1) + @2t u2) + oo + an(Um, un) = 0

The condition for nontrivial sol. of a;/s is

(u1,81) (wi,%2) - (w1,ua)
G(Gram determinant or Gramian) = (Lom) (w22) - (42, 1n) =0
(_}‘f_n} 3{1) (Ena_}i?) (Ens E’\n)

Thus if a set of vectors in L are linearly dep. the Gramian must vanish. The converse

\

can also be shown to be true:
= A set of real vectors is linearly dep.(indep) if it’s Gramian=0 ('0)

Lemma: The vectors ui,...,u, are dep., if one of these vectors is some linear combination of

the vectors.

(D). Basis and Dimension:

The vectors yy ,......, yx in L are said to span a linear subspace M if every vector z in

M is some linear combination of y; ,....., y .
Ex: The independent vectors
1 4
n=|2 ya=19
3 6 _
span a certain plane where the origion in 3-space. The same plane is spanned by the depent
vectors:
T 10
gljgzg 23 = 8 Yqg = 11
9 12
because y3 = 2y; —y;  y4 = 3yz — 2y; are the linear combinations of Y1:¥2 -

~
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Basis:

Vectors by ... , b are said to be a basis for a linear vektor space L if the vectors b;
- - (&
lie in L and if they are indep., and if they span L.

Ex:
In the above example, y1 , y2 , are a basis for the plane that they span. The vectors
Y1, Y2 , Y3 , Y4 are not a basis because they are dep.

Another basis for the plane is:

1 5
zZ = 1 ) 2= 7
1 9
= 2, , zp are a basis for the plane spanned by y; and ¥, , because z; and z; are indep.
and
n = %f} - %ih Y2 = %i—'_z + %f_l

Thus the basis y;, y2 and the basis 2z; , z; of the same plane that they span consists

of two vectors
= every basis must contain exactly the same vectors

= we call the dimension of the space which its basis span is the number of vectors in

any basis.

Theorem: Let a; ,....... , a, be a basis a linear vector space L, let by ,........, b, be another basis
for L, then r = s.
Theorem: If m vectors lie in a linear space of dimensions n < m,then the m vectors are dep.

Theorem: Every set of n indep. vectors in an n-dim. linear space is a basis for the space.

(E) Gram - Schmidt Orthogonolization:

Given a set of n indep. vectors u; ,....... , Uy , We can construct an orthonormal set

Lol

from this indep. set.

Let E] = Uy find El = ]2“—[

LAY



then find

v2 =2 —(g,u2)e and e = &4

vz =uz —(e1,us)er — (€2,u3)e2 and €3 = P&
=
Un =ta = 255 (g5 ua)e; and e =
It is easily to prove that vy ,....... wWm form a mutually orthogonal set. for example:

(01, 82) = (W, 42) — (w1, (a1, uz)e1) = (u1,u2) = (wa,u2) =0

thus the set of vectors e ......., &, forms an orthonormal set.

(F'). Vector Expansion:

Def.: The linear vector space in n-dim. (denoted by E™ ) if it processes a set of n indep.
vectoré,_but every set of n+41 vectors is a dép. set, ‘and we call the set of n indep.
vectors forms a complete set in E™ .

A basis consisting orthonormal vectors is known as an orthonormal basis. Given a

complete orthonormal basis ey ,......, en in E™ space, then any vector z in E™ can be
-~ ~ R

written in the form:

n
T = chek

k=1
n n
= (z,6)= ch(g,f’g) =Y eilyy =¢;
k=1 k=1

= z= E(f,ek)ﬁk
k=1
where ¢, = (3, er) are called the Fourier Coeffs. of z w.r.t. the orthonormal set ej.
(G)Bessel Inequality, Completeness Relation
When we want to approz. an arb. vector z in E™ in terms of a linear combination of
the orthonormal set e, ...,e, k < n.
~ -

write

IEE a;e;
N —

=1
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How to choose a; to get the best approx. for z7 What does the best approx. mean -
we mean in the least square sense.

. k H

1.e. to choose a; such that A = [z — E!-=1 a;e;| is min.

Iow

k k
A= |£|2 == Zd,‘z —22&,‘(:,‘.
=1 =1

k k
= |z|* - Zciz + Z(a; —¢;)?
= =1 i=1
For a given z, = |£\2 and ¢; are fixed. It is clear that A is min. when a; = ¢; = the

optional coeffs. a; = ¢; = (z,¢;) are the Fourier coeffs.
N

When a; =¢; =

k
0sA=lz" =) &
s

K
= |z > Zc,-2 Bessel’s inequality.

i=1
When the valte of k increases, the right hand sides increases, but is not larger than |;-:|Q,

until k=n (i.e. the orhtonormal set is complete), then the equality holds, and thus we have

the so-called completeness relation for E" space.



I-3. Function space
(A) Lj[a,b] space:

Space of real fucs. f(z) which is defined on [a,b] and square integrable i.e. |f|’ =
(f0) = f: f*(z)dz < oo In the language of vector space, we say that "any n linearly indeP.
vectors form a basis in E™ space”. Similarly, in function space, it is possible to choose a set
of basis function such that any fuction, satisfying appropriate condition can be expressed
as a linear combination to a basis in L;[a,b], Certainly, any such set of fucs. must have

infinitely many numbers; that is, such a Lj[a,b] comprises infinitely many dimensions.

(B). Schwarz Inequality
Given f(z) , g(z) in Ly[a, ] 4
Define (f,9) = [, f(z)g(z)dz then (£,9)* < (,)(g,9)
proofAf + ag, f + ag) = a*(g,9) + 2a(f,0) + (f, ) > 0
P = (f,9)" = (f, f)g,9) <0
= (f,9) S(£)9:9)

(C). Linear Dependense, Independence

Criterion: A set of fucs. ¢1(z),..,¢.(z) in Lsa,b] is linear dep.(indep.) if its Gramian (G)

vanishes (does not vanish). where

(¢11¢1) (¢1a¢2) (¢1:¢n)
G| (@261) (d2,¢2) ... (d2,4n)

(éﬂﬁél) (¢ﬂ1¢2) (¢’n:¢u)

The proof is the same as in linear vector space.

(D). The orthogonal Systems

A set of real fucs. ¢y,...¢,(z),... is called an orthogonal set of fucs. in L,[a, b] if these

tucs are defined in Ls[a, b] if all the integrals (¢m,dn) exist and are zero for all pairs of
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distinct fucs. in the set. i.e. (¢m,9n)=0 m#*n, mn=12,..

If each fuc. of the set is devided by the so-called norm.

| ¢ l|= m _ [/ab ¢m2(I)dI] 1/2

then the new set

Pm

gm(x) = e—— m=1,2,...

l[#m ()l

form an orthonormal set i.e. dmn = (gm, gn)

Some important set of real fucs. ¢1(z),..., occuring in application are not orhtogonal

but have the property that for some fuc. r(x).

b |
[ r@niz)bala)iz =0 for m#n

Such a set is then said to be orthogona(;l" w.r}/’t::he weight fuc. r(x) on [a,b].
.__o-—"-(r-

The norm is now defined as

Igenll = | / b H(@)ont(@)dz]

And if the norm of each fuc. is 1, then the set is said to be orthonormal on [a,b] w.r.t.

r(x).

(E). Gram-Schmidt Orthogonalization

A set of indep. fucs. fi(z),..., fm(z) defined on L;[ab] can be formed to a set of
orthonormal fucs. ¢1(z), ¢2(z),....0n i-e. (¢i,0;) = &;

let
g1(z) = filz) find (=) = 2

92(1‘-) = _fQ(I) = (f?.: ¢'1)¢11 find ¢2 = %‘%ﬁll
93(2) = fa ~ (fs,41)61 — (fs,42)42 find 5 = 22

||_Ua||

.............................
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9n(2) = fu(@) & 7 (Fmy #1), find gy, = 3205

22

(F). Bessel Inequality

Let ¢1(z),...,¢n(z) be an orthonormal set of fucs.- on Lsfa,b] and f be any fuc. on
Ls(a,b]. The real number

;= (f,4) = [ f(z)¢i(z)dz  i=12,..n .9
are called the generalized Fourier Coeffs, of f :m)".\-:‘v-.r.t./;he 56t P1.fy =120

We now want to approx. f(z) by the linear combination

Le. f(z) =}, aidy

to choose @; such that the mean square error is min.

A" = /b [f(I) = i a;cﬁi(z)] dz ///__\\
¢ t=] N\
n n 2
= /b [f(.r]] 2d.1: ~ 2211,- ]b f(z)¢i(z)dz (/b [Z: aiqiv,(a:)] dﬁf-/
& i=] ¢ i “ £=_1 T e

=IIfI|2—2i:afcx- Z}*' 4 PR L P
=||f||?—zc, +Y (ai—c;)’

i=1
For a given f(z), then || f|| and ¢; are fixed
= A, ilsminifq; = ¢ '
and (An) =[! f(z)’dz — ", ¢2 >0
As n i:'::;eases, the nonnegative (A,)min can only decreases. N ow f: fi(z)dz >
2i=1¢® where n is arb. Since the integral on the LHS is bounded by a const., hence

the sum on the RHS has a finite limit as n — o

=  Theseries )70 ¢;?  converges and f fz)dz > Y2 e? / (B I)
Also from the convergence of the series on the RHS N

= limg_ .o Ca =0
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i.e., Four-coeff.approaches zero as n — oo
1Ry

(G). Completeness Relation

Although 302, ¢;* converges to some positive number, not greater than f: f*dz.
However, no assurance that the limit to which this sense converges will actually equal to
f: f2dz. So it is not sufficient merely have, a set of infinitely many mutually orthogonal
fucs.
Ex. The fucs 2Tcos or2 . n=1,2,.. contsitute an infinite orthernormal set of fucs over

[0,]] However, for the fuc. f(z) = 1, its fourier coeffs.

e ﬁf; 1 x cos Bf2dz =0, n=12
but [, f2(z)dz = [ dz =1

P

= Y2, C2=0< [ frdz =1

In a vector space of n-dim, if we construct a set of n multually orthogonal unit vectors,
then the possibility of expressing any other vector as a linear combination of these vectors
is a consequences of the fact that no other vector can be linear indep. of them; that is,
there exists no vector in that space, other than the zero vector, which is simultaneously
orthgonﬂ to these n vectors. However, in fuc. space of infinitely many dims. the difficulty
consists of the fact thai a fuc. may simultaneously be orthogonal to an infinite number of
multually orthogonal fucs.

Thus in this example, the fuc. f(z) =1 is orthogonal to all fucs. over [0,l]. However,

it can be shown that any fuc. which has this property differs from a const. by a trial fuc.

so that the extended set

1 2 oz 2 2rz
W,\/Tcos ,,\/Tcos e

there is no nontrivial fuc. whose Fourier consts all vanish. Such a set of orhtogonal fucs is

said to be complete.

The system @, ...¢y, ... is said to be complete if for any square integrable fuc. f(z),
the equality [ f2(z)dz = 7, ei2 holds or limp—eo [, [f(z) = Dh, cii(z)]dz =0
This does not necessarily = f = 3 0, ¢i¢; is true. We know only that mean error
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tends to zero, and we say that if completeness relation is satisfied, then the series converges
to the mean to f(z) written as f(z) = limy—oo D 1o; Cidi(Z)

However, if f(z) is continuous fuc. throughout the interval, and if we can prove
that the series 377 | ck¢r  also represent a continuous fuc. (if ¢, are continuous and if
the converges uniformly in the interval), then the difference between these two fucs. is a
continuous fuc. with zero norm, and hence is indeed zero everywhere in (a,b), so that the

series converges to f(z) in the true set at each point.
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I-4. Properties of Complete System

Theorem: Let f(z), F(z) be defined on L;[a,b] for which

f(z) = lim > cidn

k=1

Fz) = lm Z Crér
k=1

Then we have [ f(z)F(z)dz = Y52, exCi
Proof:
Since {+F, and {-F are square integrable, from the completeness relation

=

= a]

/ (f + F] dI_Z(CL‘i'(?k)?

k_.

/[f F =Z CJ:‘—‘CJ:)2

4/ f(:t)F(x}d:c=4Zr:kC;;
@ k=1

Theorem: Every square integrable fuc. f(z) is uniquely determined (except for its value at a

finite number of points) by @eﬁes.

Proof:

Suppose there are two fucs. f(z), g(z) having the identical Fourier series representa-

tion
b n 2

ie. lim [ [f(z) =) cxde(z)] dz =0

n—oo
L-—

n-—roo/ lo(=) - chék(z ] dz =0
Then using (a + 3) < 2(a? + f?) we find
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0</ [9(2) = F(z))*dz
=_/a [( xJ~ch¢k)+(ch¢k—f[r))lzdz

n

i 2
<2/ o= cdn] dz+2] [f2)= 3 exd] do
k=1

k=1
=0 (by lim)

n=—0a

b
- / lo(z) = F(=) = 0

= g(z) = f(z) at th pts/of continuity of the integrand

= ¢(z) , and f(z) coincide everywhere, except possibly at a finite number of pts. of
discontinuity.

Theorem: An continuous fue. f (z) which is orthogonal to all the fucs. of the complete system

must be identically zero.

Proof:
Since C; = (f,¢:) =0, 1=1.2 rovoess
= [P f(2)dz =0

= f(z)=0 since  f is continuous

Theorem: For any continuous fuc, f(z), its Fourier series converges to f(z) in the true sense at

each point.

Proof: Since

n_m/ [f(=z ch% (z))*d

and let g(z) = chﬁﬁk(i’)

k=1
we can prove f(z) = g(z) at every point.
= flz)=) cxdu(z).
k=1
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Theorem: The Fourier series of every square integrable fuc. f(z) can be integrated term by term.

In other words, if

flz) ~eadi(z) 4+ -+ cadu(z) + .....

then f:: fle)de = & f:: b1(z)dz + ... + ¢, f:: ¢n(z)dz + ... where z,,z, are any points
on the inteval [a,b].
Proof:
Assume z; > 4
| 27 fdz = Tk e [ dudsl
< :: If = > ke ckPrldz
< f: |f = 2k=1 crdildz
= \/f: (f = Sp_, cxdr)’dz [ 1do
(by Schwarz ineq.)

Take n — o

= LMoo | [17 fdz — Yk, i 12 d(z)dz| = 0
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1-5. Sturm-Liouville System
(A)Self-Adjoint Operator

Consider a general 2nd o.d.e.

d*u

Lu(z)=a(e) 5 +

b(z)j—z +e(z)u=0

je. L=afr+bi+c

From

as az
] vLudz = ] (vau" + vbu' + veu)dz
= [avu' — (av)'u + bvu]:: + -/ ul(av)" = (bv)' + cv]de
ay ‘.za
= onns la: +/ uL*vdz
|

where L*v = (av)" — (bv)' + cv then L* is called the adjoint operator associated with I

and 1s
d: d
il 9’ — b)— "u_y
L ad:c?-i.(a b)d$+(a +¢)
In the event that L* = L, we say L is self-adjoint. It is clear to seeif b= 2a'—=b , c=

a" — b + ¢ then L is self-adjoint.

These conditions are satisfied if b = a'. So that, a linear, 2nd order, self-adj. o.d.e

can be expressed in the form

L= po) 47/ (e) e+ al)

d d
= ~lp(e) 5] +9(a)

Actually, any linear, 2nd order o.d.e.

Iu = a(:c)d

o + b(z )—-+c(z)u( z)=0 —(1)

can be converted to an self-adj. o.d.e by multiplying the integrating factor
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= exp[[” 2—((-%‘:{7)

I(z)as “(‘)I( yle. 4 ‘“’Iz)u(z)ﬂ

a(r
= @) E]+ T (=)ule) =
or Flp(e)gEl+ alz)u(z) =0
where p(z) = I(z) = e:zp[lfr1 2((1) dn , g9(z) = ;(T’%I(mj

.

(B)Regular S-L problem
(1)Regular S-L equation

Llu] + Ar(z)u(z) =0 (2)

if L= f—z[p(x)diz] — ¢(z), A is a real parameter g(z) > 0,r(z) > 0 are continuous of [a, 0]

p(z) > 0 is continuously differentiable. Then (2) is called a regular S-L equation.

\'../’

Ex.1: Bessel eq. of order n

2
u + u+(§'—n—2)u=0 on 1<z<a
d, d n?
= e+ (-t =0
2
= pe) = 2,9(e) = A = 0%, r(a) = 2

Ex.2: Legendre’'seq. on =1 <z <1
(1—2Hu" —2zu' + (e +1)u=0
= L{(1-2) %] +ala+1)u=0
= plz) =1-2%q(z) =0,A=a(a +1),r(z) =1

Ex.3

u+u +a?u=0 on O<z<l
I=ezpif:dn]=e”
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d ¢, zd 2
= L(eT5) +tafe®u=0

= p(z) = e, q(z) =0, = a?,r(z) = €.

(2)General homogeneous b.c’s

Ba[u] = aqu(a) + fr1u'(a) =0

Bylu] = crgu(b) + Bau'(b) = 0

where o, f1,22,2  are constants.

)/ * 8L problem: prob. of determining the dependence of u on and the parameter A and
o 7

iy the dependence of A on the homo. b.¢'s imposed on u.
* The value of A which yield the nontrivial sol. such that (2) is satisfied are called

the eigenvalues, say Ay As... Corresponding to each eigenvalue the nontrivial sol. is

called the eigenfuc.

(C)S-L Theorems
For a regular S-L problems.

(1). Eigenfucs corresponding to distinct eigenvalues are orthogonal w.r.t. the weight fuc.

r(z).

Proof: Say
Lu; + Mru; =0
L‘{LJ‘ + /\J'T“ILJ' =0
= (uj, Lus) = (ui, Luj) = (Aj = Aq)(rui, uj)
now

LHS = f:{uj[(wi')’ — q(u)] — wil(pu;") - qu]}dI
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= pre,a —pu,—uj')lz = f:(uj'pu,-' = u;lpuj')d:r:
= p(b){u;(b)ui’ (B) — ui(b)u;'(b)] — pla)fuj(a)ui'(a) — uile)u;'(a))
= /X

now from the b.c’s

{ ayui(a) + frui'(a) =0

auj(a) + Bruj'(a) =0

= ui(a)u;'(a) — ui'(a)u;(a) =0

apui(b) + faui’(b) =0
{'azuj(b)+ Bau;'(b) =0
= wi(b)u;'(b) — wi'(b)u;(b) =0
= A=0
fe. (uj, Lu;) = (ui, Luy) = (A — Ai)(rui,uj) =0 —(3)
but X # A; = [L r(e)ui(z)u(z)dz =0

(2). ¥ r(z) #0in a <z < b, the eigenvalues of the S-L problem are all real.
Proof:

suppose A, = a + if where a,f are real constants with corresponding u,. l.e.
(pua')' + (=g + Aar)un =0
If u, = @ + it then
= (po') + (—g + ar)p — Briv +i((py') + (—g +ar)d + fre] = 0
or (p¢') +(=gq+ar)p—pr=0
(p¢') + (—g+ar)h — fro =0
The complex conjugates A, = A = a—iff and uy = U, = @ — iy are also a distincl
eigenvalue and corresponding eigenfuc.
(3) = (A —An)J} r(e)n(2)um(3) = 0
or 2B [ r(z)(¢? +$?)dz =0 p
since r(z)(@?* +¥?) #0 in  (a,b)

=H/=0 = A, isreal

21



(3). There is an infinite discrete set of Aj, < A2, < ..., < Ax 7 — oo with corresponding

eigenfucs uy, Ug, ooy Upy,y -

proof: Define

b
Q(f.9) = / (pf'd" + afg)dz + [o:,-pfg]i where a; denotes the b.c. v’ +a;u=0

b

N(9) = [ rfods

a

and write

b 5 b
QAN = QN = [ Gf +af)is + lapf.

N(£H)=N(H)= [’ rf2dz
We will prove first that the min. of % will be equal to the lowest eigenvalue A;, and

the corresponding minimizing fuc. will be the first eigenfuc u;.

Assume that there exists a sol. u; to the first min. prob. i.e. Q(u;) = Ay N(u;) then
Q(uy +€en) = M N(uy + en)

where € is an arb. real number and 7 1s an arb. fuc

=Q(w1) +26Q(w1, 1) + €Q(n) = M[N(w) + 2eN(u1,7) + € N(n)]

= 2e[Q(u1,7) = M N(u1,m)] + €[Q(n) = MN(n)] = 0

The eq. must be true for arbh. €

= Q(u1,m) = MiN(u1,7) =0

b b
= / (pur'n’ + quin)dz + [Ctipulﬂli -\ f ruyndr =0
b
[p(auy + ul')r;]i — f [(pu;')‘ —qui + M\rugndz =0
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since 7(x) 1s arb.
= The lst min prob of % corresponds to the b.v.p

Luj+ Mruy =0 in (a,b)

a;u; +u;' =0 on the pts. aand b

next, we min Q(f)/N(f) subject to [} rfus(z)dz = 0. This minimum will be equal
to the next eigenvalue Ag, and the minimizing fuc. will be the 2nd eigenfuc. u,.

Assume the prob. has a sol. ug ie. Q(uz) = AsN(ug) , N(uj,uz) =0 but this
time, since N(uq,uz) = 0 = N(u3,7) =0 hence n(z) is not so arbitrary.

Let's state with an arb. admissible fuc. ((z)let n=(—cu; , ie. {=7+cu,

Nul,

N(u.;
In this way,

where c=

N(u1,m) = N(uy, ¢ — cus)
= N(us,¢) — cN(us, u1)
il iy} ) =0
Thus we have
Quz + € — ecur) 3 AaN(uz + € — ecuy)
By expansion =
Quz + €2Q(C) + 2 Q(u1) + 26Q(us,¢) — 2ecQ(ua, ur) — 267eQ(¢, 1)
> Aa[N(uz) + EN(C) + AN () + 26N (uz, () — 26cN (2, u1) — 262N (¢, 1)
sings Q| = A Narg)
Q(¢,u1) = MN(( w1) = MieN(w)
and N((,u1) = cN(u1)
hence
2e[Q(uz,¢) — AN (uz,¢) — c{Q(uz,u1) — A2 N(uz,11)}]
+€2[Q(C) — A2N(C) + (M — M2)N(w1)] 2 0
= Q(u2,¢) — Mo N(uz, () — ¢{Q(uz,u1) = A2 N(uz,u1)} = 0
now since N(uz,u1) = 0 and Q(u1,¢) — MN(u1,¢) = 0 s that ¢ = us = Q(uz, ) =0
Hence Q(uz, () — \aN(uz,¢) =0  with ¢ arb.
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= The 2nd mim. prob. corresponds to

Eq: Luy+ Agru; =0
+be's: aus +ug =0

We can continue in this way to generat{successive eigenvalues and eigenfucs.

(4). If f(z) is any continuous fuc. and has piecewise continuous 1st and 2nd derivatives,
and satisfles the homo. b.c's at a and b, then it has a uniformly and absolutely
convergent generalized Fourier series expansion in the S-L eigenfucs.: Eigenfucs. form
a complete orthogonal set in the space of piecewise smooth fucs.

Proof:

If the expansion f(z) = limp—oo ¥ ooy ciui(z) exists and is convergent, then the dif-

ference
fa(z) = f(z) - Z 1 ciui(z)
must apperoach zero (on the average) as n — oo

ie. Aa = [r(z)fal(z)dz 2T

where

b b
ci =-§1_—2 / r f(z)ui(z)dz E? =/ ru;?(z)dz
Define the fuc F,(z) = i’-‘A(T") which has the property f r(z)F2%(z)dz = 1 and
[ r@hun(@) Fule)de = [} r(@)um(@) 2(f - T ewi)da

2
En Com
n

E 2
__,f:“(cm ~em)=0 whenm<n-1
whenm >n—1

which possesses the properties of eigenfucs

Thus
Q(FW) = [, [p(£2)? + q(£=))dz + [o (£ ) l
= 2 [ [0 = T i) + o(f — T cowe) Jde
+HEep(f -5 Cius)zlz
= 22 [ (of ™ + )z + [2rpf?),
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L = — b
2L T eilpfuit + afui)de + lasp DI eifuil,)
Tn— = — i b
o { [y T TI0) cici(pui'uy’ + quiu;)dz + [op Yy Tia aejuivs] )
The 1st row: = Q(f)

AT

The 2nd row:
= — 2z [p iy eif(aui + w')]
+ 2 [) T T allpud) — quilds
=~ P ehirfuids = — 22 TI5 62 NE

The 3rd tow: = 2730y A Ei?

b
a

So that

n—1

QR = 2500 - 3 BlelAd

)
The above equality is valid for any n when n — o0, A — oo hence N2 i
= prove that the expansion is a least square fit for the fuc. f.

= prove the completeness and the uniform and absoluté convergence.

Ex: vibration of string with density m

: 8% Blu g
(1+z)% 912 a9z —

for0<z<l , t>0
u(z,0) = flz) 0Lz<]
Ju(z 0)=0 0<z<1
u(0,t)=0
u(1,t)=0
Sol.: Let u(z,t) = X(2)T(t)
= X"+ ﬁf;')'fx =0
T+AXT=0
sol. of X has the form (1 4 z)°
= ala—1)+& =0
ie. a=3(1+VI-4X)
X(z) = ex(1 + 2) 0+VT=80) p ¢y(1 4 2)¥0-VI=8N)
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For X(0)=0=¢;+¢; =0
X(1)=0 = ¢;280+VI=8%) | ¢, 93(1-VI=8%) —

For the nontrivial sol of ¢;,¢; =

9 (14T -2~ Vi=t g

= 250+VI=IN)(] _ V1= ) =0
= oVT=1X
(@ A<%

= v/1—4X\ isreal
= mnosolof A

(ii). A =12, two indep sols are
(1+2)i,(1+z)ilog(1+2)
X(0)=0= ¢ =0 ’

X(1) =0 = ¢27log2 = 0 = ¢, = 0 only trivial sol.
== —1s not an eigenvalue.

(). A>3 /T—2% =20 =}

(1+ z)30+2v/3-D)= =(1+2) Fezp(in/A— L log(1+1))
= (1+2z)7[cos(y/X — 1 log(1 + z)) +2sin(1 /A — ;log(1l + z))]
Hence
X(z) = (1+z)%[c; cos(y/A — Llog(1 + 2)) + casin(y/A — 1 log(1 + z))]
For X(0)=0=¢; =0
X(1)=0=23cysin(4/) — 11og2) =0
cg #0=sin(1/A — 11log2) =0

1..4/An — %log?. =yt = 2.
_ _n’x? 1
2 = (log 2)? + 4
therefore Xp(z) = (1 + z)? sin(wlnn’)

log 2

If a fuc. is expanded as
f(I) = Zn-l C“X'"-(:r)
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f; Flz)(1 +z)~3/? sitl:t(l—¥L——o (+z) )z

€y = .
fu (14 z)~! sin? (l°5(1+ Lnr)dz
__:g . Jlog(l + z)
2 —= ___nm)d
logQ/ f(z)(1+2)7 sin( og2 nm)dz
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I-6. Some Extensions of S-L Theorem.
(A)For periodic boundary conditions.
L p(2)4%] + [—g(z) + Ar(z)lu=0 a<z<b
u(a) = u(b)
W(a)=w(d) (1)

r=00 p>0 on a<b

Theorem:
There exists for the system a spectrum of eigenvalue A such that
ML A <...€A, =00 as n— o0
and there exists an infinite set of corresponding eigenfucs wuyy, U1z,U%21, Y22se--Unl, Un2se--

on a < z < b such that there at least one and perhaps two linearly indep. eigenfucs uni,

b= Lior2 for Ay.

Proof:

Assume that A, is an eigenvalue of (1) and uy,; and u, are two eigenfucs for A,.

The wronskian of
Wa(z) = up2' (2)tn1(z) — tna'(2)un(z)
For the boundary at s = a, b in general
Wa(a) = uny'(@)un1(e) — uni'(a)un2(a) = fn
Wa(b) = wn2'(D)un1 (D) — a1 (D)un2(b) = gn
For the homo. b.cs f, =¢, =0

= un; and u,; are dep, we only have one indep. eigenfuction corresponding to each

eigenvalue.

However, for the periodic b.c’s, it yields no information on the values of f,, or g,. If

fn # 0 and g, # 0,u,,, and u,2 exist and are linearly indep.

Ex::
W Pu=0 =lez=l

u(—1) = u(1)



u'(—1) = v'(1)
general solution
u(z) = ¢j cos Az + ¢3 sin Az
for the b.c’s =
2casin A =10
2c0AsinA =10
For sinA =0, ci,c2 can be both arbitrary.
Ap =nw = 00,23,

forn =0, A¢> =0, = only one eigenfuc. ,n 2 1, 2= (nm)? there correspond two g

eigenfucs.
Up) = COSNTT

Upg = SINNTT

Theorem:

The eigenfucs. u,,; and u,; corresponding to the distinct eigenvalue Ay, and A, are
orthogonal w.r.t. v(z). In addition, a linear combination u,; of the two indep. fucs. up;

and u,, corresponding to the same A, can be constructed so that the indep. fucs. uum

and u,, are orthogonal w.r.t. r also.

Proof
From (A, — Ayn) f: r(2)Umi(z)uqj(z)dz = 0
fori,j=1,2, and m #n,= A, # A

b
= fu Fimitnyds =0

(B).Oscillation Theorem:

The first eigenfuc. does not vanish in (a,b). The nth efgenfuc has exactly (n-1) zero

in (a,b)

Ex:
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W+Adu=0 for O<z<1l
u(0)=u(1) =0

= un(z) = sinnrz

w(d) £

uz(z) m‘\_/

us(z) /—“\\J/"“\

Ug(Z)  ereennen

(C)Monotonically Theorem

Reducing the interval (a,b), increasing p or g, or decreasing r(z) increasingv all the
eigenvalues.
Let Ay be the lowest eigenvalues of
(pu') —qu+Aru=0 for a<z<b
u'(a) + aqula) =0
uw'(b) + aqu(b) =0
Thien &y, =i = pigede (”w?{::: or )

Let M be the lowest eigenvalue of

---()

(pa') —qu+AFa=0 for a<z<b

t'(a) + @u(a) =0

@'(b) + @a(b) =0 where a<a<b<hb
suppose that

P2p,q2qT2r8 2a

Let us choose the trial fuc.
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[ (pgr® + q¢?)dz + [aipd?]s

/\1 =
fj r¢?dz
T o ~ _.oqb
< fa (PT) + ga})dz + [&:pai], e B
- [ Fadde

Ex:

' —aut+du=0

u(a) = u(b) =0
n2x?
= Ap=a¥F m

it increases with increasing «(g) or decreasing (b-2)

31
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I-7 Foruier Seriles

Consider a b.v.p.

y//+)\2y:0

with periodic b.c.’s:

y(a) =y(a+T)

y'(a)=y'(a+T)

y(z) = ¢1 cos Az + ¢y sin Az

Apply b.c's =

ci1cosAa+cysinda=cicosA(a+T)+cysinAa+T)
—crsinAa+ cpcos Aa = —c¢y sinA(a + T') 4 ¢y cos A(a + T))
For nontrivial sloution of ¢;,¢; = |
[cosha — cos A(a + T))° + [sin Aa — sin A(a + T))? = 0
= cos Aa = cos A(a + T)
=+ And' = 2nw

22

= A =4 5=0,1,2,3,...

also from sin Aa = sin A(a + T') we have also \,,> = 4”—,_,':72”—2
Corresponding the eigenvalue \,, the eigenfuc is
$n = cpsin Apz + d), cos Az

since
f;+T sin ApzsinA,zdz =0 for m + 7

fa+T cos Az cos Apzdz =0 form # n

a

and

f:+T sin Ay z cos Apzdz =0 for all m)n
= faa+T¢m($)¢’n($)d-'E =0 form # n

= ¢n(z) forms a complete orthogonal set
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= If a fuc. {(x) can be represented as
f(z)=Ac+ Yo [(Ancoshuz + BysinA,z) — — — (2)

then

Ao =4 [T f(z)dz

An=% fa+T fl&) eos A2z

B, =% fa+ r)sin Apzdz
The series (2) is known as the complete Fourier series representation of f(x) in the interva
(a,a+ T). Also if f(z) is periodic, of period T, the series(2) represents f(z) everywhere

If T =21, then

(2) = f(z) = Ag + 32, (An cos 2IZ 4 B, sin 272} — — — (3)
with
Ao = % 1 fz)de

(42} =1 s {2 ) e

The series (3) represents f(z) in the interval (—[,1), also, if f(z) is periodic, or period 2

it represents f(z) everywhere.

If T=27, then

(2) = f(z) =A0 + Z::;(An cosnz + B, sinnz) — — — (4)

with
A= [T f(z)da
{2} =1/, =) {222} da

series (4) represents f(z) in (—m, ) and represents f(z) everywhere if f(z) is periodic.

Ex.: Heat Conduction in Slab.

Uy == D 0zl , 130

L
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u(z,0) = ug
u(0,t) = u;

u(l,t) = ug

By the method of sep. of vars.

uw(z,t) = X(z)T'()
X

T o~ X

= T4 NaT =0T~ e_“""‘:lt

=—-X2 (X:real)

X"+ )MX =0 X~ Acosiz+ Bsin )z

therefore the general sol:

(==}

ulz,t) = Z e“"'\"z”(f'in cos apZ 4+ Bpsin Apz)

n=0
However, with the inhomo., b.c's, it is difficult to find the eigenvalues. By the principle
of superposition, we separate the solution in steady and transient state i.e. let u(z,t) =
u(z) + (=, )
where 32 = 0 with 5(0) = w;, @(l) = us
= u(z) =u + (ug —u1)}
and tu; = atiz
with I.C. : 4(z,0) = u(z,0) — @(z) = ug — [u1 + (u2 — ©1)F]
B.C’s: 4(0,t) = u(0,t) —@(0) =uy; —u; =0
w(l,t) =u(l,t)— @) =up —uy =0
i.e. 4 is a sol. of homo. b.c’s 4(0,t) = u(l,t) =0
= a typical eigenvalue prob.
Sol.: of u:

From previous example

S =" F,n=12,... and ¢,(z)=sinA,z
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= U(z,t) = 302 Aye~"t5in Az

For 1.C.:

u(z,0) = up — [ug + (u; — u)g§l =300 y Ay sin 2FE

= An=1} [i{uo = [us + (uz — ) %]} sin 2224z
= Llup — (=1)"ug + (=1)"up — uy]
Thus
u(z,t) = a(z) + (=, 1)

2

-un:r r

=uy+(ug = uz)T + E?—q ;;z_x[(uﬂ —up) +(—1)"(uz —ug)le” 7 _ si i

Ex.:
Ut = QU + F(Ist)
LC: u(z,0) = f(z)
B.C's: u(0,t)=u(l,t)=0
Sol:

The eigenfuc. of homo. eq. together the homo. b.¢'s be
Pn

Then we assume the solution in the expansion of the eigenfuc ¢, with coeffs. varying in

time
u(z,t) =3 021 An(t)gn(z)
which satisfies the b.c's identically.
Also, we expand F(x,t) in the form
F(z,t) = 302, Fu(t)du(z)
where F,(t) = %fo F(z,t)sin 27=dy
Then Eq =
Tt An(8)6n(2) + o2y adn® Andu(z) = T2, Fuda(2)
= An(t) + a2 A,(t) = Fu(t)
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with I.C. Aq(0) = 2 f f(z)sin 222dz = A,°
g.s. of A,(1)

adp 2dr
{t€

An(t) = e o Fo(r)dr +
By LC. A, (0)=A,°=c=A,°
therefore A,(1) = A%~ "t 4 I e~ U= () dr
Hence

u(x,t) = (Please write down the final form by yourself)
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I-8 Solution of Inhomogeneous prob.
Consider a general inhomo. prob. for 1-d wave eq.
Eq.ug = uzs+ F(z,t) 0<z<,t>0
I.C' : u(z,0) = g(z)
u(z,0) =Rh(z) t>0
B.C's : u(0,t) = fi(¢)
u(l,t) = fa(t) 0<z<!

(A). Removal of Inhomo. B.C.’s
Set u(z,t) = d(z,t) + i(z,1)
such that i = iy + F(z, 1)
1.C1s - i(z,0) = j(z)
iy(z,0) = h(z)
B.C's:(0,¢) =0
u(l,t) =0
we shall solve this problem later.
case (1)
suppose fi(t) = A
f2(t) =B A, B : const.
ie. H0,t) =4 , wlt)=2B
=t = u(z,t) — i(z,t) = i(z)
so let us require @,, = 0,%(0) = 4, @(l) =B
= u(z) = A+ (B - A)3
and this @(z,1) satisfies
Uy = iy + F(z,t)
I.C's : 4(z,0) = g(z) — @(z) = §(z)
(z,0) = h(z) — 0 = A(z)
B.C's : 4(0,t) = u(0,t) —4(0) =A—-A =0
w(l,t)=u(l,t)—a(l)=B—-B=0
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= 1u(z,t) becomes a standard type of homo. b.c/s

case (2)
If u(0,t) = fi(t) ', u,(0,8) = fa(t) we require u(0,t) = fi(t) , @(l,t) = fa(t) it 1
is observed that @(z,t) = f1(t)(1 — 2) + fa(t)%  will satisfy the b.c.’s
Hence eq. =
Gy + Gyt = (Bez + Bzz) + F(z,t)
= fie(l — £)+ fouF = H(llez) + F(z,t) — By
= Uy = iy + F(z,t) = [fre(l — F) — faeeT]
= iz + F(z.1)
LC’s: . N
i(z,0) =u(z,0) - 4(z,0) = g() - H(0)A = 7) + f2(0) 7
=g(z) |
i(2,0) = w(z,0) = #(,0) = h(z) = /1(0)(1 = 7) + f21(0)
= ()

B.C.’s:
£(0,1) = u(0,§)=(0,8) = f1(t) = H1(t) =0

2
!

u(l,t) = u(l,t)—ﬁ(f,t) = fa(t) = fo(t) =0

(B). Solution of inhomo. equation by eigenfuc. expansion. Consider an eigenvalue prob.

Liu] + Aru= f(z) a<z<b (1)

+homo b.c’s on [a,b]

Suppose we have found the eigenvalues and eigenfucs of the associated homo. prob.

L[v;] + \irv; = 0 + same homo. b.c’s

Then we may seek the solution of (1) by the method of eigenfuc. expansion, 1.e. let
u(z) = 302, civi(z)
also expand F(z) = 3.0, aiv;  (F(z) = L).
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fa fuidz

where a; =
f rvildz
a

Eq. (1) =

L[Z civi| + Ar Z civi = f
—Z CiATY; + z Arcivi= f
'Zc,-()« - i = {- = K =Za;u,-

for X# X

(a). If A # A, then
homo. Lu+ Aru =0 has no sol.
inhomo. Lu+ Aru = f has a unique sol.
u(z) = T, 52 0i(a)
(b). If X is equal to one of the eigenvalue, say A = Aj,then
homo: Lu+ Aru =0 has a solution wv;(z)
inhomo: Lu + Aru = f has
(1). Either no solution

(1i). or infinitly many sol.

u(z) =Y o, A—:ﬂ):v',l(z) + ¢;v;
where n # 3, ¢;is arb.

We now return back to the 1-d wave eq.

BQ: uy=cuz+ f(2,1)
I.C's: u(z,0)=g(z) 2)
uy(z,0) = h(z)

B.C's u(0,t)=u(l,)=0

Consider the associated homo. prob.
Eq: Uy =2tss
I.C's: u(z,0) = gi(z)

ue(z,0) = g2()
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B.C’s :1u(0,t) = w(l,t) =
assume u(z,t) = X(z)T(t)

X"+ XX =0+X(0)=X()=0
= eigenvalues A\, =% n=12,..

eigenfucs. X, =sinA,z

T4 2N 2T =0

T ~ coscApt,sSincAnpt
o0

S-ailg,I)= Z(A“ cos cA,t + By sincA,t)sin A,z —(3)

n=1

Apply 1.Cls

u(z,0) =gi(z) = ZA,,smAn:c
9 r
therefore A, = ?/ g1(z)sin Apzdz
0

uy(z,0) = go(z) = Z BacA,sind,z

n=1

I
= B, = 1 ?f g2(z)sin A, zde

From the sol. of homo. prob. represented by (3), we assume the sol. for (2) in the form

u(z,t) = Z Ty(t)sin Apz

n=]

which satisfies the b.c.’s identically.

we also expand
fle, )= 3 o, fu(t)sin AnZ
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where fu(t) = 2 [I f(z,t)sin A, zdz
Then Eq =

522, Ta(t)sin Az = = 300, A To(t) sin Anz + Topey fu(t) sin Anz

= ‘f‘n SE '32}‘:12:{'11 = fﬂ(t) S (4)
with the I.C.'s:

u(z,0) = g(z) = Y on; Tu(0)sin Xpz

= Tn(0) = 2 [ g(z)sin Anzdz — — —(5)
uy(z,0) = h(z) = 1.2, Ta(0)sin Apz
= T,(0) = %f; h(z)sin A\,zdz ———(6)

The g.s. of (4) =

Ty = ;An coscA,t + By sincAnt +Th,

. Ty
By using (5), & (6), we can det. A,, and B,
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I-9 Double Foruier Series
Separation of var. in linear, eq. withe 2 indep. vars leads to an eigenvalue prob.
governed by an o.d.e. When 3 indep. var. are present, sep. of vars leads to an eigenvalue
prob. governed by a p.d.e. in z dims. Use of the sol. to a z-dim eigenvalue prob. in an
eigenfuc. expansions requires a double Fourier series. Y
Consider . 1

Uy = a(uzx 5= uyy)

=aV?y O<z<a O<y<b t>0 f]:}'E'ﬂ ' /
I.C: u(z,y,0)=ue(z,y) é E
B.C: all edges are insulted L s
uz(0,y,t) = uz(a,y,t) = 0
ug(2;0,%) = uy(z; 5,8) =0
Assume u(z,y,t) = T(¢)z, y)
= % = V;Q =X (A:real) ———(1)

=T b NaT =0 T g0

QA+ A0 =0

with 2:(0,y) = Q.(a,y) = Q,(z,0) = Q,(z,1) = 0 we can prove the eigenfucs Q,,(z,y) ar
orthogonal (EXERCISE)
Le. let G2Qm + A2 Q=0
ViQn + 220, =0 + homo b.c's
I3 Jo Qn(@, ¥)(z,y)dzdy = 0 for m#n
Solution of
Let O(z,4) = X(2)¥(y)

()= % =-2_X - _52g: real)




X"+ 42X =0
X'(0)=X"(a) =0

}7// +(/\2 _ﬁZ)}‘/ =
7'(0) = ¥'(b) = 0
(orY" Y = 0) where A2 = 5% + 42

It’s easy to find

Tan = Ebl"..
Yol = cos =35

and thus
A = BB, 73 = (B2 4 (52"
and
O,y = ens £ 2 cos -
so the general sol.
(T, 8] = o Lonasg Apne=%3mntcog IMIZ cos H74
Apply 1.C.
uo(Z,Y) = 3oz Lo Amn cOs HIE cos
This is to represent ug(z,y) in a double Fouries expansion.

— a rb mnzc nwe
= Amn = § - Jo Jo wo(z, y) cos EZ cos 2TEdzdy

and
N = //Q1Jz112($ y)dzdy

a b .
_ g MTZ 2 mryd J
= cos cOoS Tay
0 40 a b

for n=m=0
for n=0 or m=0

gz &

formmn > 0
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I-10 Fourier-Bessel Series
Bessel’s eq.: frequently occurs in probs of mathematical physics involving cylindrical
geometry.
(A)Bessel. eq.
2y’ +ay' + (A2t - pPly=0 —-—(1)
We can find a power series sol. of(1) by the method of Frobenious. The general solution

of (1) is
adp{Az) +eaJ_p(Ae) for p+£0,1,2,..
y(z) = { c1Jp(Az) + cY,(Az)  for all values of p
Jp: Bessel’s func. of the first kind of order p.

o [~1)*(g)F
Ip(z) =D ke —k(E'-{z-_;)T—-

(=) (3) "
J-p(z) = Lo e

— - Y, : Bessel’s fuc. of the 2nd kind of order p

)2k+r

Yp(z) = 2[(111(’5)+05779159)J"(¢) (L)Sorml p=koni(s
2k+p
o Lol 1)5+1 % (hy +hk+p) u(k+ Yo when p=1,2,.

Yo(z) = 2[J,(z)(In(Z) + 0.5772159) + ° wﬁm

m=1 22m(m!)?

7 __cosprnJy(z)—J_,(z)
}p(.’L‘)—- :inpﬂ' :

p#0,1,2,3,...where hp =1 +% + ...+ %

It is noted that J_,,Y,,— —c0 as z—0

(B)Modified Bessel Equation
b e e ——g)
The general sol. of (2)

)= cailp(Az) 4+ co Kp(Az) forall p
WEL= 1dp(Az ) + calp(Az) forp £ 0,1,2,..
Where I,(z): modified Bessel fuc of the 1st kind of order p

- (3)777
. Do E(k+p)

K, (x) = modified B.f. of the 2nd kind of order p.
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Ky(z) = ZiP* H{V(iz)  where p=0,1,2,3
= %-I;J’(—I);If’—(—f—) when p #0,1,2,3

sin pw

Ho(z) = Jp(iz) + 1Y, (iz) : 1st Hankel fuc. of order p.

(C)Eigenfuc Expansion

Consider a S-L system

EQ:(zu) +( Nz —Eu)=0 a<z<b —————— (3)

with homo. b.c's

u(a) + au'(a) =0

u(b) + fu'(b) =0
The g.s. of (3) |
: u(z) = Zp(Az) = c1J,(Az) + cszﬁ(i).\:i)
applying the b.c's, we have two homo. alegebraic eqs. for the unknowns ¢, ¢;., then from
the condition of nontrivial sol. we have the so-called char. eq. to determine the eigenvalues
Ag, ®w=1,2, ...

The char. eq. is geneally a transcendental eq. the eigenvalue should be found from
tables or by the graphical method. Corresp. to eigenvalue A,,, we find the eigenfuc Z,(A,z),
which form a complete orthogonal set (by S — L  theorem)

So we can express any piecewise continuous fuc. f(z) on Lo[a,b] in terms of Z,(A,z)

e flay=3 2 A,Z,(X:z)

The Orthogonality Condition
[ 2Zy (A z)Zp(An)dz = { 0 whenm g n

¢, when m=n

= An = fub J:f(z:)zp(z\,;z)dr

Cn

where ¢, = f: 2Zp (Anz)dz

Let u=Z,(An2z),v=2Z,(A,z) be the eigenfucs corresp. to the distinct eigenvalues

Am, An respectively

ie. u” . % + ()‘m‘Z - ’;—z)u =0 S s = (4)
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VAL (A - B)u=0 ———(5)
[l(@)xzv — (5)xzu]dz =

fb [z(u"v — uwv") + (u'v — uv'))dz + ( Am? —
= f Llz(u'v — wv'))dz = (A — Am f zuvdr

or (An® = An®) [} zuvdz = [z(u'v — uv mz

X1 fb zuvdz =0

From the homo. b.c./s

= (An? — ,\mz)f: zuvdz =0
Since An # Am

= [P 2Z,(Amz)Zp(Anz)dz = 0

w

How to complete ¢,, = f{: z.fﬁ(,\,,z)dz =
Let u=Jy(Anz)

From (3%)’ + (/\nz:r == Px—:)u =0 (6)
f;(ﬁ)x(2riy~)dz 3
John?z? = p) £ (u?)dz = — [} L[(z4%)?)dx

J]é 20,2 [} zulde = —[z2(42)2)

dz
= [(An’2? — p?)(u
since J,(0) =0
— [V 2,2 (Anz)da
= gt {01 = P) T2 (And) + [T, (AD)]?)
now Jp' = —XnJps1 + 2J,
(1). so if the b.c at z =1 such that J,(Axl) = 0 then ¢, = 2{J,4; (Anl)]?
(if). if J,'(Anl) = 0 then ¢, = 22557 [7.2(3,1)]
Ex.: Vibraton of Circular Membrane
Utt — ¢ (Urr + 20, + Huge =0
1.C's s u(r,8,0) = f(r,6)
uy(r,6,0) =0
B.C's:u(1,6,t) =0
Sol.:

Assume u(r,0,t) = R(r)0(8)T(t)
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(R'+ R+ 52

= E?—T = = -2 ():real)

x| =

and

"

1}2—(:~2R" +rR)+ Mt = —% =p* (p:real)

we thus have the egs.:

T4+ 32X2T =0

0" +pu*@ =0

?R"+rR + (X2 - )R =0
Sol.: of @ :

O = ¢; cos b + ¢, sin pd
since it is periodic in circular dir. for single-valued sol.

O[ub] = Ofu(2r +6)]

= iy =0=0, 120,

= 0,(0) = ¢, cosnb + d,, sinnf
Sol. of R:

?Ra" + 7Ry +(Aa’r? = n?)R, =0

= Ru(r) = andp(Anr) + b Y (Aar)
since Y»(0) = —c0 = b, = 0 and from R,(1) = anJn(A,) = 0 gives the eigenvalues A, j
such that z; = \,; is the jth root of J,(z) =0

SO 'f",,j + AT =0 with T“j([]) =)

= Thj = cos cAp;t
Hence the general sol. is

u(r,8,t) =3 -2, 2}_1 n(AnjT)(Anj cosnb + Byjsinnb) coschpjt
For rhw 1.C =

u(r,0,0) = f(r,8) = 3020 272; Ju(Anjr)(Anj cosnb + B,,; sinnb)
This is called the Fourier-Bessel expansion of f(r,8) first, find
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Z5 A5 M alir) = 1 [T, £lr.0) (S ne}d = {2200
then can find

fw) _ Er G0
folrJn (Apjr)dr

sk (s

Mode of Vibration
(i)Symmetric mode (n=0)

The value of Ag; are obtained from Jo(Mo;) =0 = Aoj = 2.405, 5.520, 8.654

@ . bn

)\01?‘) JD()\UEF JQ(AU;;T)
(ii)Unsymmetric mode (n=1)
Ji(A1;) =0

=, AU = 3.832, 7.016, 10.173

w @ ©

(/\117‘) )\127‘) Jl(/\m'f')
Ex.:

Uy — C2(Urr + Lu, + Zugp) = F(r,8) coswt (Forced vibration of a circular membrance).
I.C's s u(r,0,0) = u(r,6,0) =0
B.C: wu(1,6,t)=0

Sol.:

The eigenfucs of the associated homo. prob. are found to be

J“( A nj ?‘) { c.o.m.a }

sin n@

So we may seek the sol. of the inhomo. prob. in the form
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ulr, 0 t)=3 . D1 In(Aujr)[Anj(t) cosnf + B (t) sin né)
and expand F(r, 8)

= Z?:O Ej-.;l Jnl('\njr)[anj cosnf + b“_,' sin né']
we can find a,; and b,;

Then EQ =

(= =T = =]

D> JulAasr)Anj(t) cosn + Byj(t)sinnb)
n=0 j=1

—c? Z Z(—Aﬂj)zjn(’\nj")(flnj cos nf + Byj sinnf)

n=0 j=1

(= =] o0
= coswt Z Z Jn(Anjr)(an;j cosné + bnj sinné)

n=0 j=1
= Aﬂi(t) = Cg’\lljzAnj(t) = @ cOswi

-énj(?f) -+ CzA,;ngn_,‘(t) = b,,; cos.wt
with I.C’s

An;i(0) = A,;(0) =0
Bn;(0) = Bay(0) = 0

= {g::gg} = m{z:;}[coswt — cos (cAn;t)]
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I-11 Legendre Series
(A)Legendre Eq.:

(1—22)yn—2zy' +n(n+1)y=0 n=0,1,2,...
The g.s.

y(z) = c1 Pa(z) + c2Qu(z) for |[z| <1

where

P,(z) = nth L. polynomial of the 1st kind

— TN (=1*@n—2k)! _n-2k
- k=0 27 k!(n—k)!(n—2k)!

where
N = n/2 when n:even
~ 1 (n—-1)/2 when mn:odd
Or,
u,(z) h .
r(l)- Wlilen 1n 1s even
Pn(z) — UH(I) .
5T when n is odd
where

Unlz)=1- ggv_;_j-_llxz 4 u(n—'l){r;-!l-l)(n+3}x4 _ ﬂ(n—2)(n-4}(7;-!l-lj(rl+3)(71+.5)Iﬁ 4o

V,E(I) = B [rl-l?i(!n-}-?) I3+(1:-—1)(n~3)5(!n+2}{n-+—4) 75 _(u-1)(n~3}(n-&]?(!n+2](:1+4){n+6) $7+

@n(z): nth Legendrel polynomial of the 2nd kind

_ Jua(1)va(z) when n is even
| —va(1)un(z) when n is odd

Note that Pp(z) is finite everywhere in [—1,1] but @.(z) is not finite at the end pts.
T = x1.

P, (z) may also be expressed as Rodrigue’s formula

Pu(z) = 55 L5 (22— 1)"
The Orthogonality Relation:since

(1= 2®)P(@)] +n(n + 1)Pu(z) =0 — =~ (1)

[(1-22)Pn'(2)] + m(m+1)Pu(z) =0 ———(2)

JL[(1)%Pm() — (2)xPu(2)]dz =
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L Pa(=){(1 = 22)Pw'} = Pu(@){(1 — =*)Pa(2)'} ldz
= (n—m)(n+m+1) [, Pu(z)Pa(z)dz
On integrating by parts
= [ Pr(2)Pa(z)dz =0 (if n#m)
How to complete f_ll Pa(z)’dz =7
Denote I,,, = f_ll P,.(z)P,.(z)dz Without loss of generality, we let m< n, and by
using of Rodrigues formula, we have |
Lin = g Joa ()™ =™ () (2? ~1)"]ds
On integrating by parts, = |
()™ (@ - D" HE) @ - 1))
~ g JL G (@ = DM (@ - 1)d
=........ (n times) B |
= i [ ()" (@~ 1)™(a? — 1)nds
If m <n, then (d‘i—:)"“"“(z2 -1)™ =0
—I.n=0 for m<n

If = n then (%)m"'"(:ﬁ‘2 —1)™ = (2m)! = (2n)!

L = S5 Lz = 1)"de
Ry
let x=2u-1 =
= %}1 01 u™(l —u)"du
=B+ 1,n+1)
where f(r, s)istheBetafuc.,definedby
Blr,s) = LY = [F271(1 —z)*"Vdz

_2(2n)! mlwl 2
= Inn = 7507 * Gatl)l = 2nid

= fil Pm(m)Pn(m)dI = E,?Tf‘smn

(B)Associated Legendre Eq.:
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(1= 2~ 2oy 4 o 4 1) = 122
MThe g-s 18

y(z)=aPy"(z)+ @, (z) for |z|<1

Jy=0

where P, (z), @, (z) are called the associated Legendre fucs. of degree n, and order m, -
of the 1st kind and 2nd kind respectively, and are
m den I =
P™z) = (1L —2?ym2 k=)l (B ERCISE)
Qnm(x) = (1 = IZ)mj'Z 1™ Qn(x)

dz™

Note that P,™(z) is finite everywhere in [-1,1] @,™(z) is not finite at =z 1

The Orthogonality Relation
1 m m 2(n4+m)!
J1 Pa™(@)Pa™(2) = sy . (EXERCISE)
(C)Expansion Theorem

Physically, we are often interested in the case z € [~1,1] hence in such case only the

eigenfuc. P,(z), or P[(z) is convergent expansion.

f(2) = 152 CuPal2)

where
Cn =2 [1 f(z)P,(z)dz
or
f(z) =~ du Py (2)
where

n n—m)! prl
dy = 2t ol 1 f(2) P (z)de

(D)Surface Harmonics

Consider the Laplace eq. in spherical coords

1 i( ,0u 1 0
r2dr" Or’ rlsinedp

Look for sol. u(r,¢,8) = R(r)H(¢)M(8)

(sinw-aa-%) +
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We have the following separated egs.

d* M 4
FTE +m‘M =0
1 d dH m?H
— +AH =0
sin dcp(smtpdgo) sin? @
1 d, 44
——R—-O
72 dr( )

where m?, X are the separation consts.
Sol. of M(6)
Mpn(8) = am cosmb + by, sinmmf, m=0,1,2,

Sol. of H(ga) let T =cosyp

= (1-2° )d — oS 4 ()

T

1— :1:2 )H =0
This eq. can be shown that the sol. exists only for A=n(n+1), n=0,1,2,..
:>(1~z)%z—H—-—7rﬂ+(n(n+l) IZ)H——O

associated L.eq.
g8, =>
H(p) = c1 Py (cosp) + c2Qn™ (cos p)
However, the argument —1 < cosp < 1 but Q,™(£1) is unbounded.
= H(p) ~ Pn™(cos )
Sol. of R(r): (12 By _n(n+1)R=0
= R(r) ~ 1’ ’7.—(n+1)
Define the surface harmonics
Crn™(p,8) = P,™(cos @) cosmb
S (p,0) = P,™(cos @) sinméb
Then the g.s. of L. eq. is

u(r,b,p) = Z{rn Z [anmCrn™ (¢, 0) + bam Sn™ (¢, 0)]
n=0 m=0
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#1705 3 eanCa(5,8) + dum 2" (6]

m=0

The Orthogonality Relation.

Let Sk denotes the surface of a sphere of radious R with center at origin, then
Js, Cn™Sw™ do = 0 for all m,n,m',n’

and

1 Ci™Ga™ (n+m)!
' = 6rnm‘ mn'
4rR? /sR { Sa™ Sn™ 47 = Jgnrtd 2(2n + 1)(n — m)!

(EXERCISE)
The Expansion Theorem
if any fuc. f(p,0) is well behaved in 0 < ¢ < 7, 0 < 8 < 27, then f has a

convergent expansion.

f(8,0) = T30 Yoot Gnm Cn™ (9, 0) + bumSa™ (1, 6)

where

Gnm 1 Cnm(@:.a)}
e 6
{bnm } dnm Sr .f(‘r"’v ){ Snm(Sas 9) ot

s 2 (n4+m)!
2n+1(n—m)!

dum =

(E)Spherical Harmonics

For combining the angular factors, and constructing orthogonal fucs. over the unit

sphere, we will call

Yim(82) = {2! +1(1— 1m|)!] 1

4 (14 |jm])!

the spherical harmonics. we can verify that

m m -1)™ = O
P! l(cosnp)e é {g ) :220

df+m

Vi) = < [21+1 (1 = |m])!

I e

1
2
imfe - m
] e (—sinp) Tlcos g+
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It follows that Y}, —,u(2)dQ = (=1)"Y;,(2) where Y}, is chosen for the normalization

Im

such that
§ Y3 () Yt ()R = Sy Sy
Expansion Theorem
£(9) = TiZo Tna—t Atn Yim(Q)
where
Aim = [ FQ)Y5(Q)d0
Ex.
For a concentric spherical perfect fluid in between. If hold sphere r = b fixed, oscillate
sphere r = b with small amplitude along z—axial.
EQ.: V*¢=0 a<r<b
B.C's: %|,=y =0
If the motion of the sphere r = a is
Vs = Acoswtk
then the b.c for the mner sphere (no-slip) is n.- (V¢ — V5)| iIImer sphere = 0
If A is very small, we can approx. this b.c's as
n-(Vé—=Vlr=a =0
Sol.:
Since the flow is around z-axis, the flow is axisymmetric (i.e. indep. of 8 )
= look for sol. of ¢ in the form
¢ = Z:;n[c“r“ + du?'_(“"'i)]Pn(cos ®)
at 7= b=p
B2rmb = [ [neab™ ! — (n+ 1)dub~ ("] Py(cosp) =0 forall
= ncpd™ " = (n 4 1)dab~ () — - — — — — (1)
at r =a,
Jo2glnewa™ ™t = (n + 1)daa™ (") P,(cos ) = A coswt cos ¢

since Py(cosp) =1, P;(cosyp) = cosep

—
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doa~? + (¢ — 2dja™® — A coswt) Py (cos )

% f:'_"';o[ncna‘““1 — (n +1)da=("*+2)]P,(cos w) =0

= dg =i
1 —2dia™3 — Acoswt =0— — — — — (2)
neaa™ ! —(n+ 1)daa ™ =0 for n>22—=——=— (3)

let n = 01in (1) = ¢ is arb.,if ¢ 7# 0 , it gives a const. only (no contribution to
velocity field) = let ¢, =0
letn=1in (1) = =24,
then (2) = d) = —*“%;_—f—g%-}“—?
and then e = —i(‘%;?f“]‘r'
and from (1),& (3) we find
Cp=dy=0 for n>2
= ¢ = —2—(!;%-5_1—3) cos ¢(2r + %:—)coswt

motions are in phase with the inner sphere.
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I1-12 Fourth Order Equation
Consider the transverse vibration of an elastic beam.
Utt + Czzzz =4 0<z <, t>0
where v: transverse displacement, ¢ = \/?, EL rigidity, p:density, %:loa.ding intensity
For the free vibration, q=0
Vet + Pgggy =0 — — — — — (1)
B.C's: For simply supported ends
{0, 1) = 9,,[0,2) =0
w1, 1) = vau(l,4) = 0
I.C's: given initial displacement and velocity
o(z,0) = f(x)
ve(z,0) = g(z)

Sol.: let v(z,t) = X(2)T(¢)

(V= dr=—-%=-x (*:(+)
T4+ Tl — — —— — (2)
le = A4X = 0 """"" (3)

Sol. of X(z):
X(0j= X"y =X{l)=X"{[) =0
By the method, we have the g.s. for (3) =
X(z) = 1(cos Az + cosh Az) + (sin Az + sinh Az)
+5%(cos Ar — cosh Az} + S4(sin dz — sinhAzg) = — —— — (4)
By substituting the b.c's, we can find the eigenvalues A\*.
* Properties of the eigenvalue A\*

If Am* & An* are two distinct eigenvalues,l.e.:

X1'7’1” = )‘1114X1n ————— (5)
X:ll” = )\114}{171 ————— (6)
(8) =

Jo XX idz = Ap? [} Xm2dz = [Xu XY — X' Xo"|) + [1(Xm")?de
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G Am? [y Xmtdz = fi(X )P da
= An' > 0 for all m unless X,,"" = 0 for some value of m.
If X,," =0then A\, =0, with Ay =0
(4) = Xo(z) = 2¢1 + 2coz — 32 — Fc47°
For the b.c's =
Xo(@) =0=>c; =0
CXH0)=0= ¢y =0
Xl =0=eyl =0= ¢ =0
Xolli=t=agl=0=ea=0
Thus only trivial solution i1s obtained.
= all A\,,,* must be positive.
[11(5) X Xn = (6) X Xen)dz = - -
AKX = X X"z = Am® = An®) Jy X Xndz

- [‘XHXmIH _ X,II.X"-‘" . Xm.Xn_”, + XrannH]g + fol(‘X-nNanll . Xm“Xn”)dI — 0

= (m? =2 [} X Xnde =0
= eigenfucs corresponding to distinct eigenvalues are orthogonal.
Apply b.c's to (4):
Xo(0)=0= =10
X"(0)=0=¢3=0

X(h=0 = _ ) £ (sin Al + sinh Al) 4+ {5 (sin Al — sinh Al) = 0
X' =0 = = Xey(=sin Al + sinh Al) + %(— sin Al — sinh Al) = 0

For nontrivical solution,

i(sin Ml +sinh Al)  s¢(sin Al — sinh Al

A(—sin Al +sinh Al % (—sin Al — sinh Al) =

= -—/\%- sin Alsinh Al =0
since A* > 0 = sinh A\l # 0

=sinM =0
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- S5 =2 n=12.

Thus () =
22a. ginby Xl — %Lg sinhk A, d=0

AncCan sinh Ayl — %“1"—‘ sinh Al =0
from which = ¢4, = A con then return to (4) = the eigenfucs.
Lda) = z—f\iﬂ SWO N
Sol. of T,(1):
Tn(t) = ¢y, cos cAn2t 4 o, sin cAnt
And then the general sol. for v(z,t) is
vz, ) = 2,0;1(0111 cos A, 2t + coy sin c/\nzt) Sin A, T
For the I.C.'s:
v(z,0) = Y2 ; cipsind e = f(z)
=5 C1p = %fol f(z)sin A zdz

'Ut(m’o) = Eoo 1 62116)‘112 sin A,z = g(.’IJ)

n=

(i .
= G = = - ;‘]:7 [y gla)sin Auzds
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